Knapsack Problem

mn
Maximize V = E Vi X

1=1

n
Subject to WV = szazl <b
i=1
x; > 0, Integers

b: boundary (carry-capacity)
Best item L > ]
1 Wy

Optimal solution is periodic

when b is sufficiently large
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Example

Max V = 8x1 + 3x9 + 1723

Sub W = 833'1 —|—5SIZ’2—|— 185133 < b

x; > 0, Integers

Goal: To find the exact points where the

optimal periodic solution start
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Gain

Gain of a solution to a boundary b:

The value of a solution minus the value

of the best-item-only solution

Gb:V—Ul —
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Example
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Threads

Partition all values of b into wy class

b (mod wi) =0  Thread 0
b (mod wy)=1  Thread 1

b (mod wy) =7  Thread 7
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Preferred Optimal Solution

The optimal solution which uses best

Item most

We use a table where every thread is a

column, with many cells
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Example

Threads
0 1 2 3 4 5 6 7
b= b=1|b=2|b=3|b=4|b=5]|b=6|b="7
g= 9=01]9=0)g=0]g=0|g=3|g=3|g=3
b=8 =9 |b=10|b=11|b=12 |b=13|b=14 | b=15
g=01]9g=0|g=01]g9g=0|g9g=0]|9g=3 | g=3 | g=3
b=16 | b=17 | b=18 | b=19 |b=20|b=21 | b=122 | b=23
g=01]g=0 | g=1 g=1 g=1|19g=3 | g=3 | g=14
b=24|b=25|b=26|b=27|b=28b=29|b=230|0b=31
9=01]g= g= g= g=119g=3]g=3]|g=4
b=32|b=33|b=34|b=35|b=36|b=37|b=38|b=39
g=0|9g=0]|9g=1]|9g=1|9g=2 | g=3 | g=3 | g=4
b=40 | b=41 | b=42 | b=43 | b=44 | b=45 | b=46 | b =47
g=01]g=0 | g=1 g=1 g=2 | 9g=3 | g=3 | g=14
b=48 | b=49 | b=50 | b=51 |b=52 | b=53 | b=54 | b=55
9=0 1] g= g= g= g=2|9g=3|g9g=3|g=4
b=56 | b=57 | b=58 | b=59|b=60|b=61|b=062|b=063
9=0 1] g= g= g= g=2|9g=3|g9g=3|g=4
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Special Boundary

he cell which has an optimal gain

larger than the gain of the cell above it

b=12
g=0
b=20

1 Is a special boundary
g:

b=28

Example:

g=1
b=30

, Is a special boundary
g:
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Lemma 1

Lemma 1: Let G; and G be the gains
of two adjacent cells in a column, then

Gy > G, when by, = b, + wy.

If we use the solution of b, as a

subsolution of by, then

Gy = G
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Proof

b
Gy, =V, — vy =
W
b. + w
:(Vs+vl)—vl ” !
W
bs
:%4—@1—?}1—?}1 —
Wt
b
=V, —wv | —
W
= (G,
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Example

by = 36, b, = 28
then G = Q,Gs =1

The solution of b, = 28 = wy + w4

If we let
b, = 36 = (w1+w3)+w1
then G, = 1 = G,
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Lemma 2 & 3

Lemma 2: Preferred optimal solutions to
special boundaries have 1 = 0.
Proof: If 21 # 0, then the two gains are

the same

Lemma 3: Preferred optimal solutions to

non-special boundaries have ;1 > 1
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Lemma 4

Lemma 4: Optimal gains in any thread

are non-negative

Proof: Best-item-only solution is a

feasible solution

CSE 202, April 25, 2006 - 14 / 27



Lemma b

Lemma 5: Optimal gains in a column are

monotonically increasing as b increases

Proof: By Lemma 1,

Gy, =G5 (by = bs + wy)

When b, contains b, subsolution, the
optimal solution is at least as good as

the feasible solution
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Lemma 6

Lemma 6: Gains are smaller than v,

By def. V =G + vy L{%J
If G = vy, then

Vi=vi4+u | — | =v

= the density of the total knapsack is

better than best item type.

CSE 202, April 25, 2006 - 16 / 27



Lemma 7

Lemma 7: Within every thread, 3 a cell
with Max gain which remains constant
as b increases

Proof: Each increase is an integer, with
upper bound v; (Lemma 6)

e.g. The max gain cell in Thread 4 is
b = 36
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Theorem 1

TH 1: Given by, = by + wy. in two thread
ty, & t., and the solution of b, contains
the solution of b, as a subsolution plus
one copy of wy. Then the two gains G,
and G, are related by

ts + Wy
w1

Gb G—H}k—vl
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Theorem 1

The following identity is used in the

proof of Theorem 1.

wq wq

B _t3+wk | b
B W | w1

[bs X wa bs (mod wq) + wy u—lJ + wy,
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Proof of Theorem 1

b
Gy = Vy — v —
W |
b. + w
=Vit+uv, — vy |— i
w1 |
t. +w b
=V8+vk—v1< R = )
- W1 W |
b t. +w
= Vit —v | — vy | — i
wl_ i w1 |
t. +w
:G5+Uk—U1 & ’
- W
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Theorem 2

It a preferred optimal solution to a

thread critical boundary b; is optimal,

then its subsolution to b, = b, — w; is

optimal

Proof: Principle of optimality

CSE 202, April 25, 2006 - 21 / 27



High-level Algorithm

1 Partition b into wy Threads

o Introduce each type of items starting

with the best type

0 In each Thread, keep the cell with

Max Gain and Min Boundary
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Case 1

ged(wy, wo) =1
= ged(8,5) =1

Visit
TO) T57 TQ; T77 T47 T17 T67 T3

1o T 1> 13 Ty 15 16 17
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Case 2

ged(wy, ws)

ocd(8,18) # 1

Visit
Ty, 15, T4, 1 in one chain

17,15,T5,’I7 in one chain

double-loop technique
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Complexity

Step 1. Find best item O(n)
Step 2. Partition into wy Thread O(w)

Step 3. For each type of items visit all

Threads O(nw)

Time Complexity O(nw)
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Example

Max 721 + 699, 99825

Sub 521 + 499. 999z, < b

x; > 0, Integers

1o 11 15 13 1Ty
b=20 1 2 3 4

(£)
G=0 0 0 0 0

(v2> b=20 b=1 b:3w2 b:2w2 b:w2
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Example

b= 2,000,002 in Thread 2

b
Gain G=V —v; | —
W

b
V:m — —|—G

Wt

2. 000, 002
V="7|- 5’ - 1

— 2,800, 001.

CSE 202, April 25, 2006 - 27 / 27



	Knapsack Problem
	Example
	Example
	Gain
	Example
	Threads
	Preferred Optimal Solution
	Example
	Special Boundary
	Lemma 1
	Proof
	Example
	Lemma 2 & 3
	Lemma 4
	Lemma 5
	Lemma 6
	Lemma 7
	Theorem 1
	Theorem 1
	Proof of Theorem 1
	Theorem 2
	High-level Algorithm
	Case 1
	Case 2
	Complexity
	Example
	Example

