LECTURE 23
LECTURE OUTLINE

¢ Incremental methods

e Review of large sum problems

e Review of incremental gradient methods

e Incremental subgradient-proximal methods
e Convergence analysis

e Cyclic and randomized component selection
sk o ok ok sk ok ok o o ok sk sk sk ok o sk ok sk sk sk sk ok o ok sk sk sk ok o o ok ok sk sk sk ok ok o ok ok ok ok o

e References:
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(2) Published versions in Math. Programming
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LARGE SUM PROBLEMS

e Minimize over X C R"

f(x) = Z fi(x), m is very large,
=1

where X, f; are convex. Some examples:

e Dual cost of a separable problem - Lagrangian
relaxation, integer programming.

e Data analysis/machine learning: x is parameter
vector of a model; each f; corresponds to error
between data and output of the model.

— (i-regularization (least squares plus /1 penalty):
min ~y Z 27| + Z(cix —d;)”
j=1 i=1

— Classification (logistic regression, support vec-
tor machines)

— Max-likelihood

e Min of an expected value min, E{F(a;,w)} -
stochastic programming:

min [Fl(x) + Ew {min Fg(x,y,w)}]
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e More (many constraint problems, etc ...)



INCREMENTAL GRADIENT METHOD

e Problem: Minimization of f(z) = > ", fi(z
over a closed convex set X (f; dlfferentlable)

e Operates in cycles: If xx is the vector obtained
after k cycles, the vector zx1 obtained after one
more cycle 1S zx+1 = Ym 1, Where o r = xx, and

Vi = Px (¢i—1,k—aka7;,k(¢i—1,k)), i=1,...,m

e Does NOT compute the (expensive) gradient of
f, which is > Vfi.

e Interesting issues of ordering the processing of
components.

e Randomization of selection of component f;
is possible. Connection with stochastic gradient
method.

e Diminishing stepsize needed for convergence.

e Example: Consider

ﬁlgz{l—x 1—|—x)}

For a constant stepsize the incremental gradient
method oscillates.



COMPARE W/ NONINCREMENTAL GRADIENT

e Two complementary performance issues:

— Progress when far from convergence. Here
the incremental method can be much faster.

— Progress when close to convergence. Here
the incremental method can be inferior.

e Example: Scalar case
fi(x) = %(Cz’x—bz’)Q, xR

(csc b)
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e Interesting issues of batching/shaping the re-
gion of confusion.

e Hybrids between incremental and nonincremen-
tal gradient methods. Aggregated gradient method.



INCREMENTAL SUBGRADIENT METHODS

e Problem: Minimize
fx)=>_ filx)

over a closed convex set X, where f; : " — R are
convex, and possibly nondifferentiable.

e We first consider incremental subgradient meth-
ods which move z along a subgradient Vf; of a
component function f;.

e At iteration k select a component ¢; and set
Tr+1 = Px (iUk — Oékﬁfik(wk)),

with V£, (zx) being a subgradient of f;, at xy.

e Motivation is faster convergence. A cycle can
make much more progress than a subgradient it-
eration with essentially the same computation.



CONVERGENCE: CYCLIC ORDER

e Algorithm

Tr+1 = Px (-Tk — Oék@fik(xk))

e Assume all subgradients generated by the algo-
rithm are bounded: |V f;, (z)| < c for all k&

e Assume components are chosen for iteration
in cyclic order, and stepsize is constant within a
cycle of iterations (for all £ with i, = 1 we have

Ak = Q41 = "+ = Qktm—1)
e Key inequality: For all y € X and all £ that
mark the beginning of a cycle

|2k =yl < llzw—yll* =20 (f(zx)— f(y)) +arm’c”

Progress if —2ay (f(xk) — f(y)) + aim?c® < 0.

e Result for a constant stepsize ar = a:

m?c’

lim inf f(zx) < f" + «

k— o0 2

o Convergence for ax | 0 with Y~ ax = oc.



CONVERGENCE: RANDOMIZED ORDER

e Algorithm

Tr+1 = Px (ﬂik — Oék@fik(xk))

e Assume component i, chosen for iteration in
randomized order (independently with equal prob-
ability).

e Assume all subgradients generated by the algo-
rithm are bounded: ||V f;, (zx)| < c for all k.

e Result for a constant stepsize ar = a:

ch

lim inf f(xx) < f"+a——

k— oo 2

(with probability 1) - improvement by a factor m
over the cyclic order case.

o Convergence for ap | 0 with >~ ar = oo.
(with probability 1). Use of the supermartingale
convergence theorem.

e In practice, randomized stepsize and variations
(such as randomization of the order within a cycle
at the start of a cycle) often work much faster.



SUBGRADIENT-PROXIMAL CONNECTION

e Key Connection: The proximal iteration

1

o = argmin { £ () + e - o’}

can be written as
Tp+1 = Px (ZEk; — Oék;@f(xkﬂ))

where V f(zr41) is some subgradient of f at zxi1.

e Consider an incremental proximal iteration for

MiNge x Z:Zl fi(z)

1

2
Th41 —argmlﬂ{fzk( )"‘E”I_wk” }

e Motivation: Proximal methods are more “sta-
ble” than subgradient methods.

e Drawback: Proximal methods require special
structure to avoid large overhead.

e This motivates a combination of incremental
subgradient and proximal (split iteration, similar
to proximal gradient).



INCR. SUBGRADIENT-PROXIMAL METHODS

e Consider the problem

min F(x) L Z Fi(x)

xeX

where for all 7,

Fi(z) = fi(z) + hi(z)
X, fi; and h; are convex.

e Consider a combination of subgradient and prox-
imal incremental iterations

. 1 2
2k = arg min {fzk(a?) + 5o Iz — }

LTk+1 — PX (Zk — Oék@hz’k (Zk))

e Idea: Handle “favorable” components f; with
the more stable proximal iteration; handle other
components h; with subgradient iteration.
e Variations:

— Min. over ®" (rather than X) in proximal

— Do the subgradient without projection first
and then the proximal.



CONVERGENCE: CYCLIC ORDER

e Assume all subgradients generated by the algo-
rithm are bounded: [|[Vf;, (zx)|| < ¢, ||Vhi, (z1)]] <
c for all k, plus mild additional condltlons

e Assume components are chosen for iteration in
cyclic order, and stepsize is constant within a cycle
of iterations.

e Key inequality: For all y € X and all k that
mark the beginning of a cycle:

[nm—yll® < Iy —20n (F(en) = F (1)) +Baim?c

where § is the constant g =1/m + 4.

e Result for a constant stepsize ar = a:

202

lim inf f(zg) < f"+ af

k— oo

o Convergence for ax | 0 with )~ ax = oc.



CONVERGENCE: RANDOMIZED ORDER

e Convergence and convergence rate results are
qualitatively similar to incremental subgradient
case.

e Result for a constant stepsize ar = a:

2
lim inf f(xg) < f° —I—QB%
k— o0 2

(with probability 1).

e Faster convergence for randomized stepsize rule
- improvement by a factor m over the cyclic order
case.

e Convergence for oy | 0 with )~ ar = oo.
(with probability 1). Use of the supermartingale
convergence theorem.



EXAMPLE 1

e /1-Regularization for least squares

Z(cfbaz - di)Q}

e Use incremental gradient or proximal on the
quadratic terms.
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e Use proximal on the ||z|; term:

2 = ar min{ Izl + —— ||z — 2 ||2}
B gwE%" i ! 200 g

e Decomposes into the n one-dimensional mini-
mizations

| | 1 |
z] = arg min { N+ —1z? — 27 2}
ko g:z:jeﬂ% '7|37 |+20ék |$ $k| )

and can be done with the shrinkage operation

z; =40 if —yar <z, < you,

{azff —yor 1 yag < a:”,;,'
r) +yay  if 2l < —vyay.

e Note that “small” coordinates xJ are set to 0.



EXAMPLE 11

e Incremental constraint projection methods for
minimize Z fi(x)
i—1 (1)

subject to x € N~ X},

e Convert to the problem

minimize Zfz(ar) —I—CzdiSt(ﬂf§X1:) 2)
. . 2
i=1 =1

subject to =z € R",
where ¢ is a positive penalty parameter.

e Then for f Lipschitz continuous and ¢ suffi-
ciently large, problems (1) and (2) are equivalent
(their minima coincide).

e Apply incremental subgradient-proximal:

Yo = Tk — oV fi, (Tk),

. : 1 2
dist(x: X — ||z — }
Tri1 € arg xrg;ﬁr}% {c 1st(x; Xj, ) + o |x — yg||

The second iteration can be implemented in “closed
form,” using projection on Xj, .



