LECTURE 21
LECTURE OUTLINE

e We enter a series of lectures on advanced topics
— Gradient projection
— Variants of gradient projection
— Variants of proximal and combinations

— Incremental subgradient and proximal meth-
ods

— Coordinate descent methods
— Interior point methods, etc

e Today’s lecture on gradient projection
e Application to differentiable problems
e Iteration complexity issues
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e Reference: The on-line chapter of the textbook



GRADIENT PROJECTION METHOD

e Let f be continuously differentiable, and X be
closed convex.

e Gradient projection method:

Lk+1 — PX (:Bk — Oszf(xk))

Th+1

xr — aV f(xg)

e A specialization of subgradient method, but cost
function descent comes into play

e 1,11 — Tk is a feasible descent direction (by the
projection theorem)

o f(zrt1) < f(wr) if ag: sufficiently small (unless
z) 18 optimal)

e «; may be constant or chosen by cost descent-
based stepsize rules



CONNECTION TO THE PROXIMAL ALGORITHM

e Linear approximation of f based on Vf(x):
ly;z) = fla) + V(@) (y—=2), VryeR"

e For all z € X and o > 0, we have

1 1
—|ly—(z—aV f(@)||" = €y; )+ 5= ly—z|*+constan

SO
. 1 2
Px(z —aVf(z)) € arg min {E(y; T) + ﬁ”y — x| }
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f(zr)
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Mo — gz llz =
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e Three-term inequality holds: For all y € R,

|k —yll* < [lzr—yll*—20m (((@rg1; 1) —L(y; ox) ) =@k —zra ||



CONSTANT STEPSIZE - DESCENT LEMMA

e Consider constant ay: xx+1 = Px (:Uk —OéVf(SUk)>

e We need the gradient Lipschitz assumption

V@) =VIiW)| <Lllz—yl, VYaz,yeX
e Descent Lemma: For all z,y € X,

F) < flyiz) + 2y — 2

L
by 3) + 5y — a2

e Proof idea: The Lipschitz constant L serves
as an upper bound to the “curvature” of f along
directions, so £|ly—=z||® is an upper bound to f(y)—

{(y; x).



CONSTANT STEPSIZE - CONVERGENCE RESULT

e Assume the gradient Lipschitz condition, and
a € (0,2/L) (no convexity of f). Then f(zx) | f*
and every limit point of {xx} is optimal.

Proof: From the projection theorem, we have
(:Uk—an(xk)—ka),(x—ka) <0, VxelX,

so by setting = = xx,

/ 1 2
Vi(zer) (k41 —ar) < - kazﬂ — iUk:H
e Using this relation and the descent lemma,

L
f(xra1) < l(xpy1;28) + §||56k:+1 — z||?

= f(ar) + Vf(zr) (xp41 — k) + §|l$k+1 — zi|)°

1 L

< o) = (5 = 5 ) lowsn — sl

so a € (0,2/L) reduces the cost function value.

o If o € (0,2/L) and 7 is the limit of a subsequence
{xi}ic, then f(xx) | f(T), 0 ||xk+1 — xk] — 0. This
implies Px (7 — aVf(T)) =7. Q.E.D.



STEPSIZE RULES

e Liventually constant stepsize. Deals with the
case of an unknown Lipschitz constant L. Start
with some « > 0, and keep using « as long as

1

f(xra1) < U(xpy1;28) + %kaﬂ — zk|?

is satisfied (this guarantees cost descent). When
this condition is violated at some iteration, we re-
duce a by a certain factor, and repeat. (Satisfied
once a < 1/L, by the descent lemma.)

e A diminishing stepsize oy, satisfying

O xO
: 2
lim ar =0, g ap = 00, g o, < 0.
k— o0
k=0 k=0

Does not require Lipschitz condition or differen-
tiability of f, only convexity of f.

e Stepsize reduction and line search rules - Armijo
rules. These rules are based on cost function de-
scent, and ensure that through some form of line
search, we find aj such that f(xr+1) < f(zg), un-
less xx is optimal. Do not require Lipschitz con-
dition, only differentiability of f.



ARMIJO STEPSIZE RULES

e Search along the projection arc: ax = 8™Fs,
where s > 0 and 8 € (0,1) are fixed scalars, and
my 18 the first integer m such that

f(zx) = f(zu(B™s)) > oV f(ax) (xx — 2k(8™s)),

with o € (0,1) being some small constant, and

xr(a) = Px (Cl?k — onf(aZk)>

Set of acceptable stepsizes
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f(l'k(@))*f(a:k) va(mk)’(mk(a)—:rk)

e Similar rule searches along the feasible direction



CONVERGENCE RATE - ax =1/L

e Assume f: convex, the Lipschitz condition,
X* # ¢, and the eventually constant stepsize rule.
Denote d(zr) = mingxcx* ||xx — x*||. Then

2
lim d(z) =0, f(x) — < 220

Proof: Let z* € X* be such that |zo — 2" =
d(zo). Using the descent lemma and the three-
term inequality,

L

f(@rg1) < lTpqr1; k) + §||37k:+1 — z||?
<Ll(z";x1) + §||ZU — x| - §||33 — Tpp1]?

L
2
Let ex = f(xx) — f(2*) and note that e, .. Then

L

< f@) + Sl = il = Sle" = wa |

L
2

L

S e = repr|® < Sl = 2xl® - enta

Use this relation with k = k—-1,k—2,..., and add

L

L, .
0< §||33 — 2] < Ed(%)Q — (kb + 1)ert



GENERALIZATION - EVENTUALLY CONST.

e Assume f: convex, the Lipschitz condition,
X* # ¢, and any stepsize rule such that

892 iaa

for some @ > 0, and for all %,
1

f(@ri1) < Uanprson) + 5—lzesr — 2k
20ék;

Denote d(xr) = mingxecx* ||xx — x*||. Then

lim d(x;) =0, flxr) — [ < (d(x0)2>

Proof: Show that

1

f(@rg1) < faw) — 2—||33k:+1 — zx||%,
o

and generalize the preceding proof. Q.E.D.
e Applies to eventually constant stepsize rule.

e Error complexity O(1/k), (k iterations produce

O(1/k) cost error), i.e., ming<y f(z) < f* + Const

e Iteration complexity O(1/¢), (O(1/¢) iterations
produce ¢ cost error), i.e., min_ _ const flxg) < f*+

€

K



SHARPNESS OF COMPLEXITY ESTIMATE

e Unconstrained minimization of

cele| — - if |z > €

e With stepsize a =1/L = 1/c and any xzy > e,

1 1
Tht1 = Th — sz(xk) =Tk — —CE=Tp —€

e The number of iterations to get within an e-
neighborhood of x* = 0 is |xo|/e.

e The number of iterations to get to within e of
f* =0 is proportional to 1/¢ for large xo.



