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Kernel : For o feoture mop &, we define the corvesponding

kervrel as:

Kz, 2) = £3@, @72



Kennel Taitck:

Maiking down oand wmpuding with long feotuwre veckars 1s
often cuombersame. However, came fimes the kerneds K(x %) owe

much faster +o cpm?uj'e,. (examj;k.s \0:\'21*)

The kernel trick «o to orite Adowrz olgorithms, auch as,

Ppevaphron tn terms of the dO‘\'—-PYOdU\-C"S, omd then wmpuﬁre.
them fost (w:‘,t‘noux wriling docwn the Sfuub feaiure Veckars),
This comnot ou\udo,;d.s be dome, bur com be Acne FOr Mmamy

comnman olgcﬁthms,'ihc\md-ins pevasphran.

Exam{P\es of Kerpels:
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@ K, 2) = (Kzz>).
Whot 4 btre feadvoe spoee?
* Quppose %, & Gre 2-d Veckms, 2= [2, 2], 2= [=z12.]
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¥ Time 1token 1o Write down @(’L} = é(dz)

—

* Sphoww token to store Flx) = e (a%)

* Teme tokem to compute K(z, 2) = ({tiz>)
1s QCd) [ 8(3) ktme b compure <KZ,Z), o(L) Hmobsquo:re_-[
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K%, %) time to compute.
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E K(ez) = (K%z) —(—-C,)Jc c20, k=integen (Polynomiol
| Kernel)
0 (k)
#f Covvesponding feoture Mmap has d terms,

but K(%z) com be compuded un O(d«+K> keme

ok
C 6(3) to comnpuwre LNZE7, 0(1L) to add ¢, (kD
to qaise to k-th power)
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K, x) = e

CcoJﬂ-bd tbhe Goussion Kernel)

Covresponds o on mfinite dimensional feature map.

Shrc:ng Kernels.

Ler S omd t be shings over om olphobed 2\, P=om emtegen > 0.

K(s,t)

Zg. J:OY P= 1’

so, i{ s=

K(s,*+) =

u 0\3&5‘ '))

= 4 of comman .SUJosh"ihgs of length. p ar s omd t.

# comman leters vin § omd T

t= “gpsd”, then K(s1) =2 Far p=4.

What <% the comespanding feoture Mmop?

F(s) has o Coordinote w for every subshring of length P

M;

over 3, .

K(s £)

§u (s)

= 2

'!LEZ

=1 1f w <0 o slbshing of s
=0, ofw.
%u (s) %U\- (£) = @CSD; @(‘t) Va

Le""9m of §(5) = IZ”? .(S?au, to store $(s), Hme to

write 1t dcmn)

Bur K(s,1) com be compured ir O(stp Fme, which w0
usually much less o lcmg,a P.

How to compute K(s,t) ?
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63 +. (Be covefud ox dutblicates
OdSD ‘ omd Aouble coump ng? —dso check

if V oppeored eoalier ins)

For each &, ned @ to check 1+ agomst O(E) +0(Is))
possible subshings, each ot lengn )P{

= W (COm be even less awstdh o cleverenr
(3(445{([9,+l£{l) algorithm)



6 Gwap\n Kernels.

let Gy, G, be two graphs, $ 722 om wntegen. <
&(G) has o comdinake far every Kind of subgraph of
size p. eq. for P=3, possible S\-ng’rﬁj-)\')s ovtle:
’ L A
/.

K(G, G,) = <§(G1)v §C613>

Time Sexies Kernels, eoe.



Kernel Pap pey Hes:

Not ou Huncdt ans KC’Z,Z—) oxe kernels.

Condihane §or ov fumciion 4o be o kernet:
K,(')(,"E) = K.C'Z:,X)
For ov ser oF

1. Surierre | For ol o2

&. Posikve Semi Definiteness:
define kernel molrix ol

hathvs . 2T

K*f\ =

Fov ol ' .., ™ the kernel molix (s TSD.

These ore  Pecessasuy omd Subii dank condions.

K (2, x"“)

K'mxm 5

How *o0 show o :fum/da.crrv Kt('ﬁ‘Z) 5 Ov kernd ?

1. Either find o featwe mop P st k(xE) = <P, P(z)>
2. O~ show condirions (L) omd (2) hold (u.sual’dj hostder)

Exomple. Leb Klzz) = <ot 2y
~ (1) halds o8 K 2y = K@

~ ok + sonvl vockey = [h,..,‘\:yn]—r’ % .
fRE =2 Rt Ky < Z oty <%t x° >

> xm omy m veckars,

3

\L i=4 9=1 % o

e

Rerhet Z te t (Z %L 'X%> > Wy > xe %o %o Xes
LE=1

mainize K e
For eadh pawt (& ) we com- toke H semmodion over Hus paur
out; For a fixed (4¢) we Swm ovor ol (i,3) povus.



The two poswn Hhesized

. Z (Z % %! )(Z % %y a) fevms asee the Saww,

g o=y U EL with Adbjesunt
4 - . indices
= ' 1 1
%o X! fi> ~ 0
L,a,:i 121

How fo show oo fuwnckon K(xz) is NOT a Kevnel?

Show @, oown’re'rexox'mj:\e o (1) o ().

Exowmple: K(x2Z) = = <x, 27 is NOoT a kernel. Why o

TR w's omy neckor. Kevrnel moadyix of X is oo single scalaut:
(x38)
K= [oouml = [l ]
Wor amgy K is mot PSD. Mhg? For omy ixt £, st 40,

2

tTkt = - ] x||" <o

So Conddifion (2) is Atoloded.

ik 4F Wed SUS ey K (x,Z) (s mot o kernd,
try to find o smalh (ixt o 2x2 ) Mmodix
hat ©@ o ounter examiple to ().




How to Kernelize 'Pmrc.o,ph’cm:

1. Initkally, Wy = O. '1
& For £=1,23 - Peverplron in
I§ A/t <W‘(’—'y @C%t) 7 £0 then the é—sPQc@_
Mer = Mg + Ye P (1) (35 e Were Yo
Elce Mmaintovn Ay Aivecriy )

N
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- How to owvotd maintaming At exioh‘cj—Hq?

% Observe thad Ale is O limear combinakan of F(x)s where o
mistoke has bewn mode wn the post.

» We just clore these %'s omd the cowvesponding Ui’s.
% Also pbserve' e only Med to toke Aot produde of

the Loym L, F (@ waing faining, oma  LwWe, (=D~

for test exommples z during testing.
I Mg = Yt @(‘ZLLD t+ Y2 P (%2) + - + Yik Q.E@ZLKD

(so we have Mmade mistokes an (B, Qil), ) (ki Qi)
dw:atna ’fTO.inihg)

‘the’h«, <Wt, @(‘Z}?
= 4 Y Flxi) v+ Yik P (7D, D7
Yig <& xis), @7 + Yiz < B (xc2), PE7 +-- -

+ Y <F (zk), PE@7
= Yo Kz, 2) + -+ Yk K(xek, x)



Kerneds o Distomas .
Gwern o kerred funchvon K(E), e O distoma :S:W“d‘-m

’DK("‘r?) = JT((«z,x) r k(g 7))~ RK@Z)
If K@) = <36), @7 thew:
Dy (22) = 486,307 + 33),8@)7 -2<F, @7
= LFE)-IE), F@O-FE
ORI
D(uE) @ also be ompuked easily, if Kk (x,z) com be

Con pule & eo«:i\g.
My algamthm which <0 booed on et ch&ud:s omnd Euclydeom

distancd com be kevnelized. eg. k-NN com be kernelized -
Youw @K('&E} vistead ©f the Uswal Euclidaom distomce.




