LECTURE 24
LECTURE OUTLINE

e Extensions of proximal and projection ideas
e Nonquadratic proximal algorithms

e Entropy minimization algorithm

e Exponential augmented Lagrangian method

e Entropic descent algorithm
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GENERALIZED PROXIMAL-RELATED ALGS

e Introduce a general regularization term Dx:

i D
Tri1 € arg fél;ré {f(a:) + k(a?,a?k)}

e All the ideas extend to the nonquadratic case
(although the analysis may not be trivial).
e In particular we have generalizations as follows:

— Dual proximal algorithms (based on Fenchel
duality)

— Augmented Lagrangian methods with non-
quadratic penalty functions

— Combinations with polyhedral approximations
(bundle-type methods)

— Proximal gradient method

— Incremental subgradient-proximal methods

— Gradient projection algorithms with “non-
quadratic metric”

e We may look also at what happens when f is
not convex.



SPECIAL CASE: ENTROPY REGULARIZATION

1 n 1 z .
Dk(il?,y):{azizlx (ln(?)—1> if x>0, y>0,

o0 otherwise

e Also written as

1=1

where
z(In(z) — 1) ifz >0,
o0 if z < 0.
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GENERALIZED PROXIMAL ALGORITHM

e Introduce a general regularization term Dy :
R" s (—o00, 00

Tr4+1 € arg min {f(x) + Dk(x,xkz)}
xeR"

e Consider a general cost function f
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e Assume attainment of min (but this is not au-
tomatically guaranteed)

e Complex/unreliable behavior when f is noncon-
vex



SOME GUARANTEES ON GOOD BEHAVIOR

e Assume “stabilization property”
Dy(z,rx) > Di(xk, Tk ), VeeR", k (1)

Then we have a cost improvement property:

(2)

e Assume algorithm stops only when zx is in op-
timal solution set X*, i.e.,

T € arg rg%% {f(x) + Di(x,2x)} = € X7
e Then strict cost improvement for x, ¢ X* [the
second inequality in (2) is strict].

e Guaranteed if f is convex and:

(a) Dg(-,zx) satisfies (1), and is convex and dif-

ferentiable at zy.

(b) ri(dom(f)) Nri(dom(Dx(-,z))) # .



EXAMPLES

e Bregman distance function

Di(ay) = — (6(z) - 6(y) ~ Vo) (@ — y).

where ¢ : R" — (—o00, 0] is a convex function, dif-
ferentiable within an open set containing dom(f),
and ¢ 1S a positive penalty parameter. Special
cases: quadratic and entropy functions.

e Majorization-Minimization algorithm:

Dk(ﬂ?,y) — Mk(ﬂ?,y) T Mk’(yvy)v
where M satisfies
Mk(yvy):f(y)7 vyémnvkzovla

My (x,x) > f(xr), VeeR" k=0,1,...

e Example for case f(z) = R(x)+ || Az —b||*, where
R is a convex regularization function

M(z,y) = R(z) + || Az = b]]* — [[ Az — Ay||* + |z — "

e Expectation-Maximization (EM) algorithm (spe-
cial context in inference, f nonconvex)



DUAL PROXIMAL MINIMIZATION

e The proximal iteration can be written in the
Fenchel form: min,{fi(z) + f2(z)} with

fi(z) = f(x), f2(x) = Dg(x;xK)

e The Fenchel dual is

minimize f*(\) + Dy (\; xx)
subject to A € ®"

where Dj(-; x) is the conjugate of Dy (-;xk):

Dy (X;xr) = sup { — N — Dk(az;xk)}
reERM

o If Di(-;xr) or Dj(-;x) is real-valued, there is
no duality gap.

e (Can use the Fenchel dual for a dual proximal
implementation.



DUAL IMPLEMENTATION

e We can solve the Fenchel-dual problem instead
of the primal at each iteration:

>\k—|—1 = arg )\Igg% {f*(A) + D/:()\, Zl?k)}

e Primal-dual optimal pair (zx11, Ax11) are related
by the “differentiation” condition:

)\k+1 € 0Dy, (wk_|_1;$k) O Tr4+1 € 8D;:()\k+1;xk)
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e The primal and dual algorithms generate iden-
tical sequences {xk, \x}.

e Special cases: Augmented Lagrangian methods
with nonquadratic penalty functions.



ENTROPY/EXPONENTIAL DUALITY

e A special case involving entropy regularization:

1 ’L’
Tht+1 € argiréi)r(l {f(a:) + o ;x% <ln (;C_Z,.) — 1)}

where xx > 0.
e Fenchel duality = Augmented Lagrangian method
e Note: The conjugate of the logarithmic

{x(ln(x) — 1) if x > 0,

h(rz) =140 if x =0,

00 if z <0,

is the exponential h*(y) = €Y.

e The dual (augmented Lagrangian) problem is

n
. 1 | ;
Uk+1 € arg min {f*(u) R E :IﬂiceCku }
e

The proximal /multiplier iteration is

Thy1 = Tpe ™k rt1, i=1,...,n



EXPONENTIAL AUGMENTED LAGRANGIAN

e A special case for the convex problem

minimize f(x)

subject to g¢gi1(x) <0,...,9-(2) <0, z€ X

e Apply proximal to the (Langrange) dual prob-
lem. It consists of unconstrained minimizations

: J ,Ck9Gj ()
T € arg irg(l { Z,u }

followed by the multiplier iterations
:uk—l—l = pje kgj(wk) J=1...,r

e Note: We must have po > 0, which implies
wr > 0 for all &.

e Theoretical convergence properties are similar
to the quadratic augmented Lagrangian method.

e 'The exponential is twice differentiable, hence
more suitable for Newton-like methods.



NONLINEAR PROJECTION ALGORITHM

e Subgradient projection with general regulariza-
tion Dy:

~

Tra1 € arg min {f(a:k)—l—Vf(a:k)'(a:—a?k)—I—Dk(ﬂi, ﬂfk)}
xeX

where Vf(z) is a subgradient of f at zx. Also
called mirror descent method.

e Linearization of f simplifies the minimization.

e The use of nonquadratic linearization is useful
in problems with special structure.

e Entropic descent method: Minimize f(x) over
the unit simplex X = {z >0 " 2" =1}.

e Method:

- . 1 . t
Tri1 € arg min (wzvif(:ck) + —=x' (111 (w_@) — 1)>
reX — (873 ZL’k

where V, f(zx) are the components of V f(zx).

e This minimization can be done in closed form:

:B;H_l — - - = y 1= 1,...,N
Jo—apVf(zy)




