Lectvrve H: Deciston Trees

E Xomple 1. Feorures XK, %Ky

sion ok
"K:Dec\smrv root

’YZS/ \Nb Lokel 4
[0 Is %5 39| lobet 0 X2 Labeb
_ v o
Mes \No ok node| Lakbel O
G
lojoer @ Lobel L FL
X 3
[
E—xam?\e, 2! Feolwres X, Xz, Rg
m - EQC}\/ ’hOde s bqsza e 2%
N
’\/es/ \3 E o fecduqe

ds A3 207
A/eg'; : \Nb

Lobeh O

[1e % 20 2]

do /N

TTs % pa7] leve2
’Yes/ N\SO
Lobel 0 Lobel L

[abel 1

- Each MNode: G Adecsston s
Made boned o the value
of this feaiuae

— Each leas Correshonds +o
a label (same label moy

adbhear an Mony \QGVCS)



Exomple 3. Dorovsek:

(©)2) 4 g (1,2)
(0,17 + - 0
. o

(c,0) Gy (1,0)

FEERE23 " Ts Xo< %72 |

No
A’f/ N B x‘{yy_ 2]
A SN

Yes / \NO +
- + + | 1= %241.53_
’Yes/ \N‘J
- =}

- Both brees clossiky the haiming dokov
covrecrly; buk which one s betrer ?

- Answer: The Simpler one. ( heve, tree 1)

- In gemerol,-};cné\—ihg the Smallest Secisigy hee fo Rt oy

training doxo ger S Compua—ojimo&ig Au it culX .
=~ A gue M commonly used odgamthmy thay proweds gredily

(S the ID3 Decision Trew olgarithm -

- Conventiovy: Rule o eody node of the form!
e
WIs 'X}. < o



ID3 Algerthm:

4 Inikoly, Whole haining data ts afy 7oot.

2. While theve s on tMpure Modes Impure Node: Node i@y
daya. points unth WMP\G
lab e

Eadh mode in the dlgorvithm
CD‘T'Y&S?OnéS o o
Subset of the haining dofo.

() Pick ony impude mode V

®) Pick o feoruvae £ oma threshola
pleng which o “spht” the do¥ov
ok ~. Pone OLeerding o “Splithng
Rue” (fo be Aescribed laker)

(C.) Modi%&ﬂ ee OS5
l ‘ F o ol acdn
L
NS Is eoyure :F '< —L— ( e oD

Mes/ \No

alk do¥yo in VvV AW daofa. n V
Sor which Ke <£> (:Fmr Ohidh Ky >,-\:>

If ony of N~ or Ny 1S pude (—{.e. hos dodov of only one
lobe}), then ?e:eéseir £+ mmoke it ov leaf- Hrod q:'re.én‘d—s o

lobel.

Notes:

——

A, Corvembian ' Use o brreshold Y the micddle’ of two valu.
eq. % Node hos dcdos poinis: (0,0), (01D, (k D, ond
we Split along feaduae L, 0se thrveshold ¥

9. More disaussion of splifing ruke coming dp.



O b c
Exombple: Training daka:  ((0,0),1), ((0,1), 0),(((,0),0),

Ca, 0, 0)
A

1. Ih\'h‘oi&%-, Rootr hos (0.b,c,d)

Root: (o,b, ¢, ad) Impore .

2. Suppose We prek Ky, threshold 4% (thrw Seleckon Ruwie) |

Root: Is Xy <4 7°

Nes / \uo

rf\/i : & Dodo. points 0, b E/z_ . Data. points ci‘,
Im}ouwe CTO be Pore (Bo-bh c, & have
Split —S:uwlche'r) label 0)

](ROOJ“" Is % £47

’\/esl/ x\m
%—f\fi:\a,b—l } Predict O |

4. Subdose a0e Hick Secdure XK, , Hhreshold o (4o s it 'Vi)

N, 1 Is ’Xzﬁ‘yg_?

A;/’es / ‘ \No
(ool [ae ]

Pure Pure




€. i‘f’\/i" Is %, & 1/?..?-1 All modes oae pure CI”

3o

N / \No this point, So we ove done .
es

PredSr & 4 Predick O

Comblete Decision Treo:

\ Root: Is 'X(é‘yz?

Mes / \f

FVI.:ISXZ_SVQ__’?\ o

”j/ \@ J

T
Q—}:\\’H'tng Rule: How Yo chocse o {ecture and threshol §, long

whidh to .S?Hb o Noae?

In TD3 Decision Trews, we chocse cne thad Yedurcs wnevehaumiy

the ynost.

How +o measwae unasttointy 7 Through o Molon th (n o
theory, calfed  enhopy

Eh_{-rg_w: lety % be & ramdom vordiable thot tokes Voluas
, -, Vi weth j)’robob‘c Rives fPf, --,'PK. ‘n‘)eh, se.‘nh’ojyg o X,
denoted by H(X) 1s defgned as:

N

H’()C) = —-*Pl\og“Pl —?2‘09?1 - = PKlOS’PK

CNo\e: Uce. the Convenkon thok O-logg = o)



Some Entropy Noluss -

romdom voricble (r.v). Pr(X=1) = .

1. % of1
Wt 130=’P1(><=0)=L/z.
P = ’P{CX’D =L/2.

-—
- -

H(X) = = Po log e — P leg$) %\og—j—z'. -~ -12[09 }2__ = mlog 2.
= 0-69 ((J\.Su,oi\\j, AQe Woe motuaal logcmlﬂnm for

Hhese calcul alioms )

2.?(10]1 v, P(X=L) = O,

/-P():il (Pj. :O

H(X) = —-3_\091 - O‘ogO = O
1

ohich tokes aolwd 4,3,..,k 40.b. = each,

3. %X s O TV,

L (e 1 (
H’(X) = —%\09%» —EIOS:&" _EIOSE
. k. tlical = logk
kK K[ogK Og

or o/j_ .V, closer Pv(X=0) S to o 1/2, ‘m'ghevr is Hhe e,,\}roFg

Properives of Evbopy:
e exadr valuws taken by X
)

1. H(X) does not debend an #h
only on the drobabiliftes of drstnot Valws.,

3. H(X) zo (dlways). Why 2
K
Bx) = — Z i logdi wheve logd; =0, as i <4,
=1

3. TL X tokes k waluig, H(x) ¢ logk. This maximuwm s
dehce,\fed\ Gﬂ\fﬁ wher each Avolue occurs /\DP i/K



Conditional E\n%m»fj‘.

Let X Z be fwo v V.s.

(s Aelined as:
H’CX\%) = Z@q(%:%)l’\”('}(\Z:Z)

z
of X
(Infuikively, GNevoge enbropy given thot we knew %),
A

The condikonal enbopy ©F X given Z

Excarple: 1

Joint Dishibukion of X, Z

Z\x O i 'PY(Z:O):-B% Pr (%= ):%
S 4.
© E 4 Pt Far omy x,
1 '15 O Pr(x=2%|%=0) o, Pr(h=e, B=0)
B | 2/3
Pr (k= |Z=1) = Pr (Ram, 221)
/3

So'. Conditionol dxsim budiore ef- ocoe:
Pr (%=1 ]2=0) =2

K|z=1 Pr (X=0|Z=1) =41
/P'r<><—_-1_l2_—_-1> =0

H(k[Z2=0)= =% log¥, - Jlegls =leg2
H(X\E:O = —llegs ~ Clogo =0

Sot  W(X|2) = %. log2 +%.0 = _g.’log?..



Examp\e 2

Joint distmbwiton:

N\ o L | 2 \
0 o o | W4

1 |\ Y2 | Y2 | Y2

Pr(2=0) =3/
Pr(E=1) =44

Conadiional dishbukons ox X, given %:
/P«('xzo\;_nzo) &

Pr(x=1 |2 =0)

il

o Py (X= Ol%zi)-:_ 1/3
2/3 Pr(x=1[z2=1) =1/
Pr(x=2|2=0) = 13

I

Pr (x=2] 2= 0 = Y3,

Hixi|Z2=0) = — - 2 2 i i 1} a2_2

( ‘ ) Olog() 5[93_5 __5103.3_ = [093 —5[082
H—( =4 2 — 2, 1 i

’)‘[Z: ) 3 .3-\08—5— =|c)83

H(%x|2)

1l

P (2=0) H(%X[Z2=0) +T (2= 1) H(%|2=1)
3 2

Z. (i033—- 5\092) + Zi-_log?)

= log3 - Zlog2

]



‘Propertres of Condiianal Entyopy:

1. Suppose %=Z . What s WR[Z) ?

HORE) = D, Pr(Z=%2) H(X|Z2=2).
z=
Now, given Hhof Z=%, 1We know thafk K=z A.b. 4

Sol H('X Z"‘:Z = 0.
Thus, H(X|Z) = Z(Pq(z %).0 = 0.

(This may hold even tf HW(X) is vey loage! )

3. Supbose K Z ome Tndependumt. WOhat s H(X|Z) ?
=X
Since X, E owe i depandunt, B(X [Z =2) £for omy z and %,
1s equad to Py (K=%).
ie. %12=z2 hae echcH«j the Soamne distribukion as X,
So- (x| Z=2) = H(%)

H(x| ) = Z(P'f(E 2) I—F('X]% %) = HX) Z”P'f (Z=2) = H(X)

Informakon Gain(Z) = H(X) — K(X|Z)
(essentially, how mudh enhopy oF X 40 reduad because

we know Z).

It com be shomn thoa¥ infamorion gamm (16) s » 0 (chdoys)



?SP\H‘th Rule: We ?\'ak the —S:eo;hxm omd Hhareshold WwWhidw

moximizes “bFarmolion gom.
1G(2) = W(X) - W(X(Z)

Heve X' distibukion of lobes oF ov Nnode, S4Y oF node M.
(e-g. %’_- dodo. baints hove looe) 0O, ,3 lodbed i)

£ omao Hvreshold + tokes 2 valuueg

Eoch Z correshonds fo ov featuvae
(O for No, L for /YCSD

X[ Z= 0! dvishbuiian of lcbds
at 4 omong those da¥o pboints
for Ohtdh feoiure ?;—t‘
X [z=1: dusbuior oF lopels o N
ooneng Yrose adoka Pa’ir\“rs far
whod~ feotuse £ <t

Examble:
+ - Suppose O mode N has 5 points with lobed 0, 2 sl lobet 4.,

Then, % the COW&Spcmdrtng X wouwld be oo T .

Asith © Pr(R=0)= B Pr(%=1) =2,
]




1\2 3 2 SU.PPOSQJ 1:“9():(@ shews H)e, }T&\'h(h%

R U Adoka. & O hode N, 6
X, 1 o o~
2. @ e So., ¥ hos 5 lobel 0, 2 lobel 1
4 1 (0} :
5 . . . do&a};mrﬁs, and
1 = H"X :-E 5 _ % Z
o 4 2 7 (%)== 2 loag AL

Feotuoe X —»

Suppose e would ke o sé;(—i{— adong ‘,‘g( Xy < 4-5 or 'ho-l:)_
Suppose Z =0 covreshonds o K 2 |-5 (L)
Z= 41 7 N Ry £ 1.5 (2)
Then, %[Z=20 hos 2 lobeh 0s, 0 lokbel is,
wa'(’X’—‘O‘%‘—'O) =4, Pr ('X?—ll%:o)zo.

So, H(’)(\Z::O) = —1logl — Ologo = 0.

9(\2::1 hos 3 lobel 0's omd 2 lobey 1's.
P (x=0|2=t) =3/5, Pr(x=1[E=1) =25

=
H(x|z=1) = ——2‘09—53- — Zlegz

Also:
Pr(2=0) =2/ (os Rowr ol the totol F boink 4m

X il e on o bromch)
and: R (2=1)=5[3 (08 5 w-w b -4ty g .,

ey g )

S0t H(%|Z) = Pr(2=0) H(%|2=0) + Py (2=1) H(%[Z=1)
= 0e 48



Example: How fo Sphi ov Node:

/[\ ) (4)
. 2 be ] 8 L bossible (Seotusre Hhreshold)
" R A AR boirs do Shhit odang.
_l__ _t. O_ , O_ _ (57
o 4: 1 R Colt Hhem (o), (b)) (), ()
1 ZT ‘f-’ o 7 Initally: (50,2 1)
Feoture (X( —2 C5 lobe) O's, 2 lobed 1's>

(0) : Reswrs: (20, O L); (30, 21)
H(x|Z) = 0-48

(k) Resuds: (40, o )3 (202 L)
H(x|2) = 0-3F

(€): Resuds: (50, 1+ 1); (00 1L L)
H(x|Z) = 0-33

@) Resutts: (20, 21); (39 © 1)
H(x\Z) = 0-39

So, IP2 wxith sdeck (b) o Qers

Mes / \
v ((0,0), 1), ((01),1), W

( (0 2),0) ‘] (*Pu:re, modc)




Sh\itring o ndde. Exomple 2

P 5 @, & 4.
. . - e )
j_'L .o : % 1 lh\hcﬂl':j, l( )

e ) ey L 1 L = tog 2
O H(x)= - g s - Zlogz g
OID *i " ' I = Ole

Tl o Ui

Feotur ’X,

@ posscble ways o sprit: (o oma (b) .
For (o); Resulr: (L0, L 1), (Lo, 41)

H(x\Z) = 0-69

For (b): Resudk: (10, L4)5 (L 06,11

H(X\E) = 0-69
So, IG6(Z) = 0.

How ever, e Showdd '+ s%—oj:, conshuck ng the ¥rew
even f 1G =0. In this Cose, covvedr hree s

| Is % g% ?




TID3 @ Decisiow Treas

S\’O&:P\:ns Rule S‘h‘)): ADherv eNevy mode 0 pure.
Butr this vwle Moy overfit the darov

EXocmE\e,‘.

“T?xe, 0 moy be am outlier or same

Notsy dato.
X X% %X
1§ we build o deaistorn hze that stops
When all mmodes are Puve, then We
o o o
™Ay over it the haining dota.
0O o o

Whot s Overfiting ?

Do¥or omes from- Some underlytng hrue dismbulion D,
Tvoining do¥a, test doror » ald somples Jrom-D.
Tvaining exvar of O cassifeer:

N e 1 () &= means or ihdicator
evr (h) " Z:l 1(h(%) ¢ Yi) ~Noxcoble whech <o 1. when
1=

Toruwe exvor of ov clossifrat: the condi kkon is hue, O ofw.

exr(h) = Pr(h0OO# o)
(%YIA D

For oo fixed cdassifier, with mare do¥a, Taining ervor

shoovdd aj:yfoac}v true ewvor.



OverSfiting haﬁams mhan

A

exvyor

True éerror

“To&hing exvar

S

7

HNodes mm Adecision trew

As we Mmoke the Yree Mmove and Mare complicated, haining

ervor Adecreases. At some point, true &mor stops imProueng

oana Moy geF Wovse.
e shuduae, whidh we wouldo

True dota disksbutton has som
§ Hhes shuciuare,

ke to co.p{'u:xe. Tfyo:m‘mg datov CG&;-\—ures Sacme ©
buk wnaw hoYe some K hame”  Shuchure oF ifs 00T, @bt

we showd no¥ modd wmio o AJosstfiesr.

How ‘o Aveid Overfithing i Dectision Treww? By Froming .

hrea using & Joli daktan dokaser.

- By pyuning the

1. S\o\i\: tre hosning s doyo. unto fraining cer S omad Yol dadton

sex N.
2 Buila ID3 e T using rotnipng serS
3. Pyupe vsing V!
’Ra?eo&i

For eacr mode N 4ia T
Rebloce sublyee Tooled oV by single Mode thoX

drreai s majority lobel in N fo ger hree T
IS exrvor(T!) on V KL exrvor(T) om Y, then T=T'

Continue HW there 158 Mo such Nnode V.



Is %X,<02 J

A ;
X X IX %
X x :r'o Dok T4 ’Yes/ \N°
5 el e o —
X % 5 x % x . Predick 0 \/:X Is % €07
B A/cs/ \No
°° Predict X [1s % %27 ]
e o o Mes / \NO
S Predick K Is %y 47
xﬂ MNes \N‘o
‘ Preadvet A
e
If the 0 point wn betwen o aw FS/X‘SQI‘\\
Nes / \No
e¥yor, thern the subhres 700Yed oy Vv
Predtexr O Predrick K

will hove \m:g\nev nvoli dorean ervor

thom Jredicking R ot A

M'l{'h/ :P'fumi,ng *

N~

Trua Ervor
\/7/‘? Nl dokion- Ervor
P Training Byor
7
nodus wa decistory hee

LYoy

As tree grvows more compplicoted, haining ervor decuoes.

3 1 rn even—
At Some potnt, Yue evvor stops imprYovtNg omd Touy
in the Volidokon ervor

gex Warge. This wid be ehlecked
proutded we hove enough validofton dadov.



?:Lu"( Decision Tree Conshruckion f‘vigcrri'ﬂwm, (I‘DB):’

¥ 4. Fadh node

RS fhihcm{j

hos & subset o hrc.u’nir)g set S(v)

® root, S(root) = fiur training set.

1. While 3 an “tm:pxxve."’ leafuof the cuwrent hee:
- FKnrna o SPH'\“Hng Pule For w . Sa rule s Te "X_;: <t? ’
- ‘“Re'p\aca, w with:
] wi Is Xg si?J S(w)
"\/és/ \\:o
wy l S(i [ u 8 (Uy
] (wi) l Z ( 2.)
S{W) = Bubser of S(w) for which He <t
S(rna) = S '\, S(uy)
- If either Woor uy o j:uae”, make themm o Predz chon
oAk (thak predvds the label of ot i Sludor SO,
Y-

"Puve ' node’ ol doda. poinfe  Qssodated with Hus node have
the saone label Impuote: Nert pute .

Spliking Rule:

1 FPor ol pairs of feotures f, Hwesholdt F!
xCompule Informobion Gomn

TG = H(X) - W(&Z|Z)

x Pick the boir that maximizes the nformation Gouu.



