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LLL recall

Input: A=L(by,...,by,)

GSO: bi,..., by, lengths ||b]|| are shorter and shorter due to projection
Goal: ensure ||b]1 (|| = ||b7|| /o« do not descrease too fast

LLL algorithm: if ||b7, 1] <||b7|| /v, then swap b}, b\ 1

Output:

o SVP: ||b1]| <min; (a1 ||b7]]) < o™ Pmin; ||bf]| <a™ T A(A)

o HVP: ||ty < ?(/Hioﬁ'—l [1b%]] = 2= =D/ det(A)V/ " = Va1 det(A)/"

Best o = 72:%% 1.15: make ||bf || = A(L(7;(bs, bi11))) as small as possible

o Using Minkowski [[b7 | < /32 ([[b7[| |bi11))"/* gives [[b7[| < 72 [[bis1]



LLL Termination/Running time

o LLL algorithm: if ||b7 1| < ||b7]| /v, then swap b; < ;11

o Note: when swapping b; < bi 1, [|bi41]|* may grow to [|bjy1]|* + HbEEHQ
o Still, the new [|b7 |2 goes down to b1+ [[b7]|2 < ( )Hb*u2
o For =y, :%, we have (%—i—%) —1, and ||b;]|* decreases strictly at each swap

o For o> 79, ||bf||? decreases by a multiplicative constant at each iteration, and running
time is polynomial

e Potential function: []. 16|29 = [1.det(bs,...,b;)* >1 because det(by,...,b;)* € Z
o When swapping b; <> b; 11, only det(by,...,b;; 1)* changes.
newH /} *[old H2 (%+i)<1

o) det(bl, “e bz—l—l)



Block (“slide”) reduction

e Assume we can solve SVP in dimension k

e Solve SVP(by,...,by), so that
o ||br]| = AL(by, ..., b)) < Ak det(by, ..., by)L/*
o [IballF < 4" TLy»q 7]
o [ball* = < AR TTi5 1071
o [Iball < 2TV (T 07D *
e What can we do next?

o Solve SVP(71(ba,...,br+1)): works well in practice, but difficult to analyse (BKZ)

o Solve SVP on dual(7(ba,...,bk11)) = (da,...,dr1+1) to make ||} 1| as large as possible



“Slide” reduction

k 1

e Primal SVP: [|by]| <~ 1)(Hi>2\!b?!\)ﬁ

k —1

o Dual SVP: [[diir | <% 7 ([T, 10517

k 1

e Taking the inverse: ||bf 1] = 2(k K (Hi>2 1F]]) =~

k 1 k

o Combine: [[by| <" (TT;5o I6FID* 7 < 9i" 7 1744

e Repeat on mp(brr1,-..,00k41), Tor(bokr1,...,b35+1), €tc. upton=ck+1

kkl

o Similarly, [[bf 1] < Hb i+ 1) k1l

ik/(k—1) ck:/(k: 1)m1n2Hbzk—|—1H (n 1)/(’€—1))\(A)

o ||b1] < mingy, Vbl <



Summary of Slide Reduction

e Run SVP on blocks [b1,...,bx], [brs1,-- -5 02k]s o5 [bee—1)kt1s- -5 ber, (b= beng1)

e Run Dual SVP on (bl),[bg, e ooy bk+1], [bk_|_2, coey bgk+1], e ooy [b(c—l)k—{—Qa e ooy bck:—i—l:n]

e Approximation SVP fy]g:n_n/(k_l) AA) <k =D/E=1 \(A) = exp( }:fklj )n_l A(A)

o LLL is a special case for k =2, approximation 75’_1

o Choosing larger (still constant) k, reduces the basis of exponential to

Jim exp( 57 ) =1

Solving SVP in single exponential time 29 is still polynomial for k& =1log n, and achieves
SVP approximation factor 27 (loglogn/logn) « on,




Variants

e BKZ (Block Korkine-Zolotarev) reduction [Schnorr 1993]
o Most popular, output is very good in practice, ... but

o Theoretical approximation factor is worst than yén_l)/<k_1)

e Slide Reduction [Gama & Nguyen 2008]

o Good theoretical bound ﬁ”‘”“’“”, ... but

o Worst quality than BKZ in practice
e Self-Dual BKZ [Micciancio & Walter 2015]
o Theoretically as good as Slide Reduction

o Practically as good as BKZ



