LECTURE 15
LECTURE OUTLINE

e Overview of properties of subgradients
e Subgradient methods
e Convergence analysis

e Reading: Section 2.2 of Convex Optimization
Algorithms



SUBGRADIENTS - REAL-VALUED FUNCTIONS

e Let f:R" — (—00,00] be a convex function.

A vector g € R is a subgradient of f at a point
r € dom(f) if

f(z) = f(x) + (2 —x)'g, vz e

The set of subgradients at x is the subdifferential

o If f is real-valued, 0f(x) is nonempty, convex,
and compact for all z.

o U,cxOf(x) is bounded if X is bounded.

e A single subgradient g € 0f(x) is much easier to
calculate than 0f(z) for many contexts involving
dual functions and minimax.



MOTIVATION

e (Consider minimization of convex f.

e Steepest descent at a point requires knowledge

of the entire subdifferential at a point.

e Convergence failure of steepest descent

0

I

e Subgradient methods abandon the idea of com-

puting the full subdifferential to effect cost func-

tion descent ...

e Move instead along the direction of an arbitrary

subgradient



THE BASIC SUBGRADIENT METHOD

e Problem: Minimize convex function f : 7 — R
over a closed convex set X.

e Subgradient method:

Tr41 = Px(xr — argr),

where ¢ is any subgradient of f at xp, ai is a
positive stepsize, and Px(-) is projection on X.
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e Key geometric fact: By subgradient inequality
g.(y — ) <0, V y such that f(y) < f(xk),

including all optimal y.



KEY PROPERTIES OF SUBGRADIENT METHOD

e For a small enough stepsize ay, it reduces the
Fuclidean distance to the optimum.

e Nonexpansiveness of projection: For all z,y,

|Px(z) = Px(y)ll < ||z — y]

Level sets of f

e
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Tk+1 = Px(zk — akgr)

e Proposition: Let {x} be generated by the sub-
gradient method. Then, for all y € X and k:

|zkt1—ylI* < llzw—yll* =20 (f (ze) = F(y)) +aiillgwll?
and if f(y) < f(xk),
[ze+1 — yll <llzx —yl],

2(f @)~ Fw)

for all a such that 0 < ap < TonT?




PROOF

e Proof of nonexpansive property: From the pro-
jection theorem

(z — Px(z)) (z — Px(z)) <0, VzeX,

from which (Px(y) — Px(il;“)>/<$ — Px(z)) < 0.
Similarly, (Px (z) — Px(y)) (v — Px(y)) <0.

Adding and using the Schwarz inequality,

|Pxw) — Px@]||” < (Px(y) - Px(2)) (v — @)
< ||Px(w) = Px@)|| - lly — =l
Q.E.D.

e Proof of proposition: Since projection is non-
expansive, we obtain for all y € X and k,
lorss — yl2 = || Px (22 — ange) — 3’
< ||zx — argr — y||?
= [lzr — ylI? = 200g;, (zx — y) + aillgrll?
< |zr —ylI? — 200 (f(2r) — f(y)) + o2]lgll?,

where the last inequality follows from the subgra-
dient inequality. Q.E.D.




CONVERGENCE MECHANISM

e Assume constant stepsize: ap = «

e Assume that [|gx|| < ¢ for some ¢ and all k.
Then for all optimal x*

21— < llex—a*[2~20(f(@x) ~ f(2*)) +a2e?
Thus the distance to the optimum decreases if

2(f(xr) — f(a¥))

c2

D<a<

or equivalently, if x; does not belong to the level
set

fo| 1) < @)+ %}

Level set

{o] f(z) < f* + ac2/2}

Optimal solution set



STEPSIZE RULES

e (Constant Stepsize: ar = «.
e Diminishing Stepsize: oy — 0, >, ap = 00

e Dynamic Stepsize:

f(zr) — fr

c2

A =

where fi is an estimate of f*:

— If fr = f*, makes progress at every iteration.

If fr < f* it tends to oscillate around the
optimum. If fp > f* it tends towards the

level set {x | f(z) < fr}

— fr can be adjusted based on the progress of
the method.

e LExample of dynamic stepsize rule:

fk — min f(:lj]) — 5k7

0<j<k

and 0 (the “aspiration level of cost reduction”) is
updated according to

5 B p(sk if f($k+1) < flm
LT max{ Bk, 0} if f(zrs1) > fr,

where 0 > 0, 8 < 1, and p > 1 are fixed constants.



SAMPLE CONVERGENCE RESULTS

e Let f = infy>o f(21), and assume that for some
c, we have

c > sup{|lgll | g € 8f(zx), k >0}

e Proposition: Assume that oy is fixed at some
positive scalar «. Then:

(a) If f* = —oo, then f = f*.
(b) If f* > —o0, then

. 2
J<f+ 5

e Proposition: If oy satisfies
©.@)
lim ap =0 =
o k ) ZO‘I{ o0,
k=0
then f = f*.

e Similar propositions for dynamic stepsize rules.

e Many variants ...



CONVERGENCE METHODOLOGY 1

e (lassical Contraction Mapping Theorem: Con-
sider iteration zy11 = G(xk), where G : " — R7
is a contraction, i.e., for some p < 1

|G(z) = Gy)|| < pllz—yll, Vaz,yechn
where || -|| is any norm. It converges to the unique

fixed point of G.

e Can be used for gradient iterations with con-
stant stepsize, but not subgradient iterations.

e Consider time varying contraction iteration xgy1 =
Gr(xk), where

|Gi(2)=Gr(y)|| < A—pi)llz=yll,  Yz,y R,

the G have a common ﬁxegio point, and

pkE(O,l], Zpk:OO
It converges to the unique ¢othmon fixed point of

G

e (Can be used for some time-varying gradient
iterations, but not subgradient iterations.



CONVERGENCE METHODOLOGY 1II

e Supermartingale convergence (deterministic case):
Let {Yy}, {Z}, {Wk}, and {V}} be four nonneg-
ative scalar sequences such that

Yit1 < (1 4+ Vi)Y, — Zy + Wy, vV k,

and
@) O
Z Wi < o0, Z Vi < o0

Then {Y}} converges and Y .-, Zk < 0.

e Supermartingale convergence (stochastic case):
Let {Yy}, {Z}, {Wk}, and {V)} be four nonneg-
ative sequences of random variables, and let Fy,
k=0,1,..., besets of random variables such that
Fir C Fraq for all k. Assume that

(1) For each k, Yy, Zx, Wi, and Vj, are functions
of the random variables in F..

(2) E{Yit1 | Fr} < Q4+ Vi)Y — Zp + Wi V k
(3) There holds, > - Wi < 00, > g Vi < 0

Then {Y%} converges to some random variable Y,
and Y~ Zi < oo, with probability 1.



CONVERGENCE FOR DIMINISHING STEPSIZE

e Proposition: Assume that the optimal solution
set X* is nonempty, and that for some ¢ and all

k,

c2 1+ min

o — :c*y|2) > sup{|lg[2 | g € 8f (1))

and a satisfies

oo oo
E ap = 00, E ozi < Q.

Then {x} converges to an optimal solution.

Proof: Write for any optimal x*

|lzkr —a|? < (1 + age?) lze — 2|2

— 20 (f(zk) — f(2*))

+ g 2

Use the supermartingale convergence theorem.



