
CSE 206A: Lattices in Cryptography and Cryptanalysis (Spring 2014)

Problem Set 1
Lecturer: Daniele Micciancio Due: Thu April 17, 2014

Problem 1

Compute the (upper triangular) Hermite Normal Form of

[
11 40
5 18

]
via a sequence

of elementary column operations. Give the final result, the sequence of operations
performed,

and the unimodular matrix corresponding to the sequence of operations.

Problem 2

Compute the Gram-Schmidt orthogonalization, Gram matrix and determinant of the

lattice generated by the basis


1 2 5
3 4 2
5 6 1
9 9 8

.

Problem 3 (?)

Let Λ ⊂ Rn be a full-dimensional lattice achieving Hermite constant γn =
(
λ(Λ)/ det(Λ)1/n

)2
.

Prove that Λ has n linearly independent vectors of length λ(Λ), i.e., λ1(Λ) = λ2(Λ) =
. . . = λn(Λ). [Hint: Use Minkowski’s second theorem and Hadamard inequality.]

Problem 4

Derive an upper bound on the `1 minimum distance of a full-dimensional lattice (as
a function of the determinant) from Minkowski’s convex body theorem, similarly to
what we did in class for the `∞ and `2 norms. Give special cases of your bound in
dimension 1, 2 and 3, as well as a general formula for dimension n.



Problem 5

The covering radius of a lattice Λ is the smallest radius ρ such that spheres of
radius ρ centered around all lattice points cover the entire linear span of the lat-
tice, i.e., span(Λ) ⊂

⋃
{B(~x, r) | ~x ∈ Λ}. Alternatively, the covering radius can be

defined as the maximum distance of any point ~t ∈ span(Λ) to the lattice Λ, i.e.,
ρ = sup {dist(~x,Λ) | ~x ∈ span(Λ)}

1. Determine the minimum distance λ and the covering radius ρ of the integer
lattice Zn, for arbitrary n

2. Prove that if Λ = L(B), then ρ(Λ) ≤ 1
2

√∑
i ‖~b∗i ‖2, where ~b∗i are the Gram-

Schmidt orthogonalized basis vectors.

3. Find a lattice basis B (for a full rank lattice in arbitrary dimension n) such that

ρ(Λ) = 1
2

√∑
i ‖~b∗i ‖2 holds with equality.

Problem 6

Prove that for any γ (possibly a function of n), there is an input (B,~t) such that
the Greedy algorithm returns a lattice point at distance γ · µ from ~t, where µ is the
distance of ~t to the closest lattice point. [Hint: you can find bad inputs in dimension
as low as 2.]

Problem 7

Show that a large max ‖B∗‖/min ‖B∗‖ gap does not necessarily mean Greedy pro-
duces poor CVP approximations. More specifically, show that for any (arbitrarily
large) γ > 1 there is a lattice basis B such that max ‖B∗‖/min ‖B∗‖ > γ, and still
nounGreedy(B,~t) solves CVP exactly for any target ~t.

Problem 8

Give a basis of an integer lattice Λ ⊆ Zd such that (det(Λ)Zd) ∩ span(Λ) is not
contained in Λ. [Hint: Remember that if Λ is not full rank, then det(Λ) is not
necessarily an integer.]


