Reducing Incompletely Specified Functions

Which of the following assignment would result in an
implementation with the fewest gates?

Id | a | b | F(ab)

A. F(0,0)=1
0] 0] O X B. F(0,0)=0
) 0 ) 0 C. Neither Aor B

D. Both A and B
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Implementation: Specification => Logic Diagram

Karnaugh Map: A 2-dimensional truth table

Flow 1: Boolean Algebra Flow 2: K Map
1.  Specification 1. Specification
2. Truth table 2. Truth Table

3. Sum of products (SOP) or product of| 3. Karnaugh Map (truth table in two
sums(POS) canonical form dimensional space)
4. Reduced expression using Boolean | 4. Reduce using K’Maps

algebra 5. Reduced expression (SOP or POS)
5. Schematic diagram of two level logiq 6. Schematic diagram of two level
logic
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Consonsunt Implementatlon
Specification fg{:hema ic Diagram
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Switching expression
Obj min cost =»  Search in solution space

(max performance)
Cost: wires, gates =»  Literals, product terms,

sum terms \
For two level logic (sum of products or product of sums),
we want to minimize # of terms and # of literals
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Truth Table vs. Karnaugh Map
2-variable function, f(A,B)

ID (A |B|f(A,B)

B=0  |B=I
0 [0 |0 |f0,0) Al £0,0) | f0,1)
110 |1 |fo0,1) olo |
2 |1 [0 |f(1,0) Al 1(1,0) | f(1,1)
3 (1|1 |f1,1) TZ 3




Truth Table

An example of 2-variable function, f(A,B)

ID|A |B [f(AB)| minterm jC(A P)

1lof1] 1 | A'B

To minimize the number of literals and terms.
We factor out common terms —

7@(';5 B)A’ B+AB’ +AB
"~ =A'B+AB’+AB+AB JdemP

=(A’ +A)B+A(B’+B)=B+A

shuT Thoorem

Hence, we have
f(A,B)=A+B

olofof o 0 :A'B_f.AB’,fAb

Function can be represented by sum of minterms:
f(A,B) =A’ B+AB’ +AB

This is not optimal however!

We want to minimize the number of literals and terms.

]cmﬁ A'B+AB+AB +tB1A
B “&"A CO'MSWS“SW

Z*f'eYW\S
Y Irfaads ’

How can we guarantee the most reduced
expression was reached?
» Boolean expressions can be minimized by combining terms
» K-maps minimize equations graphically

ID|A |B|f(A,B)
B:O =

0 0 |0 f(0,0) O A___ A:«‘B, A,B
l 0 © \
l
)

—

1 [0 |1 [f0,1)
2 |1 |0 [f(1,0)

301 [1(f1,1)




K-Map: Truth Table in 2 Dimensions

1| A | B fAB)
D
o o [ofl o A=
1] o [ 1] 1 A
2|1 [of 1
s [1] 1
AtB
_ R
hB)=AH *
|
fov)= 0+ -
-;’('('""

0

B

1(1 )/

@31 —-————>A

TwoJl’ ariable K-maps

M, + m5 :AB' +A5=A
m+y: A'B +AB=B

17

id

f(a, b)

£ (0, 0)

£(0, 1)

£(1,0)

WIN|[—|o
==l |O|®

_— o= O | o

£(1, 1)

# possible 2-variable functions:
For 2 variables as inputs, we have 4=22 entries. Each

entry can be 0 or 1. Thus we have 16=24 possible 060 ,O (0 |

functions.

—— f(a,b)

 fae)=Ats

K-Map: Truth Table in 2 Dimensions

B=0 B=1
;) A | B [faB) - 1
oo o] o 0 1
1 0 1 1 A= ) 3
2] 1 Jo 1 1 1 {
s [1] 1 :

LU8,8.0)=@B+AE ADAT
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v
(L1NeAB
(6,0 A®

6,0

(1,00) (1,1,0) Representation of k-Variable Func.

A cube of 4 variables: (A,B,C,D)

IH)BooleanExpression 0,1,1,0) (0,1,1,1) (1,1,1,0) (1,1,1,1)
20

* Truth Table (0,0,1,0) ) (1,0j1,0) (1,d1,1)
e Cube C

b 0,1) 1,1,0,1)
« K Map (0,0,0,0)

(0,0,0,1) (1,0,0,0) (1,0,0,1)
* Binary Decision Diagram A
* And-Inverter Graph

— Ref: R. Brayton and A. Mishchenko, “ABC: an
academic industrial-strength verification tool,” ACM
Int. Conf. on Computer Aided Verification, pp. 24-40,
2010.
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Truth table Corresponding three variable K-map Kamaugh Maps (K-Maps)

« K-maps minimize equations graphically

d|a b c f(a,b,ci);(i Gray code (a,b) « Note that the label decides the order in the map
0|00 01
11001 Od\b / 0,00 (©1 (@1 1,0
2101 01 c z
3001 1]0 c=0 [0 Z 6 .
a1 001 aBc [ / l / ‘dg—’g%.l Y B 10 Y AB
51010', , 3 7 5. 90011 c\_00 _0i__11 _10 O\, % 01 1
6|1 10(lupC c=1 O 0 O O >0 1 20 o\ o [P0 4'0 OAEE\ZBG ABC
7111 10 21 0 oo 7 1&

\ O %} AP I 1L 1 Bo o Yo 1\250 ABC | ABC

1 1 1 0 A

,F\/q,b,c) :C,

21

O~ )
albt = o.b

K-map

Circle 1’ s in adjacent squares

Find rectangles which correspond to product
terms in Boolean expression

00 01 11 10

R oorrooll
rORrORrOr OO
[SR-N-W-N-R-NNT Y

A
0
0
0
0
1
1
1
1

y(A,B)=A’B’ C’+A’B’ C=A’B’ (C' +C)=A’B’
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Another 3-Input Corresponding K-map

truth table [
¥(ab() =y (4567) +Im(> )

Id [a b ¢ f(a,b,c) +b
o 1000 | o ©) Ohp LY 10
1 0 0 1 0 5 B = 5
el el o (O 1)

Lot | h c=1{10307151l

1 1 0 X

1 1 1 1\ 0\

sm(4567) A

P TMp): cabc
)__m(zé)abC‘f'abc

3-input truth table

smlo, '/ﬁS):bI«f(ab,C),

Id ja b ¢ f(a,b,c,d)

0 [0f0]0 1 Corresponding K-map

110 L)_{ 1 1 b

2 (010 X

3001 1 0 5 (0,00 _(0.1) * (1.1) (1,0 ’

4 |1f0f0 1 _ 0 2 6

5 |1 Q 1 I ks 1 \‘ X 0 fl

6 [1 10 0 1 ; - :
W \__

O~

Q: In the above case the minimal Boolean expression is obtained when
the don’t care term is:

A. Included i.e. Circled in with one or more minterms that evaluate to 1
B. Excluded when grouping the minterms that evaluate to one

C. Either approach gives the minimal expression
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= bc'

Another 3-Input

truth table
Id {a b ¢ f(a,b,c)
0|0 00O 0
1 0 01 0
2 {010 1
3 /101 1 0
4 1 00 1
5 1 01 1
6 110 X
7 1 11 1

3-Input Truth table

Id |a b ¢ f(a,b,c.d)
0 {0 00 1

1 001 1

2 010 X
3101 1 0

4 1 00 1

5 1 01 1

6 |1 1 0 0

7 /1 11 0

Corresponding K-map

b=1
©0) O @LH (10
— 0 2 6 4 ]
=01 o [ 1 | [X]| 1]
1 3 7 : 5 {
c=1/| 0 | 0 | 1 | 1]
a=1

f(a,b,c) =a+bc’
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Corresponding K-map

0,00 (©0,1) (1,1

(1,0)
0 2 6 4

c=0 1 X 0 1

1 3 7 5

c=1 1 0 0 1

Q: In the above case the mini
the don’t care term is:

A. Included i.e. Circled in w
B. Excluded when grouping
C. Either approach gives the

mal Boolean expression is obtained when

ith one or more minterms that evaluate to 1
the minterms that evaluate to one
minimal expression
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3-input truth table with Consensus Theorem in View of K Maps

Don’t cares Corresponding K-map

Consensus Theorem: A’ B+AC+BC=A’"B+AC

b=1 —
Id {a b ¢ f(a,b,c,d)
000 0 1 0(0,0) 2(0,1) 6(1,1) 4(1,0)
S B S AR L T N e e
i(l)(l)(l) (1) c=l\11’ 3() 7() 5'1 5222 of 0 |J1}l 0 | O 0| ABC | ABC | ABC
A B : 12(1,3 l‘0‘1®) 1| ABC | ABC | ABC | ABC
dhioia | o SR E

f(a,b,c) = b’
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