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1 2-SAT

Theorem 1 2-SAT ∈ P. �

Proof Suppose we have a 2-CNF formula (x1 ∨ x2) ∧ (x2 ∨ x3) ∧ (x4 ∨ x6) ∧ · · · . The algorithm we show
below runs in at most quadratic time, but if implemented carefully it can be made to run in near linear time
(we would not care about this subtlety though, for us it will suffice to show that 2-SAT ∈ P ).

We build a directed graph G = (V,E). Let V
def
= {all literals} = {x1,¬x1, · · · , xn,¬xn}. So |V | = 2n. For

every clause `i ∨ `j (` is a variable or its negation). We add edges ¬`i → `j and ¬`j → `i. We think of an
edge `i → `j as saying ”if `i = 1 then we must have `j = 1 in any satisfying assignment”. Figure 1 is an
example of such construction.

x1 ¬x1

x2 ¬x2

x3 ¬x3

...
...

Figure 1: Illustration of an algorithm solving 2-SAT

If there is a path xi  ¬xi and a path ¬xi  xi, then the formula is unsatisfiable (path `  `′ means
` = 1 ⇒ `′ = 1 in any satisfying assignment). If there is just a path xi  ¬xi, then we know xi = 0
(similarly if ¬xi  xi, then xi = 1).

Definition 2 (Strongly connected component) A strongly connected component is A ⊂ V so that
∀u, v ∈ A there is a path u v. �

Fact 3 Any directed graph G can be decomposed to a DAG (directed acyclic graph) whose nodes correspond
to the strongly connected components of G.

We will apply this decomposition to G. Clearly, if for some variable xi we have that both xi,¬xi are
in the same strongly connected component then the formula is unsatisfiable. We will show that if this is
not the case then φ is satisfiable (and in fact we can efficiently find a satisfying assignment ). So, from
now on we will assume that ∀i, xi,¬xi are in different strongly connected components. Let C1, · · · , Cm be
strongly connected components, ordered so that edges u ∈ Ci to v ∈ Cj for i ≤ j (for example by taking the
components in topological order).

Algorithm: Starting at Cm and going backwards: in the current connected component, if xi appears,
set xi = 1; if ¬xi appears, set xi = 0; if xi is already set, keep it as it is.

Consider an example, (x1 ∨ x2) ∧ (x1 ∨ x3) ∧ (x2 ∨ x4). The corresponding graph is in Figure 2.
Suppose the algorithm fails to satisfy some clause, x1 ∨ x2. The algorithm sets x1 = 0 and x2 = 0.

We claim that it violates our construction. First, we argue that ¬x1,¬x2 must be in different connected
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x1 ¬x1

x2 ¬x2

x3 ¬x3

x4 ¬x4

Figure 2: A contradiction in the correctness proof of the algorithm solving 2-SAT

components. Otherwise, we would have a path ¬x1  ¬x2 → x1, which means that x1 appears in a later
component then ¬x1, and our algorithm would have set x1 = 1 in such a situation. So, sau ¬x1 ∈ Ci,
¬x2 ∈ Cj , where i < j. The edge ¬x2 → x1 is in G so x1 ∈ Ck where k ≥ j. However, in such a situation
also our algorithm would have set x1 = 1. Contradiction.

Other approaches include eliminate a variable at a time, linear programming. The advantage of the
approach we show above is that it’s straightforward and its correctness is easy to prove.

2 co-NP

We strongly believe that NP 6= P. One justification is that people have been searching efficient algorithms
(polynomial-time) to solve NP-complete problems for decodes but the pursue is unsuccessful. So it’s highly
likely such possibility doesn’t exit, which is very common in mathematical history. Another justification
comes from investigating on higher level (“harder”) classes. NP = P gives us some surprising, highly unlikely
results, which strongly suggest that P 6= NP.

Definition 4 (co-NP)

• NP
def
= “problems where solutions can be verified efficiently.”.

• co-NP
def
= “problems which can be verified to be wrong efficiently.”. �

Formally we define L ∈ co-NP⇔ Lc ∈ NP. (L ⊂ {0, 1}, Lcdef= {x ∈ {0, 1} : x 6∈ L})
Example UNSAT

def
= {CNF formulas which are unsatisfiable.}.

Definition 5 (co-NP-hard & co-NP-complete) Language L is co-NP-hard if ∀L′ ∈ co-NP, L′ ≤p L, if
L ∈ NP, then we say it is co-NP-complete. �

Theorem 6 UNSAT is co-NP-complete. �

Proof Lets fix some natural encoding of formulas in {0, 1}∗. This partitions {0, 1}∗ to three classes:
SAT (correct formulas which are satisfiable), UNSAT (correct formulas which are unsatisfiable) and JUNK
(strings which do not correctly define a formula). Note that JUNK ∈ P since we can efficiently verify if
a string encodes a formula (but we do not know how to check efficiently if it is satisfiable or not). So,
UNSAT = (SAT ∪ JUNK)c, so by definition we need to prove that SAT ∪ JUNK is NP-complete. Clearly,
SAT ∪ JUNK ∈ NP : to check if x ∈ SAT ∪ JUNK, the verifier first checks for x ∈ JUNK in polynomial time,
and if so, verify the satisfying assignment given as proof. Moreover, SAT ∪ JUNK is NP-hard since we can
reduce SAT <p SAT ∪ JUNK by mapping each CNF to itself.
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3 Alternation and Polynomial Hierarchy

Let’s review NP’s definition. We say L ∈ NP, if ∃ a poly-time TM M s.t. x ∈ L⇔ ∃y, |y| ≤ nc, M(x, y) = 1.
Equivalently, we can put in another way:

there is L̃ ∈ P s.t. x ∈ L⇔ ∃y, |y| ≤ |x|c, (x, y) ∈ L̃.

Definition 7 (∃C) ∃Cdef= {x : ∃ a TM M s.t. M(x) ∈ C}. �

NP is ∃P. What is ∃NP? Let’s enunciate its description. L ∈ ∃NP if there is L̃ ∈ NP s.t.

L = {x : ∃y, |y| ≤ |x|c, (x, y) ∈ L̃}

= {x : ∃y, |y| ≤ |x|c,∃z, |z| ≤ |xy|c, (x, y, z︸︷︷︸
proof

) ∈

∈P︷︸︸︷
˜̃L }

So stacking ∃ does not give an extra computational power (Fact 9). The only way to gain a stronger
power is by alternation.

Definition 8 (Alternation) For a family of languages C, ∀C is the family of languages L, for which there
is L′ ∈ C s.t. x ∈ L⇔ ∀y, |y| ≤ |x|c, (x, y) ∈ L′. �

For example, co-NP = ∀P.

Fact 9

• ∃∃C = ∃C.

• ∀∀C = ∀C. �

We can define sequences of alternations, which would give us stronger and stronger classes.

Definition 10 (Σi & Πi)

• Σ2
def
=∃∀P. Σ3

def
=∃∀∃P

• Π2
def
=∀∃P. Π3

def
=∀∃∀P. �

Definition 11 (Polynomial hierarchy) PH
def
= ∪i≥1 Σi = ∪i≥1Πi. �

Definition 12 (Formula minimization)

L
def
= {(φ, 1k) : φ is a CNF. there exists an equivalent CNF to φ of size ≤ k}. �

Since (φ, 1k) ∈ L if ∃ CNF ψ, |ψ| ≤ k, s.t. ∀x, φ(x) = ψ(x), it is in Σ2.

Question 13 PH = P?

We don’t know the answer yet.

Claim 14 If P = NP then P = PH.

Proof P = NP ⇒ P = co-NP. In fact, if P = NP, any NP problem can be solved in poly-time. So for
any problem L in co-NP, its complement L ∈ NP can be solved in poly-time. The same algoirthm solves L.
Hence, co-NP ⊂ P. P ⊂ co-NP is apparent.

∀L ∈ Σ2. x ∈ L if ∃y, ∀z, (x, y, z) ∈ L̃ and L̃ ∈ P. Define L′
def
= {(x, y) : ∀z, (x, y, z) ∈ L̃}. So

L′ ∈ co-NP⇒ L′ ∈ P. L
def
= {x : ∃y(x, y) ∈ L′}. L ∈ NP⇒ L ∈ P.

Similarly, we can eliminate quantifiers to get from Σi or Πi to P.
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Claim 15 If Σi = Πi, then ∀j > i, Σj = Πj = Σi and PH = Σi = Πi.

Proof The same as in Claim 14.

Definition 16 (Quantified Boolean Formula) QBF
def
= {φ : ∃x1∀x2∃x3 · · ·φ(x1, · · · , xn) is TRUE.} �

Note the difference of number of quantifiers in PH and QBF:
• PH = “constant number of alternations”.
• QBF = “polynomial number of arguments in its input”.

We will show QBF is PSPACE-complete in the next class.
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