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Order of a finite field
Theorem: Order of a finite field
The order of a finite field is |F| = pm for a prime p and m > 1.

Proof. We have 0, 1 ∈ F. Define

u0 = 0, u1 = 1, un = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
n times

= un−1 + 1 ∈ F

Then

um + un = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
m times

+ 1 + 1 + · · ·+ 1︸ ︷︷ ︸
n times

= un+m

um· un = (1 + 1 + · · ·+ 1︸ ︷︷ ︸
m times

)(1 + 1 + · · ·+ 1︸ ︷︷ ︸
n times

) = umn

Since F is finite, the sequence u0, u1, u2, . . . cannot keep generating dis-
tinct elements forever; it must eventually repeat.



Characteristic of a finite field
Since F is finite, the sequence u0, u1, u2, . . . cannot keep generating dis-
tinct elements forever. Let p denote the index of the first position where
the sequence u0, u1, u2, . . . repeats. That is:

u0, u1, u2, · · · , up−1︸ ︷︷ ︸
all distinct

, up = ut for some 0 6 t < p

What is the value of up?

up−t = up − ut = 0 ⇒
↑

up−t is a repetition of u0=0

t = 0 ⇒ up = ut = u0 = 0

Definition: Characteristic of a finite field
The characteristic of a finite field F is the least integer p such that

1 + 1 + · · ·+ 1︸ ︷︷ ︸
p times

= 0 (in F)



The prime subfield of a finite field
Claim: The characteristic p is a prime.

Assume to the contrary that p = a · b for some 1 < a, b < p. Then

ua · ub = up = 0 ⇒ ua = 0 or ub = 0

This contradicts the fact that up = 0 is the first repetition in the sequ-
ence u0, u1, u2, . . ..

Claim: Fp = {u0, u1, · · · , up−1} is a subfield of the field F

Consider the mapping ϕ : Fp → Zp defined by ϕ(ui) = i. It is easy to
verify that ϕ is an isomorphism: it preserves “+” and “·”. Hence

Zp is a field ⇒ Fp is a field

Every finite field F of characteristic p contains a copy of Zp



Order of a finite field: Proof
Claim: |F| = pm

If F = Fp, then |F| = p and we are done. Else ∃ω1 ∈ F\Fp. Define

F2
p

def
=
{

a0 + a1ω1 : a0, a1 ∈ Fp
}
⊆ F

The elements above are all distinct and |F2
p| = p2 since

a0 + a1ω1 = b0 + b1ω1 ⇒ ω1 =
b0 − a0

a1 − b1
∈ Fp

If F = F2
p then |F| = p2 and we are done. Else ∃ω2 ∈ F\F2

p. Define

F3
p

def
=
{

a0 + a1ω1 + a2ω2 : a0, a1, a2 ∈ Fp
}
⊆ F

If F = F3
p then |F| = p3 and we are done. Else ∃ω3 ∈ F\F3

p. And so on.
�



Additive structure of a finite field
Let F = GF(q) be a finite field of order |F| = q. From the proof of the
foregoing theorem, we conclude all of the following:

1 q = pm for a prime p and a positive integer m

2 GF(q) contains the prime subfield Fp ∼= Zp

3 GF(q) may be regarded as a set of m-tuples over Fp

a0 + a1ω1 + · · ·+ am−1ωm−1 ∈ GF(q) ↔ (a0, a1, · · · , am−1)

b0 + b1ω1 + · · ·+ bm−1ωm−1 ∈ GF(q) ↔ (b0, b1, . . . , bm−1)

(a0, . . . , am−1) + (b0, . . . , bm−1) = (a0 + b0, · · · , am−1 + bm−1)

b(a0, · · · , am−1) = (ba0, . . . , bam−1)

4 More precisely, GF(q) may be regarded as a vector space of dimen-
sion m over Fp.




