CSE140 HW5 Solution(100 Points)

June 4, 2018

1 Subtractor (10pts)

1.1 Design the subtractor with minimal SOP expressions. (5pts for
completion)

A full subtractor inputs (z, y, b, ) and outputs (byy, d). The truth table for the subtractor
is,

[z [y | bin ]| bow [ d]
0[0] 0] 00
ojo] 1| 11
0o[1] o0 11
01| 1| 10
1/0[0 | 0 |1
1jo[ 1] 00
1[1[0 ] 0 [0
T[] 1| 1|1

By using K-maps, the expressions for output bits b,,; and d can be simplified as

bout = $/y+($,+y)bm
d = $@y@bm

1.2 Design a four-bit borrow look ahead subtractor. (5pts for comple-
tion)

For each column of input bits, it will generate a borrow out if z; < y; = 2} = y; = 1. The
Generate (G;) for subtractor is

Gi = xjy;

For each column of input bits, it will propagate a borrow in to borrow out if z; < y; =
i OR y; =1. The Propagate (P;) for subtractor is

P =z +y;
The borrow out of a column 7 is
bit1 = Gi + Pib;

The difference of a column 7 is

di=z; @y ®b



Notice when ¢ = 0, the borrow in is b_j.

With (G;, P;) for each column, we can design a borrow look ahead subtractor.

b1 = Go+ Pobin

by = G1+ Pib;

bs = G+ Pybs
bout = G3+ Psbs

We can reuse the structure the carry look ahead adder from slide 22 of lecture 14 for the
borrow look ahead subtractor.

x';y; X3 Yz X2 Y2 X1 Y1 Xo Yo
T 1 1 1

Vsl bl by
LA A P

ds d; dq do

Gao Gs
P3
G2

bout




2 Prefix Adder (10pts)

Simulate the addition of two numbers with the prefix adder from slide 27 of lecture 14.

2.1 Simulate the additon of 289 and 756. (5pts for completion)

First we compute the pair (G;.;, P;;;) for each column. Since we don’t have a carry in bit,

SO (G_l,P_l) = (0,0).

[ columni [[15~10] 9 [ 8 [ 7 [ 6 | 5 | 4 | 3 | 2 | 1 ] 0 [ -1]
289 0 0 1 0 0 1 0 0 0 0 1 -
756 0 1 0 1 1 1 1 0 1 0 0 -

(Gii, Pii) | (0,0) ] (0,1) ] (0,1) | (0,1) | (0,1) | (1,1) | (0,1) | (0,0) | (0,1) | (0,0) | (0,1) || (0,0)

Then compute the value (G, P) for each black box. For the first stage

Go.—1 = Go.o + Po.oG-1.-1 =0 Py.—1 = PopoP-1..1=0
Go.1 = Goa + ProG1.1 =0 Py = PaoPr11 =0
G13 = Gpa+ PraGsz3 =0 Py3 = PyaP33=0
Ge:5 = Ge:6 + Po.sGss = 1 Pss = PogPss = 1
Gs7 = Gss + PsGrr =0 Pyr = PygPrr =1

G109 = Gro:10 + P10:10G9:9 = 0 Pio.9 = Pio:10Po.9 =0

G211 = G12:12 + P12:12G11:11 = 0 Pi2:11 = Pr2a12P1111 =0

G14:13 = Gra:14 + P14:14G13.13 = 0 Pr4a3 = Pia1aP1zaz =0



| columns i:j [ 14:13 [12:11 [10:9[8:7[6:5 [ 4:3[2:1[0:—1]

For the second stage

G1.-1=Gr1+ P11Go.-1 =0 P =P.aFP-1=0
Go. 1= Gao1 + Po1Go.—1 =0 Py =Py Po-1=0
Gs.3 = G55 + P5sGaz =1 P53 =P55P13=0
Ge:3 = Gos + Po:sGaz = 1 Ps.3 = PssPy3 =0
Go.r = Gog + Po.oGsr =0 Py7 = PygPsr =1
G107 = Gio9 + Pro9Gsr =0 Pro.7 = ProgPs:7 =0
G13:11 = G133 + P13.13G12.11 = 0 P13.11 = P33 P21 =0
Gia11 = G1aa3 + Pr4:13Gr211 = 0 Prg11 = PraasPi2an =0

| columnsi:j[[14:11 [13:11[10:7[9:7 [ 6:3 [5:3 [2:—-1][1:—1]
[ GiyPy) [ 00 [ ©00) [0.0) [0 [0 ][10)] 0.0 [ (00 ]

For the third stage

G3.—1 = G33 + P33G2.-1 =0 P31 = P33P 1 =0
Gp1=Gaz+ Pr3Ga.1 =0 Py 1 = Py3P.1=0
Gs.—1 = Gs53 + P53Ga.—1 =1 P51 = Ps3P.1 =0
Ge.—1 = Go:3 + Po:3Ga1 =1 Ps.—1 = Ps:3Po.1 =0
G117 = G + Pi1:11Gior =0 P17 = Pi1:11Pror = 0
G127 = G121 + P12.11G1o.7 = 0 Pra.7 = P12.11Pro7 = 0
G137 = Giz11 + P13:11Gror =0 Pi3.7 = P13.11Pro7 = 0
Ga:7 = Gua1 + Pra11Gror =0 Pry.7 = Prg11Pro7 =0

[ columnsi:j[[14:7[13:7[12:7[11:7[6:—-1]5:-1[4:-1[3:—1]
| Gy Piy) [ 00) [ (00 [ ©.0) [ (0,0) | (1,0) [ 1,0) [ (0,0) | (00) ]

For the forth stage

Gr.-1 = Gr7+ Pr7Ge.—1 =1 P71 =Pr7Fs.-1=0
Gg.—1 = Gg.7 + Pei7Ge.—1 = 1 Ps. 1= Pabs.-1=0
Go.—1 = Go.7 + PorGe.—1 = 1 Py, = PyrPs.—1 =0
G10:-1 = Gio.7 + P1o.7Ge.—1 = 0 Pyo.—1 = P1o.7Ps.-1 =0
G11.-1 = G117 + P11:7Ge.-1 = 0 P11 = Pi17Ps.1 =0
G12:-1 = Gi2.7 + P12.7Ge.-1 = 0 Pio. 1 = P1o7Ps.—1 =0
Gi3.-1 = Giz7 + P13.7Gg.—1 =0 P31 = Pi3:7Ps.-1 =0
Gi4:-1 = Gia7 + PraGe.o1 = 0 Prg.—1 = Piy7Ps.—1 =0



| columns i:j[[14:—1[13:—1[12: -1 [11:-1[10:-1[9:—1[8:-1[7:-1|
| (G, Pey) [ (0,0) [ (00) | (0,0) [ (00) | (00) [ (1,0) [ (1.0) | (1.0) |

So we have all the prefixes G;._1, 0 <1 < 15, for each column the sum equals

Si=a;®b; D Gi—1.—1

[ columni [ 15~11[10 9[8[ 7[6[5]4]3[2][1]0]
289 0 0 Jo[1JoJoJrJoJoJoJoJ1
756 0 o 1Jof1[1[1]1]o]1]0
Gi—1-1 0 1 [1]1]1]1]of0]0]0]0]0D

| Sum [ 0o [1]oJoJofofJoJ1]Oo]1][O0]1]

2.2 Simulate the additon of 321 and 456. (5pts for completion)

First we compute the pair (G;.;, P;;;) for each column. Since we don’t have a carry in bit,
SO (Gfl,Pfl) = (0,0).

[ coumni [[15~9] 8 [ 7 [ 6 | 5 | 4 [ 3 [ 2 | 1 ] 0 | -1]
321 0 1 0 1 0 0 0 0 0 1
456 0 1 1 1 0 0 1 0 0 0

(Gii, Pi) || (0,0) | (1,1) | (0,1) | (1,1) | (0,0) | (0,0) | (0,1) | (0,0) | (0,0) | (0,1) || (0,0)

Then compute the value (G, P) for each black box. For the first stage

Go.—1 = Go.o + Po.oG-1.-1 =0 Po.-1 = Py.oP-1.-1 =0
Ga.1 = Go2 + Po.aGr1 =0 Py = PyoPri =0
Gu3 = Gpa+ PraGsz3 =0 Py3 = Pp4Ps3=0
Ge:5 = Go:s + Ps:6Gs5 = 1 Ps5 = Ps.g P55 = 0
Gs.7 = Ggs + PasGrr = 1 Pyr = PgPrr =1

G109 = Gio:10 + Pro:10Gog = 0 Pio.9 = Pro:10Po.g =0

G211 = Gi2:12 + P12:12G11:11 = 0 Pi2:11 = Pro1o P11 =0

G413 = G1a:14 + P14:14G1313 = 0 Prya3 = Pra1a P13z =0

| columnsi:j [|14:13 [12:11 [10:9 [ 8:7 [ 6:5 [ 4:3 [2:1[0:—1|
| (Giy, Piy) [ (0,0) [ (00) [ (00) [(1,1) [ (1,0) [ (0,0) [ (0,0) | (0.0) |

For the second stage

G1.-1=Gr1+ P11Go.-1 =0 Py =P.aP.-1=0
Go.—1 = Ga1 + P21Go.-1 =0 Py = PoaPp.-1=0
Gs3 = G55+ P55Ga3 =0 P53 = P55P13=0
Ge:3 = Ge:5 + PosGaz = 1 Ps.3 = PosPy3 =0
Go7r = Go:g + Po.oGsr =0 Py7 = PygPs7 =0
Gro:7 = Gro9 + P1o:9Gs:r =0 Pio.r = ProgPs7 =0
G13:11 = G13:13 + P13:13G12:11 = 0 P31 = Pi3gasPi2a1 =0
Gra1 = Gra:13 + Pi413Gi2.11 = 0 Prg11 = PigasPi2an =0



| columns i:j [ 14:11 [13:11 [10:7]9:7[6:3 [5:3 [2:—1[1:—1|
’ (Giij713iij) H (0’0) ‘ (070) ‘ (070) ‘(070) ‘ (170) ‘ (0)0)‘ (O’O) ‘ (070) ‘

For the third stage

G3.—1 = G33+ P33G2.-1 =0 P3. 1= P33P 1 =0
Gy1 = Gaz + Pp3Ga.1 =0 Py = Py3Ps.1=0
Gs5.—1 = G534+ P5.3Ga.—1 =0 P51 = P53P.1=0
Ge.—1 = Gz + Ps.3Ga.—1 = 1 Ps.—1 = Ps:3P2.—1 =0
G117 = G + Pi1:11Gior = 0 P17 = P11 Pro7 =0
Gi2.7 = Gia1 + P1211Gror =0 Pio.7 = Pi2.11Pro7 =0
G137 = G131 + P13.11G1o7 =0 P37 = P13.11Pro7 = 0
Gia7 = Guan + Pra1Gror =0 P47 = Prg11Pror = 0

[ columnsi:j[[14:7[13:7[12:7[11:7[6:-1]5:-1[4:-1[3:-1]|
’ (Giij7]:)iij> H (0,0) ‘ (0’0) ‘ (070) ‘ (070) ‘ (1’0) ‘ (070) ‘ (O’O) ‘ (070) ‘

For the forth stage

Gr.-1 = Gr7+ Pr7Ge.—1 = 1 Pr._y=Pr7Ps.—1 =0
Gs.—1 = Gg7 + PyrGe.—1 = 1 Py = PyrPs.—1 =0
Go.—1 = Go.7 + Po7Ge.—1 = 0 Py.—1 = PyrPs.—1 =0
G10:-1 = G107 + Pro:7Ge.-1 = 0 Pyo.—1 = P1o:7Ps.-1 =0
G11:-1 = G117 + P117Ge.—1 = 0 P11 = Pi17Ps.—1 =0
G12:-1 = Gia.7 + Pra7Ge.1 = 0 Pig.—1 = P127Ps.—1 =0
G13.-1 = G137 + P13.7Ge.—1 = 0 P31 = P137Ps.—1 =0
G14:—1 = Gia:7 + P14.7Ge.—1 = 0 Pry.—1 = P1y7Ps.—1 =0

[ columnsi:j [14:—1[13:-1[12: -1 [11:-1]10: -1 ]9:-1[8:-1[7:-1]
| Gy Poy) [ 00 [ ©0) [ 00 [ ©0 [ 00 [ (00 [ ®0) [ (10 |

So we have all the prefixes G;._1, 0 <1 < 15, for each column the sum equals

Si=a;®b;®Gi—1.-1

| columni [15~10[9[8[7|6[5[4]3[2]1]0]
321 0 Jofl1]of[1]JofofJoJo]o[1
456 0 Jol1]1][1]olof1]0]0]0O
Gi—1.-1 0 J[1][1][1]ofofofo]0]O]O

| Sum | o Ji]1][oJo]ofJoJ1][0]0]1]




3 Carry Save Adder (40pts)

3.1 Simulate the additon of 28, 19, 11 and 14. (30pts)
e -2pts for each wrong pair (2bits) of fill-ins in the rows A, B, C, Sum.

Weight | 64 32 16 8 4 2 1

nl=28 0 0 1 1 1 0 0

n2=19 0 0 1 0 0 1 1

n3=11 0 0 0 1 0 1 1

n4=14 0 0 0 1 1 1 0
nl 00 00 10 10 10 00 00
n2 0 0 1 0 0 1 1
A=nl+n2 00 01 00 10 10 10 10
n3 0 0 0 1 0 1 1
B=A+n3 00 10 01 00 11 01 00
n4 0 0 0 1 1 1 0
C=B+n4 00 10 10 11 11 00 00
2 bits of C 0 0 ! !

1 1

Sum 1 0 0 1 0

3.2 Simulate the additon of 17, 18, 31 and 15. (5pts for completion)

Weight | 64 32 16 8 4 2 1
nl=17 0 0 1 0 0 0 1
n2=18 0 0 1 0 0 1 0
n3=31 0 0 1 1 1 1 1
n4=15 |0 0 0 1 1 1 1
nl 00 00 10 00 00 00 10
n2 0 0 1 0 0 1 0
A=nl+n2 |00 01 00 00 00 10 10
n3 0 0 1 1 1 1 1
B=A+n3 00 10 10 10 11 01 00
n4 0 0 0 1 1 1 1
C=B+n4 00 10 11 01 11 00 10
2 bits of C 0 ! ! 0
1 1 1
Sum 1 0 1 0 0 0 1

3.3 (5pts for completion)

In a carry save adder, every column computes the sum of three input bits and creates
a carry out to the next column. Since the sum of three binary bits is at most 11 which
consists at most 2 digits, we only need one digit to advance the carry out.



4 Counter (40pts)
4.1 Given a modulo 16 counter, construct a 3 to 10 counter. (5pts for
completion)

We set signal LD = 1 when CNT =1 and (Q3Q2Q1Q0) = (1010), at the same time set
(D3sD2yD1Dgy) = (0011).

CLR_ Q3 Q2 Q1 Qo
Clk —|
X CNT
LD D3 D2 Di Do
RN
8? 0 0 1 1

4.2 Given a modulo 16 counter, construct a counter that counts in
sequence 1, 2, 5, 6, 7, 0, 4 with minimal networks of AND, OR
gates. (30pts)

e -1pt for each missing or wrong label of CNT, LD, D3 ~ Dy, no more than 5pts

e 5pts for each correct input of LD, Ds ~ Dg; -1pt for any wrong input in each
minimal expression.

We need to load new numbers from D to )
e When Q =2,load D =5
e When Q =7,load D=0
e When Q =0, load D =4
e When Q =4, load D =1

The truth table for the design

[ ID [ @3Q:Q:1Q0 [ LD [ D3 [ Dy [ Dy [ Dy |
0000 1

0001
0010
0011
0000
0001
0010
0011
8~15 || 1000~1111

@)

[y )l
O
=
o
—|

N[O O | W N = O
| OO

1

|

I

I




Through K-maps, we derive the minimal expressions of LD, D3, Do, D;.

We have LD = Q| Qp + Q1Qo + Q5Q%.

LD

Q:Q0\Q30Q, | 00 01 11 10
00 Kl/o 1| xn| \XA
01 0 1 0 s X 13 X 9_
1 [x 3| 1 7] x| xu
10 m 2 0 6 X 14 /X})

Obviously we can tell from the truth table that D3 = 0, D; = 0. We have Dy = @), and
Dy = Q2Q)(or  Q2Q) + Q1Q((or  Q5Q1)+ with the following two K-maps.

D,

Q1Q0\Q30Q; | 00 01 11 10
00 1\l 0 4] Xxu| [Xs
01 X \1 X s X 13 X 9
11 X }3 0 7 X 15 X11
10 1/2 X 6 X 14 X 10

Dy

0:Q0\Q3Q, | 00 01 11 10
00 0 o 1 4 x> X'g
01 X 1 X s X 13 X g
11 ma 0 7 X 15 ﬂll
10 | 1 )2 ﬁs mm \ X io

The minimal network



CLR_ Q3 Q2 Q1 Qo
Clk —]
X CNT
s LD D3 D2 D1 Do
Qo
o 1
Qo 0 ¢, 0
Q'
Q'

Qz Q'10rQ'y Q1 Q'20r Q'

4.3 Construct a modulo 64 counter using modulo 8 counter. (5pts for

completion)

Use the signal TC' = 1 when the modulo m counter has Q(t) = m —1 and CNT = 1.
t

The cascade counter with modulo 8 counters will do Q5(t + 1)Qu4(t + 1)Qs3(t + 1) =
Qs5(t)Qa(t)Qs3(t) + 1 mod 8 when Ty = 1.

Q5,Q4Qs Q2,Q1.Qo
— TC CNT| Teo TC CNT.—X
Clk —I> Clk >
LD LD
i :
Ds,D4,D3 D2,D1,.Do

10



