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Double-error-correcting codes?

Construct:

H,:{1234567891012131415
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for an appropriate function f. Then, if there are two errors, we have
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Choose a function f so that we can solve for i,j given s1 and s,. Clearly,

f should not be a linear function. Would f(i) = i* work?
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Squaring is a linear operation over fields of characteristic 2



System of equations for two errors

We choose f(i) = i°. Thenife = (0- - -0%0- : -0%0‘ --0), we have
i ]
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Now:
s =1 +] —(z+])(1 +zj+j2):sl(s%+i1)

Equivalent system of equations:

Consider the quadratic polynomial (z — i)(z — j) = 2% — (i +j)z + It
follows that i and 1 are roots of the equation:

z* 4512 + (Z'Z—i—s%) =0
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Decoding algorithm for two errors

© Compute [:1} = Hy' = He!
2
@ Ifs; =s, =0 — No errors. Output y and exit.

Q Ifs, = s% #0 — One error at location s;. Correct and exit.

Q Ifs; #0,s; # S‘;’ — Solve the quadratic equation:
2 S2 2\ _
z-+s1z+ <S+Sl> =0
1

Correct two errors at the roots of the equation and exit.

© Ifs; =0,s, # 0 orif the quadratic equation does not have two
distinct roots — More than two errors: decoding failure



Correcting two errors: Example
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Suppose there are two errors at positions 6 and 8, corresponding to the

6 8
columns [“3} and [“9} . Then
o o

_ .6 8 _ 14
; $1 s1=a’+a°=un
S2 S ,=a"+ua" =«

How is this computed? Use the table of the field GF(2*), add as binary
4-tuples, then convert back to powers of a using the table. Now:

S 4 _
7_}_5%: 14+(a14)2:“ 13—|—0628 — a2+061320614
S1 o T

modulo a!®

The quadratic equation z> + a!*z + a!* = 0 has two roots, at «® and 8.



Parity-check matrix of the code

Note that the parity-check matrix is actually:
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That is, powers of « are represented as column binary 4-tuples, result-
ing in a binary matrix with eight rows.



Parameters of the code

What are the parameters of the code defined by:
[100010011010111]
010011010111100
001001101011110
H— 000100110101111
~1100011000110001
000110001100011
001010010100101
011110111101 111]

Clearly n = 15and k > 15 — 8 = 7, since some of the rows of H may be
linearly dependent. Also d > 5, since the code corrects two errors.

In fact, this is a (15,7,5) linear code. It is a special case of the family of
double-error-correcting BCH codes with parameters:

n=2"—-1, k=n—-2m, d=5

Can we generalize this construction to correct t errors?





