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Full Adder/Subtractor

 How we implement a 1-bit adder/subtractor?
v’ Given 2 binaryinputs A, B and a carry in/borrowin bit, calculate A + B/A — B

1 carry in O borrow in
0 A 0 4
+ 1 B — 1 B
carryout 1 borrow out ("1 Y, 1

v Afulladder withinput (4,B, C;;,) = output (Cyyt,S)
v" A full subtractor with input (4, B, B;,) = output (B,y¢, D)

v' Write the truth table and derive Boolean expressions



Truth Tables of Full Adder/Subtractor

* Derive the Boolean expressions

v What can we observe by comparing the truth tables?

Full Adder
Cin A B|S Cuu

0O 0 0|0 0
0 0 1]: 0
0 1 0 0
0o 1 1]0 1

1 0 0|1 0
1 0 10 1

1 1 o0l0 1

1 1 1|1 1
S =AOB®C;,

Cout =AB + AC;,, + BC;,,

Full Subtractor
A B Bin | D Bout
0O 0 0 [0 0
0o 0 1 | 1
0 1 0 |1 1
0 1 1 |0 1
1 0 0 |1 0
1 0 1 |10 0
1 1 0|0 0
1 1 1 |1 1
D = A®B®C;,

B,,; = A'B + A'B;,, + BB;,

Output D is same as output S
A is complementedin subtractor



Q1: one’s complement

* If bitt = 0, the function operates as a full adder on (a, b, ¢;,); if bitt =1,
operates on the complement (a, b’, ¢;;,)

v fill in the truth table with full adder

[ t=0 |1 =1 "1

Cin a b b K 1 :

|C0ut s | |Cout s |

| 1

0 0 0 1 0 o' I
| |

0 0 1 0 1 0 1: | :
| |

0 1 0 1 |, 0 I N .

| I [, Fill in the

0 1 1 0 1 0 | I

I , | ! outputs |

1 0 0 1 |1 o0 1, : :

|

1 0 1 0o |; 1 o: I :
|

1 1 0 1 : 1 01 I

| |

1 1 1 o |ta__ 1t _____ I




Full Adder/Subtractor

e Carry propagate adders (CPAs)
v’ Ripple-carry adders

v’ Carry-Lookahead adder

¢ When a column will generatea carry out?= G; = A;B;
¢ When a column will propagateacarryin to carryout? = P; = A; + B;

** How to compute ¢ and P fora k-bit block?

v’ Prefix Adder

¢ a hierarchy structure with segmentations into small blocks

¢ parallel prefix operations

Carry out of column i, as
carry in of columni +1
Cin,i+1 = Cout,i
= A;B; + (4; + B))Cjp;
= G; + PiCip g




Prefix Adder

Compute the carry in for each column as fast as possible
Has log, (N ) stages

Column —1 holds C;,,,so G_; = C;,, P_; = 0

Compute the prefixes: Gy._1,G1._1, Go._1,** Gn_1._1

v’ the generate and propagate for a block spanning bits i: j
Gi:j =~ Gi:k + Pi:ka—l:j

Pi.j = Pi.p Pre_1.j

Note: G;.; = A;B;, P;.; = A; + B; are the generate and propagate for column i

The sum of each column
S5, = (A4;®B;))DG;_1._4



15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0 -1

Prefix Adder AN Ar drdrdr dn ¢
n

e A 16-bit Prefix Adder from slide 27 63| 53
of Lecture 14 :{{{{ {{{{

v’ Has 4 stages

v’ step 1: column generate and

propagate = (G;.;, P;.;) o . = 0
v’ step2: block generate and propagate

(Gi: 'Pi: ) o ‘ - I\M/I
(Gk—lrlj"Pk::j)} =~ (Gi:f’Pi:j) 6@ % %J JF

P Gi:|
v’ step 3: calculate sum S; with g @
iij iij
S,
Aii Bi! Gi—l:—l column generate block generate calculalte sum

and propagate and propagate



Prefix Adder

e Calculate sum of 13, 6 with a 4-bit
Prefix Adder, C;,, = 1

v'step 1: column generate and propagate
= (Gi.i, Piy)

v’ step2: block generate and propagate

(Gi:kes Pike) }
" p = (Gi.:, Pi.;
(Gk—l:j)Pk—]_:j) ( L] l-])
v’ step 3: calculate sum S; with

A, By, Gi—1.-1




Prefix Adder

e Calculate sum of 13, 6 with a 4-bit Prefix
Adder, C;,, = 1
v/ 1101 + 0110
v’ step 1: column generate and propagate

(G_1.-1, P_1.21) = (1,0)
(Go:0, Po:0) = (0,1)
(G1:1, P.1) = (0,1)
(G2:2, P:2) = (1,1)
(G3.3,P3:3) = (0,1)




Prefix Adder (0.1)(L1)(0,1) (0.1)(L0)

312 (1]|0]-1

e Calculate sum of 13, 6 with a 4-bit Prefix
Adder, C;,, = 1 / /
v/ 1101 + 0110 2:1 0-1
v'step 1: column generate and propagate //
v'step2: b!qc_k_ge_r]gr_a_tge_a_n_q propagate 21 101
Gl]:le+Plka—1]| L L/
: Pl]_PikPk—lj : [3121110]
t T | -
98¢ Legend j . \L/‘
(GO:—l;PO:—l) — (1;0)
Ai Bi P Pk 1; ,G Gk-1:j Gi-1:-1 Ai Bi
(G2:1, P2:1) = (1,1) Tb{ ] e 1l
Sta ge 2: ‘\\”I/ '\'T’/ 7 " —\1/ \IJ\'I'/
Pi Gy \ )/ 1‘t:_—__:.’]
(G1:-1, P1.-1) = (1,0) PG \/

(G2:-1, P2.-1) = (1,0) .



Prefix Adder (0,1)(L,1)(0,1) (0,1)(L0)

3 2 1 0| -1
e Calculate sum of 13, 6 with a 4-bit Prefix
Adder, C;,, = 1 . 2:1/ 01(1/0)

v/ 1101 + 0110 /{
1,0

v'step 1: column generate and propagate (L,0)2-1] 11 )
v’ step2: block generate and propagate [3 I 2 1/1 I/o ]
v'step 3: calculate sum S; with 4;,B;, G;—1._1 egend j =
So = (Ap®By)BG_1.-1 =0 aB Pi;kPk.:,-Gi:k ..
S1 = (41©0B;)®Go.-1 = 0 rb B ’W :
Sz = (A058,)861,-, =1 M A
S3 = (A3®B3)®Gy.—1 = 0 Y

Cout = G3.—1 = G33 + P33G.1 =1



HW: Zero-deficiency prefix circuit

* Denote a prefix circuit with n inputsas G(n) ;3w s s s s s
I

v size of G(n) is Sg(n) = number of computation 5 J|ie—t

v depth of G(n) is dg ) = number of levels ) & dlies & P
v’ Deficiency of size of G(n) (BN
def(G(n)) — SG(n) + dG(n) — (Zn — 2) z; z; z;

legend m \.'/

zero-deficiency: def(G(n)) =0 ¢
* Implement the zero-deficiency prefix adder

F—0=—8

12



Carry Save Adder

A Redundant Number System
* Save the Partial Solution for Multiple Additions
* One Bit Propagatlon for Each Addltlon

""""""""""""""""

digiti +1

i Addend in two bit ¢ Addend in one b1t

e

| Full Adder ¢y
E  Cout
I Sum

Iy

Carry out to digit :i + 2 Sum in two bits

|

———————

________

!

__________________________

i Addend in two bit (Addend in one b1t 1

|‘~___._—

___________________________

1| Full Adder ¢y,
i Carry out form digit i
] =1 Cout

Sum

—_————-

———————

‘4.

’ | Full Adder ¢
| Carry out form digit i — 1|~ dder cip

[

Sum in two bits

— Cout
Sum

A B

Iy

Sum in two bits

—_———_—-

| Carry out form digit { — 2

13



Carry Save Adder

 Example: calculate the sum of 23, 11, 17

Weight 32 16 8 i} 2 1
nl1=23 0 1 0 1 1 1
n2=11 0 0 1 0 1 1
n3=17 0 1 0 0 0 1

14



Carry Save Adder

 Example: calculate the sum of 23, 11, 17

Addend in one bit

Weight | 64 32 16 8 4 2 1

nl1=23 0 0 1 0 1 1 1

n2=11 0 0 0 1 0 1 1

n3=17 0 0 1 0 0 0 1
nl .’0_0__"60_____1%) ____ 66 _____ 10 | 1_(‘;_____13__7
n2 0 | o | o |1 | o |1 | 1
A=nl1l+n2
n3
B=A+n3

Sum

Redundant system

15



Carry Save Adder

 Example: calculate the sum of 23, 11, 17

Weight |64 32 16 8 4 2 1
n1=23 |0 0 1 0 1 1 1
n2=11 |0 0 0 1 0 1 1
n3=17 |0 0 1 0 0 0 1

nl 00 00 '1'15 Voo fooy {10y f10Y f10),

‘ T I T B ] ° .
n2 0 0 carry 40 /c’ary/\ 1 ;’arpp\\o Jtarr \ Larr a2, Add tl:lree bits WI.th
A=n1+n2 | QO 00~ 1047 [10¢7 |17 |01¥  |0o one bit propagation

A A A A
n3 T T T sum
B=A+n3
Sum

16



Carry Save Adder

 Example: calculate the sum of 23, 11, 17

Weight | 64 32 16 8 4 2 1

n1=23 |0 0 1 0 1 1 1

n2=11 |0 0 0 1 0 1 1

n3=17 |0 0 1 0 0 0 1
n1 00 00 10 00 10 10 10
n2 0 0 0 1 0 1 1
A=n1+n2 oo  |oo |10 |10 = | 11 | 01 |00
n3 0 o | 1 |o | o o | 1
B=A+n3
Sum

Partial Solution

17



Carry Save Adder

 Example: calculate the sum of 23, 11, 17

Weight |64 32 16 8 4 2 1
n1=23 |0 0 1 0 1 1 1
n2=11 |0 0 0 1 0 1 1
n3=17 |0 0 1 0 0 0 1
nl 00 00 10 00 10 10 10
n2 0 0 0. 1 0 1 1
A=n1+n2 |00 00 [10% [J10% Ju1 joi\ Joo),
n3 0 o A Ao Ao Ao Aas
B=A+n3 |00 01 |o0o* |11” |00 |10 |10

Sum

Add three bits with
one bit propagation

18



Carry Save Adder

 Example: calculate the sum of 23, 11, 17

Weight | 64 32 16 8 4 2 1
n1=23 |0 0 1 0 1 1 1
n2=11 |0 0 0 1 0 1 1
n3=17 |0 0 1 0 0 0 1
nl 00 00 10 00 10 10 10
n2 0 0 0 1 0 1 1
A=nl+n2 |00 00 10 10 11 01 00
n3 0 0 1 0 0 0 1
B=A+n3 |00 Jor oo J11 oo |10 | 10 __ 1| Partial Solution
Sum An extra addition is

needed!

19



Carry Save Adder

 Example: calculate the sum of 23, 11, 17

Weight |64 32 16 8 4 2 1
nl1=23 0 0 1 0 1 1 1
n2=11 0 0 0 1 0 1 1
n3=17 0 0 1 0 0 0 1
nl 00 00 10 00 10 10 10
n2 0 0 0 1 0 1 1
A=nl1+n2 00 00 10 10 11 01 00
n3 0 0 1 0 0 0 1
B=A+n3 00 01 00 11 00 10 10
Twobits [0 |1 1 o |1 o |0 [0 Split the redundant
of B 0| o | o | 1| 0 |- 1| 1 ___: number
Sum 20




Carry Save Adder

 Example: calculate the sum of 23, 11, 17

Weight |64 32 16 8 4 2 1
n1=23 |0 0 1 0 1 1 1
=11 |0 0 0 1 0 1 1
n3=17 |0 0 1 0 0 0 1
n1 00 00 10 00 10 10 10
n2 0 0 0 1 0 1 1
A=n1+n2 |00 00 10 10 11 01 00
n3 0 0 1 0 0 0 1
B=A+n3 |00 01 00 11 00 10 10
Two bits 0 1 0 1 0 0 0
of B 0 0 0 1 0 1 1
Sum o |1 | 1 |lo ¢ o |1 |1

| e —

[ e

21



HW: Carry Save Adder

 Add five numbers for each addition
* Weight0 (0,0, 0, 0, 0) = 000
« Weight1(1,0,0,0,0)(0,1,0,0,0)..(0,0,0,0, 1) = 001

« Weight5(1,1,1,1,1) = 100
* How many bits should be propagated?

carry in to digit -1 cafry out from S,[i — 2]

I

carryout from S,[i — 3]

carry out from S{[i — 1]

v vl

22

: digiti +1 | i digit i . digiti —1 |
: Addend in 5 : 1 Addend in 5 . : : Addend in 5 ) :
L bits Addendin | " bits Addendin ! bits Addendin |
: Agoli+ 1] 2 bits : : Auoli] 2 bits : : Awoli—1] 2 bits :
- I ! I ' I
I I ! I ! I
I : I ! I

= | | | |
i Adder | I Adder : | Adder i
! Block : : Block : l Block :
) I ! I : I

i Syoli + 1] : i S20lil : i Syoli — 1] :
1 | 1 1 I 1
I l P .'

! I | I l
: ! - — !
| | ! o |
' ! ! N ] :

Dl



