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Character Animation

= Rigging
= Skeleton
= Skinning
= Shape interpolation (& facial expressions)
= DOF mapping
m  Animation System
= Channels
= Animation player
= Blending
= State machines
m Procedural Animation
= Inverse kinematics
= Locomotion
= Dynamics (cloth, hair, ragdoll...)



Skeletons

Animated characters are usually built on top of an underlying
skeleton

The skeleton is a hierarchy of joints, where each joint performs
some linear transformation

Each joint has one or more degrees of freedom (DOFs) that
parameterize its motion

The DOF values are used to generate the joint’s local matrix L,
which is a transformation relative to its parent matrix

The world space matrix of the joint is the local matrix times the
parent’s world matrix:

L = Ljnt(¢1’¢2"“’¢m)
W=W_..L

parent -



Skinning: Smooth Skin Algorithm

= The deformed vertex position is a weighted average over all of the joints that the
vertex is attached to. Each attached joint transforms the vertex as if it were rigidly
attached. Then these values are blended using the weights:

V” _ ZW|VV| . Bl—l . V’

= Where:
v” is the final vertex position in world space
w; is the weight of joint i
V’ is the untransformed vertex position (output from the shape interpolation)
B, is the binding matrix (world matrix of joint i when the skin was initially attached)
W, is the current world matrix of joint i after running the skeleton forward kinematics
= Note:
= B remains constant, so B! can be computed at load time
= W-B-1 can be computed for each joint before skinning starts

m All of the weights must add up to 1:

2 Wi =1 .



Weighted Blending & Averaging
= Weighted sum: X'= > WX
1=0
= Weighted average: » w, =1
1=0

m Convex average: 0<w, <1

s Additive blend: X=X, + Y W, (X — X))



Shape Interpolation Algorithm

m To compute a blended vertex position:

V' = Viase T Z¢| ' (Vi B Vbase)

m The blended position is the base position plus a
contribution from each target whose DOF value is
greater than 0

m To blend the normals, we use a similar equation:

n' = Npase +Z¢| ' (ni _nbase)

= We won't normalize them now, as that will happen later
In the skinning phase



Rigging and Animation
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Rigging: Data Flow
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DOF Mapping

m For additional control, DOF values can be manipulated
within the rig in various ways

m For example:

= A single virtual DOF can be used to control multiple real DOFs
(one DOF to control the flexing of several joints in the finger)

= A single DOF can control both the bending of a joint and the
deformation of the skin around the joint

= DOFs can be used to control arbitrary parameters such as
colors, lights, texture blending, and other effects

= One can run mathematical expressions with DOFs to generate
new DOF values...



Rigging: Layered Approach

m We use a simple layered approach
= Skeleton Kinematics
= Shape Interpolation
= Smooth Skinning
m Most character rigging systems are based
on some sort of layered system approach

combined with general purpose data flow
to allow for customization



Channels

A channel stores the animation data for a particular DOF
over some range of time

An animation clip would contain channels for all of a
character’'s DOFs

Channels can be stored in various formats, but most
formats tend to be some variation of either uniformly
sampled values or keyframes

Keyframe channels provide a powerful user interface for
interactively adjusting animation data, and so are the
preferred format in most animation systems

When only high speed playback is desired (such as in a
video game), it is often much faster not to use channels
and instead store animation as an array of frames,
where each frame is just an array of values- one for -
each DOF.



Channels: Keyframes

m \We use a piecewise cubic Hermite keyframe system

m Keyframes store a time, value, tangent in and tangent
out

m The spans between keyframes are 1D cubic Hermite
curves

m Tangents are generated from rules (flat, linear, smooth,
fixed)

m Outside of the defined time range, we use extrapolation
rules (constant, linear, cycle, cycle-offset, bounce)



Channels: Hermite Curve (1D)



Channels: Cubic Equation

m For each span we pre-compute the cubic
coefficients:

al [2 -2 1 1 o
b -3 3 -2 -1 P,
cl |0 0 1 0/|(t-t)
d| |1 0 0 Of|(t-t)




Channels: Evaluating the Cubic

m To evaluate the cubic equation for a span,
we must first turn our time t into a 0..1
value for the span (we’ll call this
parameter u)

t—t,
{1,
x=au®+bu’+cu+d=d+u(c+u(b+u(a)))

u = InvLerp(t,t,,t,)=




Animation Playback

m A simple animation player might work like
a VCR. It can play, stop, pause, rewind,
slow motion, etc.

= An animation player outputs a pose, which
IS just an array of floats that can be used
to pose the DOFs of the rig

m The pose could also be blended with other
poses, or manipulated in other ways



Blending

One can construct an animation blending
system that makes use of multiple animation
players and combines the results to generate

new motions

Blend operations take one or more poses as

Inputs and gene

Blend operation
such as control

Common blend

rate a new pose as output

might also have other inputs
parameters (Lerp values, etc.)

operations include: lerp (linear

Interpolate), adc

, scale, clamp, combine, mirror



Blending: Cross Dissolve

m Consider a situation where we want a character
to blend from a stand animation to a walk
animation

stand walk
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Blending: Body Turn
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State Machines

To control the sequencing of animations over time, one
can use a state machine

Each state represents an animation, and each transition
represents an event

The state machine is in exactly one state at any given
time, and transitions are considered to be instantaneous

Events can be mapped to keyboard or joystick buttons
for interactive control

Individual states don't just have to be simple animations.
They can be a network of animation blenders, or even
another entire state machine...
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Inverse Kinematics

m Inverse kinematics is a technique for posing a skeleton
by specifying a set of goals

m Goals usually specify the desired position and/or
orientation of an ‘end effector’ such as the hand or foot

m The IK algorithm automatically computes the joint DOF
angles necessary to place the end effectors at their
goals

m For simple, specific chain configurations, one can use
custom analytical solvers. For more general
configurations, one must use a numerical solver such as
a Jacobian based method or CCD (cyclic coordinate
descent)



IK: Jacobians

m A Jacobian is a vector derivative with respect to
another vector

m If we have a vector valued function of a vector of
variables f(x), the Jacobian is a matrix of partial
derivatives- one partial derivative for each
combination of components of the vectors

m The Jacobian matrix contains all of the
Information necessary to relate a change in any
component of X to a change in any component
of f

m The Jacobian is usually written as J(f,x), but you
can really just think of it as df/dx



IK: Jacobians

A
OX,
of,

J(f,X):&: a_xl

a
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IK: Jacobian for a 2D Robot Arm




IK: Incremental Change in Effector

= \What If we wanted to move the end
effector by a small amount Ae. What small
change A® will achieve this?

Ae=J - AD
SO .
AD ~J - Ae



|IK: Basic Jacobian Technigue

while (e Is too far from g) {
Compute J(e,®P) for the current pose @
Compute J- /I invert the Jacobian matrix
Ae =[3(g - e) I/ pick approximate step to take
AD =J1. Ae /I compute change in joint DOFS
D=0 +A0D /I apply change to DOFs

Compute new e vector // apply forward
// kinematics to see
/[ where we ended up



|K: Matrix inversion

m The Jacobian matrix Is rarely square, and even
If it were, it might be singular and non-invertible

m Therefore, one must rely on more sophisticated
techniques other than simple matrix inversion

m Possible alternatives include:
= Pseudo-inverse

= Single value decomposition
= Jacobian transpose



|K: lteration

m Each step of the Jacobian method moves the
end effector closer to the goal. The algorithm
must be iterated several times in order to
converge to a final solution

m There are several reasons to stop iterating:
= End effector successfully reaches goal
= Stuck in a local minimum
= Taking too long



IK: Cyclic Coordinate Descent

CCD is an alternative technique to the Jacobian
methods

Instead of using linearized approximations to make small
steps, the CCD method uses inverse trigonometry
functions to solve joint values more directly

Each iteration of the CCD algorithm is more expensive
than an iteration of the Jacobian transpose, but the CCD
method usually requires far fewer iterations to converge
to a solution

It is faster, but tends to produce poorer quality motion,
as it tends to favor joints closer to the end effector



IK: Analytical Methods

= For specific chain configurations, one can
Implement custom analytical IK solvers.

m Analytical solvers rely on heuristics and direct
solutions to matrix and trigonometric equations
(.e., they use a lot of matrix inversion and
Inverse trig functions)

m These methods can be extremely fast and well
behaved, but their main drawback is their lack of
generality. They also become more and more
difficult to implement as the chains become
more complex.



IK: Laws of Sines and Cosines

b
m Law of Sines:
a _ b _c
Sna sSNfB  siny a

m Law of Cosines:

c’=a’ +b°—2abcosy



. ocomotion

= Locomotion (walking, running, turning...) is one of the
most essential animation processes for any character,
so it is really nice to be able to understand and automate

= A gaitis a particular sequence of lifting and placing the
feet during locomotion

m Gaits are described by various parameters such as their
period, number of legs, and the step timings of each leg

s Common guadruped gaits include walk, trot, canter,
gallop, and pace. Hexapod gaits include the back to front
wave gait and tripod gait.

m Other types of locomotion include swimming, flying,
gliding, brachiation (swinging), slithering (snakes...), and
more...



Dynamics

m Physical simulation is another useful technique
for animating characters

m The entire body can be modeled as an
articulated figure of constrained rigid bodies to
animate full body physics (such as ‘ragdoll
physics)

m Dynamics can also be used to animate
secondary motion such as clothing, hair, fat,
jewelry, and background objects






Kinematics of Particles

m We will define an individual particle’s 3D position
over time as r(t)

m By definition, the velocity is the first derivative of
position, and acceleration is the second

r=r(t)

_dar

dt
dv  d°r
Qa=—=_—_
dt dt?

\Y



Mass and Momentum

m \We can associate a mass m with each particle.
We will assume that the mass Is constant

m=m,
m We will also define a vector quantity called

momentum (p), which is the product of mass
and velocity

D =mv



Newton’s First Law

m Newton’s First Law states that a body in motion
will remain in motion and a body at rest will
remain at rest- unless acted upon by some force

m This implies that a free particle moving out In
space will just travel in a straight line

a=>0
V=V, p=p, =My,
r=r,+ Vgt



Force

m Force is defined as the rate of change of
momentum

d
f=2P
dt
m We can expand this out:

d(mv) dm dv  dv
f = =——V+Mm—=m—
dt it dt dt

f =ma




Newton’'s Second Law
m Newton’s Second Law says:

f:gE:ma
dt

m This relates the kinematic quantity of
acceleration to the physical quantity of
force



Newton’'s Third Law

Newton’s Third Law says that any force that body A
applies to body B will be met by an equal and opposite
force from B to A

fAB — _fBA

Put another way: every action has an equal and opposite
reaction

This is very important when combined with the second
law, as the two together imply the conservation of
momentum



Conservation of Momentum

= Any gain of momentum by a particle must be
met by an equal and opposite loss of
momentum by another particle. Therefore, the
total momentum in a closed system will remain
constant

s We will not always explicitly obey this law, but
we will implicitly obey it

= In other words, we may occasionally apply
forces without strictly applying an equal and
opposite force to anything, but we will jUStIfy It
when we do — -




Forces on a Particle

m Usually, a particle will be subjected to
several simultaneous vector forces from
different sources

m All of these forces simply add up to a
single total force acting on the particle

1:total — Z 1:i



Particle

I . position

Vv :velocity

a . acceleration
m : mass

D . momentum
f . force




Particle Simulation

1. Compute all forces acting within the system in the
current configuration (making sure to obey Newton's
third law)

2. Compute the resulting acceleration for each particle
(a=f/m) and integrate over some small time step to get
new positions

3. Check for collisions and correct positions & velocities as
necessary

- Repeat



General Newtonian Simulation

s Many types of simulations can be fit into this overall
approach:

1. Compute Forces

2. Integrate Motion

3. Enforce Constraints
Repeat

= Note that ‘constraints’ may include various things like
collisions, articulations, or geometric properties such as
fluid incompressibility N



Cloth Simulation

1. Compute Forces
For each particle: Apply gravity
For each spring-damper: Compute & apply forces
For each triangle: Compute & apply aerodynamic forces

2. Integrate Motion
For each particle: Apply forward Euler integration

3. Enforce Constraints
For each particle: Check for collisions with ground
and apply position correction & impulse



Forward Euler Integration

m Forward Euler integration is about the simplest
possible way to do numerical integration
_ /
X = X, + X At
m It works by treating the linear slope of the
derivative at a particular value as an

approximation to the function at some nearby
value

m The gradient descent algorithm we used for
inverse kinematics used Euler integration



Forward Euler Integration
m For particles, we are actually integrating twice to
get the position
V.., =V, +a Al
r.,=r +v, At

n n+1

which expands to

r ., =r +(v +a, At)At
=r +Vv At+a, (At)



Euler Integration

s Once we've computed all of the forces in the system, we
can use Newton’'s Second Law (f=ma) to compute the
acceleration

1

a =—f*
m
m Then, we use the acceleration to advance the simulation

forward by some time step At, using the simple Euler
Integration scheme

V.., =V +a At

rn+1 — rn T Vn+1At






Uniform Gravity

m If we are near the Earth’s surface, we can
think of the ground as a flat plane (instead
of a big sphere) and treat gravity as a
constant downward acceleration

1:gravity — mgo

9, =[0 -98 0] =

SZ



Non-Uniform Gravity

m If we are far away enough from the objects such

that the inverse square law of gravity Is
noticeable, we can use Newton’s Law of

Gravitation:

fgravity - Gmlzmz c €= ERF-
d r -
3
G=6.673x10"

kg-s



Non-Uniform Gravity

m The law describes an equal and opposite force
exchanged between two bodies, where the force
IS proportional to the product of the two masses
and inversely proportional to their distance
squared. The force acts in a direction e along a
line from one particle to the other (in an

attractive direction)

r,—r
_Gmlmz o= 1 2

gravity — d 2 € ‘rl —rz‘

f




Aerodynamic Drag

m Aerodynamic interactions are actually very complex and
difficult to model accurately

m \We can use a reasonable simplification to describe the
total aerodynamic drag force on an object:

f :Ep\v\zc ae e=— "
aero 2 d ‘V‘

s Where p is the density of the air (or water...), c, Is the
coefficient of drag for the object, a is the cross sectional
area of the object, and e is a unit vector in the opposﬂe
direction of the velocity '



Aerodynamic Force

m If we want to compute the aerodynamic force on
a flat surface with normal n, we can use:

1
1:aero - = Ep‘v‘z Cd al

m Instead of opposing the velocity, the force
pushes against the normal of the surface

m Note: This is a major simplification of real
aerodynamic interactions, but it's a good place

to start



Spring-Dampers

m The basic spring-damper connects
two particles and has three constants I,
defining its behavior

= Rest length: |,
= Spring constant: kg
= Damping factor: kj




Spring-Dampers

m The basic linear spring force in one dimension

IS:
fspring ~ _ksx ~ _ks(IO B I)
m The linear damping force is:
fdamp ~ —de ~ _kd (Vl B VZ)

m We can define a spring-damper by just adding
the two:

fo ==kl =1)=kqlv, - v,)



Spring-Damper Force

m \We start by computing the unit length
vector e fromr, tor,

= We can compute the distance |
between the two points in the process

x
e*=r,-1,




Spring-Dampers

m Next, we find the 1D velocities




Spring-Dampers

= Now, we can find the 1D force and £ o__f
map it back into 3D 2 1

Ty = _ks(lo B I)_ K, (Vl _Vz)
f,=f,e
f, =1,




Friction
m The Coulomb friction model says:

fdynamic — :ud ‘fnormal‘e

1:static < :us ‘fnormal‘e

Ly -dynamic friction coefficien t f

friction

M, -static friction coefficen t

f

normal




Rigid Bodies



Cross Product & Hat Operator

axb= [aybz _ azby asz N axbz axby _ aybz]

aXb=a-'b

0 —a, ay
a=|a, 0 —a,
4y Ox 0



Derivative of a Rotating Vector

m Let's say that vector r Is rotating around the
origin, maintaining a fixed distance

m At any instant, it has an angular velocity of w

ar
— =X

at




Derivative of Rotating Matrix

m If matrix A Is a rigid 3x3 matrix rotating with
angular velocity w

m This implies that the a, b, and ¢ axes must be
rotating around w

m The derivatives of each axis are wxa, wxb, and
wxc, and so the derivative of the entire matrix Is:

dA

—=0oxA =0-A
dt



Product Rule

m The product rule of differential calculus can be
extended to vector and matrix products as well




Eigenvalue Equation

B Lets say we have a known matrix M and we want to know if there is
any vector x and scalar s such that

Mx = sx

m Thisis known as an eigenvalue equation, and for a NxN matrix,
there should be up to N eigenvectors x; and N eigenvalues s; that
satisfy the equation

= |f Mis a symmetric matrix (i.e., M” = M) then all of the eigenvalues
will be real numbers and the eigenvectors will be real, orthonormal
vectors (otherwise, some of the eigenvalues/eigenvectors will be
complex)



Symmetric Matrix
B If we have a symmetric matrix M, we can diagonalize it:
MO —_ AT -M - A

s Where M, is a diagonal matrix and A is an orthonormal (pure
rotation) matrix

m The columns of A are the eigenvectors of M and the diagonal
elements in M, are the corresponding eigenvalues

m The symmetric Jacobi algorithm is a simple and effective matrix
algorithm for computing this diagonalization



Angular Momentum

m The linear momentum of a particle is p = mv

s We define the moment of momentum (or angular momentum) of a
particle at some offsetr as the vector L =r X p

m Like linear momentum, angular momentum is conserved in a
mechanical system

m If the particle is constrained only to rotate so that the direction of r Is
changing but the length is not, we can re-express its velocity as a
function of angular velocity w:

V=wXTr
m This allows us to re-express L as a function of w:

L=rXxp=rXx(mv)=mrxXxv=mrX(wXr)
L=—-mrX(r X w)
L=-mr-r-w



Rotational Inertia

L=—mr-r-w

m \We can re-write this as:

2N AN

L=1w where I=—-—mr-r

m We've introduced the rotational inertia matrix I, which
relates the angular momentum of a rotating particle to its
angular velocity



Rigid Body Rotational Inertia

I j ,o(ry2 + rf)dQ — j pr,r,dQ = j orrdQ
| = —jprxrde jp(rxz + rf)dQ —Ipryrde
- j or 1 dQ — j pr,r,d0 j ,o(rx2 + ryz)dQ_
e 1y le




Rotational Inertia

m The rotational inertia matrix I is a 3x3 symmetric matrix
that is essentially the rotational equivalent of mass

m [t relates the angular momentum of a system to its
angular velocity by the equation

L=1 o

m This is similar to how mass relates linear momentum to
linear velocity, but rotation adds additional complexity

D=my



Rotational Inertia

m  The center of mass of a rigid body behaves like a particle- it has position, velocity,
momentum, etc., and it responds to forces through f=ma

m  Rigid bodies also add properties of rotation. These behave in a similar fashion to the
translational properties, but the main difference is in the velocity-momentum
relationships:

p=mv vs. L=I1w

m  We have a vector p for linear momentum and vector L for angular momentum
m  We also have a vector v for linear velocity and vector w for angular velocity

m In the linear case, the velocity and momentum are related by a single scalar m, but in
the angular case, they are related by a matrix I

m This means that linear velocity and linear momentum always line up, but angular
velocity and angular momentum don’t

m Also, as I itself changes as the object rotates, the relationship between w and L
changes

m  This means that a constant angular momentum may result.in a non-constant angular
velocity, thus resulting in the tumbling motion of rigid bodies



Rotational Inertia

L=Iw

m  Remember eigenvalue equations of the form Ax=bx where given a matrix A, we want
to know if there are any vectors x that when transformed by A result in a scaled
version of the x (i.e., are there vectors who's direction doesn’t change after being
transformed?)

m A symmetric 3x3 matrix (like I) has 3 real eigenvalues and 3 orthonormal
eigenvectors

m If the angular momentum L lines up with one of the eigenvectors of I, then w will line
up with L and the angular velocity will be constant

m  Otherwise, the angular velocity will be non-constant and we will get tumbling motion

m  We call these eigenvectors the principal axes of the rigid body and they are constant
relative to the geometry of the rigid body

s Usually, we want to align these to the X, y, and z axes when we initialize the rigid
body. That way, we can represent the rotational inertia as 3 constants (which happen
to be the 3 eigenvalues of I) - '



Principal Axes

m \We see three example angular momentum vectors L
and their corresponding angular velocities w, all based
on the same rotational inertial matrix I

s We can see that L; and L; must be aligned with the
principal axes, as they result in angular velocities in the
same direction as the angular momentum

by 1,
0 //wz
N

L; w;




Principal Axes & Inertias

m If we diagonalize the | matrix, we get an orientation
matrix A and a constant diagonal matrix |

m The matrix A rotates the object from an orientation
where the principal axes line up with the x, y, and z axes

= The three values in |,, (namely I, I, and |,) are the
principal inertias. They represent the resistance to
torque around the corresponding principal axis (in a
similar way that mass represents the resistance to force)



Diagonalization of Rotational Inertial

XX Xy Xz

Xy yy yz

Ixz Iyz Izz

|=A-1,-A" where I, =




Particle Dynamics

X Position
dx

V=1 Velocity

2

g — dv _ d°X Acceleration
dt dt?

m Mass

p =mv Momentum
dp

f = ¢ = ma Force



Rigid Body Dynamics

A Orientation (3x3 matrix)
Angular Velocity (vector)
_ dw :
® = Angular Acceleration (vector)
I=A-1, AT Rotational Inertia (3x3 matrix)
L=1Iw Momentum (vector)
dL _
T=—=rXf=wXxIw+Iw Torque (vector)

dt



Newton-Euler Equations

f =ma

T=0x1- 0+ ®



Rigid Body Simulation

m Each frame, we can apply several forces to the rigid body, that sum up to one total
force and one total torque

f=Zfl ‘t=Zrl-><fl-

m  We can then integrate the force and torque over the time step to get the new linear
and angular momenta

p' =p+fAt L' =L+ TAt
m  We can then compute the linear and angular velocities from those:
v=—p' w=I1"1L'
P

s We can now integrate the new position and orientation:

x' = x+ VAt A’ = A - Rotate(wAt)



Kinematics of an Offset Point

m The kinematic equations for a fixed point
on a rigid body are:

X=X, TTr
V=V_ +OXr
azacm+6xr+mx(0)xr)



Offset Forces

m If we apply a force f to a rigid body at offset r,,
what Is the resulting acceleration at a offset r,?




Inverse Mass Matrix
l R —1/;n I --0 l ol
M1l=(0 1/m 0 |[-K-I''§
0 0 1/m

m We call M an ‘inverse mass matrix’, (and we can call M
the mass matrix)

m |t lets us apply a force at r, and find the resulting
acceleration at r, in a f=ma format

m |t also lets us apply an impulse at r, and find the
resulting change in velocity

m Note: r, can equal r,, allowing us to find the resulting

acceleration at the same offset where we apply the force






Physics: Collisions

m Collision detection is a big part of physics simulation

= Technically, detection of collisions Is a geometry
problem, while the response to a collision is a physics
problem

= For general purpose collision detection, we typically
have a pair of moving objects, and we need to determine
If they collide, and when and where exactly they hit

= Objects are built up from various primitives such as
triangles, spheres, cylinders, etc.

m At the heart of collision detection is primitive-primitive
testing. Other important components are optimization
data structures (often bounding volume hierarchies) and
pair reduction



Segment vs. Triangle

m Does segment ab intersect triangle vyv,v, ?



Segment vs. Triangle

m First, compute sighed distances of a and b to plane
da — (a —Vy ) n i
dy = (b B Vo)' n

m Reject if both are above or both are below triangle
s Otherwise, find intersection point X

db—d a
X =
da B db




Segment vs. Triangle

m IS point x inside the triangle?
(X-Vg)-((V2-Vg)xn) > 0
m Test all 3 edges v,

Vy-Vy

(Vo-Vg)xn



Optimization Structures

m BV, BVH (bounding volume hierarchies)
= Octree
m KD tree
= BSP (binary separating planes)

= OBB tree (oriented bounding boxes- a popular form of
BVH)

= Uniform grid
m Hashing
m Dimension reduction



Pair Reduction

m At a minimum, any moving object should have some sort
of bounding sphere (or other simple primitive)

m Before a pair of objects is tested in any detail, we can
quickly test if their bounding spheres intersect

s When there are lots of moving objects, even this quick
bounding sphere test can take too long, as it must be
applied N2 times if there are N objects

= Reducing this N2 problem is called pair reduction
m Pair testing isn’t a big issue until N>50 or so..

= Note that the spatial hash table we dlscussed In the SPH
lecture is used for pair reduction



Fluid Dynamics



Gradient

 The gradient is a generalization of the concept of a
derivative

ds 0ds 0s
dx 0dy 0z

Vs =

* When applied to a scalar field, [
the result is a vector pointingin | i1
the direction the field is ;
Increasing

|
X DY SRS o

- e e

* In 1D, this reduces to the U T
standard derivative (slope) TRERREE -




Divergence

* The divergence of a vector field is a measure of how
much the vectors are expanding

dv, OJdv, 0Jv,
Vv =
V=%x Ty oz

* For example, when air is heated in a region, it will
locally expand, causing a positive divergence in the
area of expansion

 The divergence operator works on a vector field and
produces a scalar field as a result



Curl

* The curl operator produces a new vector field that
measures the rotation of the original vector field

dv, dv, Jdv, OJv, 0v, 0V,

dy 0z 0z 0dx Jdx 0dy

VXv=

* For example, if the air is circulating in a particular
region, then the curl in that region will represent the
axis of rotation

 The magnitude of the curl is twice the angular velocity
of the vector field



Laplacian

The Laplacian operator is a measure of the second derivative of a scalar or
vector field

V2=v-V=

ox? " 9yZ | 0z2

Just as in 1D where the second derivative relates to the curvature of a
function, the Laplacian relates to the curvature of a field

The Laplacian of a scalar field is another scalar field:

0%s 0%s 0°%s

dx? * dy? * 0z?

And the Laplacian of a vector field is another vector field
0°v  0%v 0%v

dx? * dy? * 0z%

Vis =

Viy =



Del Operations
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Frame of Reference

When describing fluid motion, it is important to be consistent with
the frame of reference

In fluid dynamics, there are two main ways of addressing this

With the Eulerian frame of reference, we describe the motion of
the fluid from some fixed point in space

With the Lagrangian frame of reference, we describe the motion of
the fluid from the point of view moving with the fluid itself

Eulerian simulations typically use a fixed grid or similar structure
and store velocities at every point in the grid

Lagrangian simulations typically use particles that move with the
fluid itself. Velocities are stored on the particles that are irregularly
spaced throughout the domain

We will stick with an Eulerian point of view today, but we will look
at Lagrangian methods in the next lecture when we discuss particle
based fluid simulation



Advection

Let us assume that we have a velocity field v(x) and we
have some scalar field s(x) that represents some scalar
guantity that is being transported through the velocity field

For example, v might be the velocity of air in the room and
s might represent temperature, or the concentration of
some pigment or smoke, etc.

As the fluid moves around, it will transport the scalar field
with it. We say that the scalar field is advected by the fluid

The rate of change of the scalar field at some location is:

ds_ 7
o= v:Vs



Convection

The velocity field v describes the movement of the fluid down to
the molecular level

Therefore, all properties of the fluid at a particular point should be
advected by the velocity field

This includes the property of velocity itself!

The advection of velocity through the velocity field is called
convection

dv_ 7
i v: Vv

Remember that dv/dt is an acceleration, and since f=ma, we are
really describing a force



Diffusion

Lets say that we put a drop of red food coloring in a motionless
water tank. Due to random molecular motion, the red color will
gradually diffuse throughout the tank until it reaches equilibrium

This is known as a diffusion process and is described by the
diffusion equation

dS—kVZ
dt >

The constant k describes the rate of diffusion

Heat diffuses through solids and fluids through a similar process
and is described by a diffusion equation



Viscosity

Viscosity is essentially the diffusion of velocity in a fluid and is
described by a diffusion equation as well:

dv_ 72
a MY

The constant u is the coefficient of viscosity and describes how
viscous the fluid is. Air and water have low values, whereas
something like syrup would have a relatively higher value

Some materials like modeling clay or silly putty are extremely
viscous fluids that can behave similar to solids

Like convection, viscosity is a force. It resists relative motion and
tries to smooth out the velocity field



Pressure Gradient

* Fluids flow from high pressure regions to low
pressure regions in the direction of the pressure

gradient

dv_ 7
ac P

* The difference in pressure acts as a force in the
direction from high to low (thus the minus sign)



Transport Equations

Advection:

Convection:

Diffusion:

Viscosity:

Pressure:

ds

= —v-Vs



Navier-Stokes Equation

The complete Navier-Stokes equation describes the
strict conservation of mass, energy, and momentum
within a fluid

Energy can be converted between potential, kinetic,
and thermal states

The full equation accounts for fluid flow, convection,
viscosity, sound waves, shock waves, thermal
buoyancy, and more

However, simpler forms of the equation can be derived
for specific purposes. Fluid simulation, for example,
typically uses a limited form known as the
incompressible flow equation



Incompressibility

Real fluids have some degree of compressibility. Gasses are very
compressible and even liquids can be compressed some

Sound waves in a fluid are caused by compression, as are
supersonic shocks, but generally, we are not interested in modeling
these fluid behaviors

We will therefore assume that the fluid is incompressible and we
will enforce this as a constraint

Incompressibility requires that there is zero divergence of the
velocity field everywhere

V-v=20

This is actually very reasonable, as compression has a negligible
affect on fluids moving well below the speed of sound



Navier-Stokes Equation

* The incompressible Navier-Stokes equation
describes the forces on a fluid as the sum of
convection, viscosity, and pressure terms:

% =—v-Vv+uV?v—-"p

* |n addition, we also have the incompressibility
constraint:

V-v=20



Numerical Representation of Fields

A scalar or vector field represents a continuously variable value
across space that can have infinite detail

Obviously, on the computer, we can’t truly represent the value of
the field everywhere to this level, so we must use some form of
approximation

A standard approach to representing a continuous field is to sample
it at some number of discrete points and use some form of
interpolation to get the value between the points
There are several choices of how to arrange our samples:

— Uniform grid

— Hierarchical grid

— Irregular mesh

— Particle based



Finite Difference First Derivatives

If we have a scalar field s(x,t) stored on a uniform grid, we
can approximate the partial derivative along x at grid cell j
as:

0S;  Sit1 —Si-1  Si+1 — Si-1

~y
~y —

0X  Xjiq1— Xj_1 2Ax

Where cell j+1 is the cell in the +x direction and cell i-1 is in
the —x direction

Also Ax is the cell size in the x direction

All of the partial derivatives in the gradient, divergence,
and curl can be computed in this way



Finite Difference Second Derivative

 The second derivative can be computed in a similar
way:

0%s;  Siy1— 25;+ 51
0x*? Ax?

* This can be used in the computation of the Laplacian

e Remember, these are based on the assumption of a
uniform grid. To calculate the derivatives on irregular

meshes or with particle methods, the formulas get
more complex



Smooth Particle Hydrodynamics

Particle based fluid simulation is often referred to as
smooth particle hydrodynamics or SPH

Some of the original work was done for simulating
galactic gas dynamics by astrophysicists

The technique was introduced to the computer
graphics community around 2003

In recent years, advances in the techniques as well as
increases in GPU computational power have made
large-scale SPH simulations possible

The technique has proven very effective, especially for
simulating very dynamic situations with lots of
splashing and interaction with complex surfaces



Spatial Hash Table

A spatial hash table operates very much like a standard hash table,
where a hashing function maps some key (like a string) to an
integer, which is then mod’ed into an array of slots. Items can be
added, removed, or accessed through the table in constant time

The spatial hash table is essentially the same thing, but it uses a 3D
position to map to a grid cell which is then hashed into the table

The table stores occupied cells, each of which may contain several
particles, but will be limited to some maximum number due to the
physics

If more than one occupied cell maps to the same table entry, then
the table entry can simply contain a linked list of cells. In practice, if
the table size is anywhere near the number of particles, then this
will happen very rarely

The paper refers to a ‘compact hashing’ scheme that uses some
additional tricks to keep the memory size manageable



Hash Function

* A pointin infinite space is mapped into a finite list
of cells using a hash function such as:

=[] ) sor () (1)

* With d being the cell spacing, m the hash table
size, and p4, P2, and p3 being large prime
numbers such as 73856093, 19349663, and
83492791



Marching Cubes

Most surface extraction techniques are based on the marching cubes
algorithm or some variation of it

With this approach, we first create a virtual grid around our particles
where the grid size is a little smaller than the particle radius

We then evaluate a ‘distance’ or ‘density’ type function on this grid, where
each point computes some density value based on the particle nearby

The surface is implicitly defined as being the set of points where the
density value is some constant (i.e., an isosurface). An isosurface is a 3D
version of the 2D isocurves one finds on a topographic map

To find the surface, we loop through each cell and examine the 8 values on
the corners of the cell. If some of the values of the cell are above the
isosurface value and some are below, then we know that the surface
passes through the cell. We then triangulate that small section of the
surface and repeat for all cells



Marching Cubes
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Figure 4. Cube Numbering.

Figure 3. Triangulated Cubes.



