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Minimum Distance 2/10
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� Lattice L, usually represented by a basis

� Minimum distance: �(L)=min fkx¡ yk:x; y 2L; x=/ yg

� Assume WLOG that x=0:

�(L)=min fkxk:x2L n f0gg

� SVP (Shortext vector Problem): Find the (length of the) shortext
nonzero vector in a given lattice L

� Search: Find x2L

� Optimization: Find �(L)

� Decision: Given (L; t), decide if �(L)� t



Gram-Schmidt Orthogonalization (GSO) 3/10

� Any (finite dimentional) vector space has an orthogonal basis

1. Given an arbitrary basis b1; : : : ; bn2Rn

2. For any i=1; : : : ; n, let bi� be the component of bi orthogonal to b1; : : : ; bi¡1

� b2
�= b2¡ � b1

� �= hb2; b1i
hb1; b1i

0
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b2b∗
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span(b1)

b2 + span(b1)

� More generally bi�= bi¡
P

j<i�i;j bj
� where �i;j=

hbi; bj�i
hbj�; bj�i

� B=B�M where M is a �unitriangular� matrix with coefficients �i;j



Properties of GSO 4/10

� b1
�; : : : ; bn

� gives an orthogonal basis for the same vector space as b1; : : : ; bn

� span(b1; : : : ; bi)= span(b1�; : : : ; bi�) for all i=1; : : : ; n

� hbi; bji=0 for all i=/ j

� However, �=L(b1; : : : ; bn)=/ L(b1�; : : : ; bn�) are usually different lattices

� b1
�= b12� by definition

� but b2� may not belong to �

Exercise 1. Give a basis [b1; b2] such that L(b1; b2)=/ L(b1�; b2�)

Exercise 2. Give a basis [b1; b2] such that [b1; b2] =/ [b1�; b2�] and still L(b1; b2)=L(b1�; b2�)

Question 1. Is there an �integer� variant of GSO for �approximate� orthogonalization?



Lower bound on � 5/10

Theorem 1. For any lattice basis B, the minimum distance is �(B)>min kbi�k

� Fix a basis B= [B 0; bn]

� Partition L(B)=L(B 0)+Z bn into layers

� If the shortext vector in L(B 0) then �>min kbi�k
by induction

� If the shortest vector is in L(B 0)+ c bn with c=/ 0,
then �> kbn�k

0

L([b1, . . . ,bn−1])

bn
b
∗

n

L(B)



The Determinant 6/10

� Fundamental region/parallelepiped of basis B

P(B)= f�i=1n xi bi:8i: 0�xi< 1g

� Different bases give different regions

� All fundamental regions have the same volume

� The lattice determinant det(L(B))

� volume of P(B), does not depend on choice of basis B

� For B 2Rn�n, same as matrix determinant |det(B)|

� det(BU)= det(B)det(U)=�det(B)
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P(B)

P(B′)
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Space Partition and Center Density 7/10

� Every point in space is the sum v+x of

1. a lattice point v 2L(B), and

2. an offset x2P(B)

� fv+P(B)gv2L(B) is a partition of span(B)

� One lattice point for every region of volume det(P(B))

0
b1

b2

� Center density of lattice �:

lim
r!1

#fv 2�: kvk6 rg
vol(fx: kxk6 rg) =

1
det(�)



Other Fundamental Regions 8/10

� Centered parallelepiped

C(B)=
n
�i=1n xi bi:8i:xi2

h
¡1

2
;
1

2

�o
� Orthogonalized parallelepiped

P(B�)= f�i=1n xi bi
�:8i: xi2 [0; 1)g

0
b1

b2

0
b1

b2

b∗
2

� det(B) is easily computed from GSO: det(B)=det(B�M)=det(B�)=
Q

i kbi
�k

� Hadamard inequality: det(B)=
Q

i kbi
�k6Q

i kbik

� If B 2Zn�n and H =HNF(B), then det(B)=det(H)=
Q

ihi;i



Blichfeldt Theorem 9/10

Theorem 2. (Blichfeldt) For any lattice � and (measurable) set S, if vol(S)> det(�) then
S contains two points z1; z2 2S such that z1¡ z22L

S

z1

z2

z



Minkowski's Convex Body Theorem 10/10

Theorem 3. If S is a symmetric convex body of volume
vol(S)> 2ndet(�), then S contains a nonzero lattice point

Proof. Apply Blichfeldt Theorem to 1

2
S:

1. Since vol
�
1

2
S
�
> det(�), 9z1; z22S/2,z1¡ z22�

2. 2 z1; 2 z22S, also ¡2 z22� (by symmetry)

3. z1¡ z2= 1

2
(2 z1+(¡2 z2))2S (by convexity) �

Using S= fx: kxk16det(�)1/ng, vol(S)= 2n det(�)

we get �(�)6 n
p

det(�)1/n


