Shannon’s Expansion vs Truth Table Shannon’s Expansion

Example: f(x,y)= x+ x’ . - .
ple: f(x.y) y * Decompose the switching function into minterms

. fGy) =xf(L,y) +x'f(0,y)
fGy) =xf(Ly) +x'f(0,y)
= x(yf(LD) +¥'F(L0)) + ¥ G(F(0,1) + ¥'F(0,0)) =x(f 1) +y'F(1L0) + X' G/(f(0,1) +y'f(0.0))
=xyf(1,1) + xy'f(1,0) + x'yf(0,1) + x"y'£(0,0). = xyf(1,1) + xy'f(1,0) + x'yf(0,1) + x'y’' £(0,0).
: : * Decompose the switching function into maxterms
ix Ly {fy) @WW Fe)) = (' + FLY) - (x +£(0,))
010 |0 |f0,0) =@+ 0 + QD) - G+ A0 (x+ (¥ +FOD) - & + £(0,00))
110 (1 [f(0,1) ="+ +fAD)(x" +y+ FA))(x +y' + FO,D)(x +y + £(0,0)
2 |1 |0 |f1,0) \
3 (1 [1 [f X 4 J
Shannon’s expansion can decompose a switching 00 M 0o X ‘T"a
function into a truth table. W2p | M X+
<33> 0 ’ <34>
[ 0| Mx Y* ‘ﬂ
> || 1My x4 gr
Shannon’s Expansion: Example Shannon’s Expansion: Example
Which variable in ab’+ac+bc can be used F(A,B,C)=AB’+AC+BC____
for expansion? )
i B TFlA§) > AL
B.

C.c g F(AQC)—= A+AC

D. None of the above

<35> <36>



,P(a b,c)= Q E’ra‘ﬁ'—éalbc +ab'c

o b.c Review Summary: Switching Algebra
jf(au )= &]C“ bc) ta 7(1( ) and Karnaugh Map

iy /b/ + Be = k),4. b ¢+ € Shannon’s expansion and consensus theorem

—F ( [, b.¢ )= [ b at /J/Q/ are used for logic optimization

 Shannon’s expansion divides the problem into

[ — 4+ .
f (O b () :WO\ bl +0 lo C —(—/dﬂ'l{_ = b +bC_ smaller functions
o — * Consensus theorem finds common terms when we

merge small functions

_J[‘ ( a, bf C _ (b_;_ C) "(" A ' (b —('C) Q [J.{_q c+ a( lol'+a C + Karnaugh map mimics the above two operations in

+ CL two dimensional space as a visual aid.

/
Remark: The choice of the variable for = G[O+ G k’ tC

expansion is a nontrivial question.
‘ 37> C{ <38>
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Part I. Combinational Logic ‘ II. Specification (use addition as an example)
IT) Specification Decimal Addition @ 05/0[
1. Language + 7
2. Boolean Algebra 12
Carry Sum

Canonical Expression: Sum of minterms and

Product of maxterms Binary Addition ®@ Carry bits
3. Truth Table: minterms and maxterms 1 0 5
4. Incompletely Specified Function ‘} 0 2 7
12
1 8o
/. 2N
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II. Specification (use addition as an example)
Oba by 0, P

Decimal Addition
Cy&
Binary Addition
A bz_ or b‘ a- bo
% . Co
&) ’ o/ !

G<
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Sum 6

S> Y

Binary Addition: Hardware

* Half Adder: Two inputs (a,b) and two
outputs (carry, sum).

* Full Adder: Three inputs (a,b,c;,) and two
outputs (carry, sum).

43

II. Specification (use addition as an example)

N i | OHI /H/ T
AB | AB | AB f "AB J
CO“‘ Cin‘ Cout Cin’ Cout Cin € Cout Ci“
S S S S
[ O 9,
42
Half Adder
Truth Table
id a b carry | sum
a 0 0 0 0 0
1 0 1 0 1
Sum LT o o |1
b 3 1 1 1 0
Carry
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Switching Function BSV notes

Switching Expressions: function Bit#(2) ha(Bit#(1) a, Bit#(1) b);
Sum (a,b)=a’*b+a'b’

Carry (a,b)=a‘b Bit#(1l) s = (~a & b) | (a & ~b);
Ex: Bit#(1l) c = a & b;

Sum (0,0)=0’-0+0-0’=0+0=0 return {c,s};

Sum (0,1)=01+0-"’=1+0=1 endfunction

Sum (1,1)=1""1+1-’=0+0=0

a  {c, s} represents bit concatenation
sum b carry

a —

b -
45
CSE 140L W2017 LO1-46
Full Add Minterms
u cr A product of all variables in the function.
id la b ¢, |Cou |Sum A minterm is equal to 1 on exactly one row of the truth table.
v . g e L e id a b c carry | sum
1 o fo |1 fo |1 l o To 1o o o To
a— 2 [0 v oo it +1 1 o fo 1 o [abe
b 5 |1t o |1 ([t o 7
c 4 1 0 0 0 ab’c’
out
6 1 U o )it {9 5 1 Jo |1 |abc o
Arithmetic: 7 1 1 1 1 1 pwe 5 6 1 1 0 abe’ |0
2¢,,cFsum=a+tb+c;,
v — “ 7 1 1 1 abc |abc i

Caf“&ia‘bw abcfabc



Maxterms Minterms and Maxterms

A sum of all variables in the function. idla b lc Iminterm maxterm
A maxterm is equal to 0 on exactly one row of the truth table. .
s — Minterms cover all
0 {0 |0 |0 |my=a’b’c’ |M,=atb+c .
. the outputs which
id |a |b c carry sum
1 0|0 |1 [m=a’b’c |[M;=atb+c’ are true (1).
0 |0 |0 0 atb+c atbtc Maxterms cover all
1 0 0 1 at+b+c’ 1 210 (110 m2=a,bc’ M2=a+b’+c the ?l}tputs which
2 10 |1 [0 |atb+c |1 300 [1[1 [meabe  [Mymatbrre | 2RI 0)
3 10 |1 1 1 atb’+¢’ 4 (1|0 ({0 [my=ab’c® |[M,=a’t+b+c
4 |1 |10 |0 [|a+bte |1 5 (1|0 |1 |mg=ab’c |Ms=a’+b+c’
> |t |0 ! ! atbte 6 |1 |1 |0 |mg=abc’ Mg=a’+b’+c
6 |1 |1 0 1 a’tb’+c
7 |11 |1 |m,=abc M,=a’+b’+c’
7 (1 |1 1 1 1 5
Camlab. )= o+b*()(a+b+c ) a+b'+C)(0‘*b* <)
ME{IOI (ol 1ol (ol 1o
| | I | / l! ’ Maxterms
Minterms O |0 20 | O 0|0 o0 O [0
(V% fa(a,b,) = (atb+c)(atb+c ) (atb +o)(a’+bto)
fi(a,b,c) = a’bc + ab’c + abc’ + abe O
’ a+b+c =0iff (ab,c,) =(0,0,0)
a’bc = 1iff (a,b,c,) = (0,1,1) a+b+c’=0iff (a,b,c,) =(0,0,1)
ab’c=1iff (a,b,c,) =(1,0,1) a+b’+c=0iff (a,b,c,) =(0,1,0)
abc’ = 1iff (a,b,c,) = (1,1,0) a’+b+c=0iff (ab,c,) = (1,0,0)
abc =1 iff (a,b,c,) =(1,1,1) fa(a,b,c) = 0 iff (a,b,c) = (0,0,0), (0,0,1), (0,1,0), (1,0,0)

fi(a,b,c) = 1 iff (a,b,c) = (0,1,1), (1,0,1), (1,1,0), or (1,1,1)

Ex: 3(1,0,1) = (1+0+1)(1+0+17)(1+0°+1)(1°+0+1) = 1
Ex: fi(1,0,1)=1°01 + 10’1 + 101>+ 101 = 1 £(0,1,0) = (0+1+0)(0+1+0°)(0+1°+0)(0°+1+0) = 0
£1(1,0,0) = 1°00 + 10°0 + 100’ + 100 = 0



fa G,b0) = (gﬁO“_C)( ot ) ( a‘+b'+6)(a’+b+d )

fi(a,b,c) = a’bc + ab’c + abc’ + abc
f2(a,b,c) = (atb+c)(atb+c’)(atb’+c)(a’+b+c) <

The coverage of a single minterm. e.g. m, = ab’c’

Id| a b ¢, carry | minterm , = ab’c’
fi(a, b, ¢) = m; + mg + mg + m; = ¥m(3,5,6,7)
fi(a, b, ©) = MyM,M,M, =TIM(0, 1, 2, 4) ‘1’ g g ‘1’ g g
(
flabe Hlore | o)
A. Y . -
B st Cf 41100 0 1
o Sy o 51101 1] o
6|11 0 1 0
F)/Od“c‘r 'fgum 7011 1 1| o0
£ (acr Jeb)
d bc) b,
Only one row has a 1.
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The coverage of a single maxterm. E.g. M, = a’+b+c Minterms and Maxterms: Summary
Id| a b c, carry | maxterm 4 = a+b+c
0joo0o0 0 1 fi(a,b,c) =a’bc + ab’c + abc’ + abc
11001 1 fa(a,b,c) = (atb+c)(at+b+c’)(atb’+c)(a’+b+c)
21010 0 1
31011 1 1 Canonical presentation of logic functions
41100 0 0 Conversion between truth tables and switching functions
5110 1 1 1
6|11 0 1 1
7111 1 1 1

Only one row has a 0.
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Incompletely Specified Function

Don'’t care set is important because it allows us to
minimize the function

1d b | f(ab _
5 : 5 ia ) 1) The input does not
happen.
1101 0 PP
2010 1 2) The input happens, but
3011 the output is ignored.
Examples:

-Decimal number 0... 9 uses 4 bits. (1,1,1,1) does not happen.

-Final carry out bit (output is ignored).

DstjneY had e 6?1'?0\ £o

dacide O n{ .
—{,’oao/'ﬁm fhe ﬁfﬂb@

id la |b |c (&)
0 [0 [0 [0 (0 )
1 10 (0o |1 (1)
2 10 [1 [0 |- |
3 10 |1 |1 (1)
4 11 |0 o (D)
5 11 o |1 |-
6 |1 |1 |0 (0)
7 |11 1 {7)
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Incompletely Specified Function

id |a |b |c
0 |0 |0 |0
1 |0 |0 |1
2 |0 (1 |0
3 10 |1 |1
4 (1 (0 |0
5 {1 |0 |1
6 |1 (1 |0
7 |1 |1 |1

gi(a,b,c)=a’b’cta’bectab’c’+abe
=m,+ms+tm,+m,
=2, m(1,3,4,7)

g(ab,c)=(arbrc)@+b*+c)

=M,M
=[1M(0,6)

59






Outlines
CSE 140: Components and Design Techniques for
Digital Systems * Definitions
* Minterms and Maxterms
* Incompletely Specified Function

Lecture 3: Incompletely Specified )
* Implementation: Boolean Algebra vs Map

Functions and K Maps * Karnaugh Maps: Two Dimensional Truth Table
e 2-Variable Map
CK Cheng * 3-Variable Map
Dept. of Computer Science and Engineering * Up to 6-Variable Map

University of California, San Diego

Definitions Definitions: Examples
Literals X; Or X; * Minterm of n variables: A product of n literals in
Product Term  x,x7x, which every variable appears exactly once.
Sum Term Xy + %1 + X * E.g. For function f(a, b, c,d, e), abcde,
Minterm of n variables: A product of n literals in a'b’c'de are minterms, while bcd, a’bcd are
which every variable appears exactly once. not.
Maxterm of n variables: A sum of n literals in which * Maxterm of n variables: A sum of n literals in which
every variable appears exactly once. every variable appears exactly once.
Adjacency of minterms (maxterms): Two minterms * Adjacency of minterms: Two minterms are adjacent
(maxterms) are ga:djacent if they differ by only one if they differ by only one variable.
varlablewg,__“ﬁﬂ__ ' * E.g. abcde and a’bede are adjacent, while
b ' b O b ¢ ab C ﬁ—b—c—‘— a’b’cde and abc’d’e’ are not

UK

2 37 4. 5 d“bc
@(m,&g 4, tomslt3 bB=0
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Incompletely Specified Function

oD pede

ML yLA a}:’ bn'( | i L « Situations where the output of a switching function can be
For two minte ms,a—b_@c—i and ab , are they either 0 or 1 for a particular combination of inputs

adjacent? Vw& woi j l\ bm * This is specified by a don’t care in the truth table
A. Yes O~ O (. oL
B. No v ‘ }M}f— ‘ Idl a b| f(ab) For example:
'
O b d b C N 0100 ! 1) The input pattern does not happen.
= = 1101
2110 1 2) The input pattern happens, but the
Adjacency allows us to merge the terms to reduce 3011 X (don’t care) output is ignored.
the Boolean expression. C/
Nzighbors £ f iffer
y wo F’/ Od{“ ’ﬁ@fm,( Example:
-Decimal number 0... 9 uses 4 bits. (1,1,1,1) does not happen.

1)3, WUM\"MX hWSenﬁe’ﬁ’tsJ 6

/ an . Thaak ’(—wfo fe" mg
X uX APP°
Incompletely Specified Function . .
How to completely specify the truth table in canonical form? Il’lC Ompletely SpeCIﬁed Flll‘lCthIl
We have three types of output which divides the input space into three sets:
On-set 7 All the input conditions for which the output is 1 Example: The truth table on right has Id|a|b|F
Off-set ®; All the input conditions for which the output is 0 Fcovers input pattern (a,b)=(1,0) 0
Don’t care set @: All the input conditions for which the output is a ‘don’t care’ ® covers input pattern (a’ b)= (0’ 0) 0/0]0
. O covers input patterns (a,b)=(0,1) (1,1) 1]o0j1 X
Example: The truth table on right has 2111011
. P Id| a | b | F
Fcovers input pattern {(a=1,b=0)} 1111 x
gzz‘;errss lirlllpui p :tttterrlrlxs{ ({(260)1}; (w1} 0 0 0 0 We assign values to elements in
ers nput patterns 18, %), L, don’t care set for logic designs. Id|al|b|F
The union of F ®, D is the whole set 1 0 1 X
of all input patterns. 0[0[0]O0
2 1 0 1 1101
3 1 1 X 211101
31111




