
CSE 291. Assignment 3

Out: Tue May 11
Due: Thu Jun 09

3.1 Spectral clustering versus k-means

Download the rings data set for this problem from the course web site. The data is stored in MATLAB
format as a matrix X with D rows and N columns, where D=2 is the input dimensionality and N = 1000
is the number of inputs. Submit your source code as part of your solutions.
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(a) Spectral clustering

Compute a binary partition of the data using spectral clustering with affinities Kij = e−‖xi−xj‖2/σ2
.

For what values of the kernel width σ does the method separate the two rings? Visualize your results
in the plane.

(b) k-means clustering

Use your best results from spectral clustering to initialize a k-means algorithm with k = 2. Does
k-means clustering preserve or modify your previous solution? For better or for worse?
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3.2 Dimensionality reduction of images

Download the teapot data set for this problem from the course web site. The images are stored in MATLAB
format as a matrix X with D rows and N columns, where D=23028 is the number of pixels per image and
N = 400 is the number of images. The ith image in the data set can be displayed using the command:

imagesc(reshape(X(:, i), 76, 101, 3))

In this problem you will compare the results from linear and nonlinear methods for dimensionality reduction.
For the latter, you may download and make use of publicly available code for any of the algorithms we
discussed in class.
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Abstract

Many problems in AI are simplified by clever representations
of sensory or symbolic input. How to discover such rep-
resentations automatically, from large amounts of unlabeled
data, remains a fundamental challenge. The goal of statis-
tical methods for dimensionality reduction is to detect and
discover low dimensional structure in high dimensional data.
In this paper, we review a recently proposed algorithm—
maximum variance unfolding—for learning faithful low di-
mensional representations of high dimensional data. The
algorithm relies on modern tools in convex optimization
that are proving increasingly useful in many areas of ma-
chine learning.

Introduction
A fundamental challenge of AI is to develop useful internal
representations of the external world. The human brain ex-
cels at extracting small numbers of relevant features from
large amounts of sensory data. Consider, for example, how
we perceive a familiar face. A friendly smile or a menac-
ing glare can be discerned in an instant and described by
a few well chosen words. On the other hand, the digital
representations of these images may consist of hundreds or
thousands of pixels. Clearly, there are much more compact
representations of images, sounds, and text than their native
digital formats. With such representations in mind, we have
spent the last few years studying the problem of dimension-
ality reduction—how to detect and discover low dimensional
structure in high dimensional data.

For higher-level decision-making in AI, the right repre-
sentation makes all the difference. We mean this quite lit-
erally, in the sense that proper judgments of similiarity and
difference depend crucially on our internal representations
of the external world. Consider, for example, the images of
teapots in Fig. 1. Each image shows the same teapot from
a different angle. Compared on a pixel-by-pixel basis, the
query image and image A are the most similar pair of im-
ages; that is, their pixel intensities have the smallest mean-
squared-difference. The viewing angle in image B, however,
is much closer to the viewing angle in the query image—
evidence that distances in pixel space do not support crucial
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Figure 1: Images of teapots: pixel distances versus percep-
tual distances. As measured by the mean-squared-difference
of pixel intensities, image A is closer to the query image than
image B, despite the fact that the view in image A involves
a full 180 degrees of rotation.

judgments of similarity and difference. (Consider the em-
barrassment when your robotic butler grabs the teapot by its
spout rather than its handle, not to mention the liability when
it subsequently attempts to refill your guest’s cup.) A more
useful representation of these images would index them by
the teapot’s angle of rotation, thus locating image B closer
to the query image than image A.

Objects may be similar or different in many ways. In the
teapot example of Fig. 1, there is only one degree of free-
dom: the angle of rotation. More generally, there may be
many criteria that are relevant to judgments of similarity and
difference, each associated with its own degree of freedom.
These degrees of freedom are manifested over time by vari-
abilities in appearance or presentation.

The most important modes of variability can often be dis-
tilled by automatic procedures that have access to large num-
bers of observations. In essence, this is the goal of statis-
tical methods for dimensionality reduction (Burges 2005;
Saul et al. 2006). The observations, initially represented
as high dimensional vectors, are mapped into a lower dimen-
sional space. If this mapping is done faithfully, then the axes
of the lower dimensional space relate to the data’s intrinsic
degrees of freedom.

The linear method of principal components analysis
(PCA) performs this mapping by projecting high dimen-
sional data into low dimensional subspaces. The principal
subspaces of PCA have the property that they maximize the
variance of the projected data. PCA works well if the most
important modes of variability are approximately linear. In
this case, the high dimensional observations can be very well

(a) Subspace methods

Center the data by subtracting out the mean image, then compute the Gram matrix of the centered
images. Plot the eigenvalues of the Gram matrix in descending order. How many leading dimensions
of the data are needed to account for 95% of the data’s total variance? Submit your source code as
part of your solutions.

(b) Manifold learning

Use a manifold learning algorithm of your choice to compute a two dimensional embedding of these
images. By visualizing your results in the plane, compare the two dimensional embeddings obtained
from subspace methods versus manifold learning.
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3.3 Sparse matrices on ring graphs

Consider a ring graph withN nodes and uniform weights on its edges. In particular, letWij = 1
2 if |j−i| = 1

or if |j−i| = N−1; otherwise Wij = 0.

(a) Graph Laplacian

Show that the normalized graph Laplacian is a circulant matrix, and use this property to compute all
of its eigenvalues and eigenvectors.

(b) Locally linear embedding (LLE)

Consider the matrix (I−W )>(I−W ) diagonalized by LLE. How are its eigenvalues and eigenvectors
related to those of the normalized graph Laplacian?
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3.4 Isomap on a ring (*)

Consider N data points that are uniformly sampled along the unit circle in the plane. In this problem, you
will study the behavior of the Isomap algorithm in the continuum limitN →∞. In this limit of large sample
size, it is possible to compute an analytical solution. This solution reveals how Isomap breaks down when
its convexity assumption is violated.

(a) Inner products

Applied to a finite data set, Isomap estimates the geodesic distancesDij between the ith and jth inputs,
then constructs the Gram matrix with elements:

Gij =
1
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]
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In the continuum limit N → ∞, a data point exists at every angle θ ∈ [0, 2π] on the unit circle. The
geodesic distance between two points at angles θ and θ′ is given by:

D(θ, θ′) = min(|θ − θ′|, 2π − |θ − θ′|).

In this limit, the Gram matrix normally constructed by Isomap is replaced by a kernel function g(θ, θ′).
The kernel function can be computed from:
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1
2
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.

Evaluate these integrals to derive an expression for the kernel function g(θ, θ′). In particular, show
that in the continuum limit:

g(θ, θ′) =
π2

6
− 1

2
D2(θ, θ′).

Plot the kernel function g(θ, θ′) as a value of the difference in angle |θ− θ′|. On the same figure, plot
k(θ, θ′) = cos(θ−θ′), which measures the true inner products of points on the unit circle. How are
these plots different?

(b) Eigenvalues

Applied to a finite data set, Isomap computes the eigenvalues and eigenvectors of the Gram matrix es-
timated from the first equation in part (a). In the continuum limitN →∞, Isomap’s output is encoded
by the eigenvalues λn and eigenfunctions un(θ) of the kernel function g(θ, θ′). These eigenvalues and
eigenfunctions satisfy: ∫ 2π

0
dφ g(θ, φ)un(φ) = λnun(θ).

Show that sin(rθ) and cos(rθ) are eigenfunctions of the kernel function g(θ, θ′) for integer-valued
r ∈ {0, 1, 2, . . . ,∞}. (Ignore the degenerate case sin(rθ) for r = 0.) What are the eigenvalues of
these eigenfunctions? How many of them are non-zero? Is there a gap in the eigenvalue spectrum that
reveals the intrinsic dimensionality of the ring?
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