ECE 259A: Introduction to Algebraic Coding

UC San Diego

JACOBS SCHOOL OF ENGINEERING

Finite Fields:
Additive Structure




Order of a finite field

Theorem: Order of a finite field
The order of a finite field is |IF| = p™ for a primep and m > 1.

Proof. We have 0,1 € F. Define

u =0 =Luy=1+14---+1=u, 1 +1cF
N—— .

n times
Then
Uty =141+ +1+1+1+ + 1=y,
m times n times
Uty =1 +14- - +DA+14-+1) = up,
m times 7 times

Since [ is finite, the sequence g, 11, 2, . . . cannot keep generating dis-
tinct elements forever; it must eventually repeat.



Characteristic of a finite field

Since F is finite, the sequence uy, 11, 12, . . . cannot keep generating dis-
tinct elements forever. Let p denote the index of the first position where
the sequence ug, U1, Uy, . . . repeats. That is:

Ug, U1, U, -+ Up1, Up = Uy forsome 0 <t <p

all distinct

What is the value of u,?

Up—t =up —up =0 :T> t=0 = wy=u=uy=0

Uy is a repetition of uy=0

Definition: Characteristic of a finite field

The characteristic of a finite field F is the least integer p such that
1+14+---41=0  (inF)

p times




The prime subfield of a finite field

Claim: The characteristic p is a prime.

Assume to the contrary that p = a- b for some 1 < a,b < p. Then
Ug-up=up=0 = u,=0or u, =0

This contradicts the fact that 1, = 0 is the first repetition in the sequ-
ence ug, Uy, Uz, . ...

Claim: F, = {uo,uy,--- ,up_1} is a subfield of the field F

Consider the mapping ¢ : F, — Z, defined by ¢(u;) = i. It is easy to
verify that ¢ is an isomorphism: it preserves “+” and “-”. Hence

Zyis afield = T, is a field

Every finite field IF of characteristic p contains a copy of Z,




Order of a finite field: Proof

Claim: [F| = p™
If F = [Fy, then [F| = p and we are done. Else Jw; € F\F,. Define

def
IF% = {ao—l—a1w1 > 4o, a1 EIFP} CF

The elements above are all distinct and \ng| = p? since

by — ag
ai —bl

ag+ajwi =by+bwr = wi= S IFP

If F = IF2 then |F| = p? and we are done. Else Jw, € F\IF2. Define
p p P
IF?J def {ap +mwi +aw; : ag,a1,00 € F,} CF

IfF = ]Fg then |IF| = p® and we are done. Else Jws € IF\]F; And so on.
0



Additive structure of a finite field

Let F = GF(g) be a finite field of order |F| = q. From the proof of the
foregoing theorem, we conclude all of the following:

© g =p" for a prime p and a positive integer m
© GF(g) contains the prime subfield IF, = Z,
© GF(g) may be regarded as a set of m-tuples over [F,

ag+awi + - Fay_1wy—1 € GE(q) < (ag, a1, - ,am-1)
bo+biwi+ -+ by 1wy € GF([]) — (bg,bl, .. .,bmfl)

(ag, ..., am-1)+ (bo, ..., byu—1) = (a0 +bo, -+ ,am—1+bp_1)
b(ag, -+ ,am—1) = (bay, ..., bay_1)

© More precisely, GF(7) may be regarded as a vector space of dimen-
sion m over IF,.





