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Double-error-correcting codes?

Start with the Hamming code of length 2* — 1 = 15, specified in terms
of its parity-check matrix:

=[12345678 910 11, 12, 13, 14, 15|

Notation: i denotes representation of the integer i as a binary 4—tup1eJ

In the case of one errore = (0 - - - 0%0 -+-0), we have
i

s=Hy'=He'=i = errorat position i

What if there are two errors, so thate = (0 - - -0%0 > -0%0- --0)?
s:Hyt:Het:l-_}_i 1 ]

We need another equation to solve for the unknowns i and j.



Double-error-correcting codes?

Construct:
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for an appropriate function f. Then, if there are two errors, we have:

[51] i+j=s1
=
S2 fO+f(G) =
Choose a function f so that we can solve for i,j given s1 and s,. Clearly,

f should not be a linear function. Would f (i) = i> work? What about the
function f (i) = i°?
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How can we operate and solve equations over the set of binary 4-tuples?

Finite fields!



Finite fields: Definition

An Abelian group is a set G with operation *, such that
Q Closure:Va,b € G, axbe G
@ Associativity: Va,b,c € G, ax (bxc) = (a*b) xc
© Identity: 3e € G, such thatVa € G, axe=exa=a
Q Inverse:Vac G,3a 1 €G suchthataxa ! =alxa=e
@ Commutativity: Va,b € G, axb =b*a.

Definition: Fields

A field is a set [F with two operations “+-” and “-”, such that
Q F is an Abelian group under “+”, with identity 0.
@ [F\{0} is an Abelian group under “-”, with identity 1.
@ Distributive law:V a,b,c € F, a- (b+c) = (a-b) + (a-¢)




Examples of fields

© R = the set of real numbers with the usual “+” and “-”
@ C = the set of complex numbers with complex “4” and “-”

R and C are infinite fields. These fields are not interesting for us since
our alphabet is always finite.

©® Z;=1{0,1,2,3,4,5,6} with “+” and “-” modulo 7.
5+6=4 mod?7, 5—-6=6 mod?7
3.5=1 mod7 = 3 !=5
2/3=2-31=2.5=3 mod7

In order to verify that this is a field, we need to find multiplicative
inverses for all nonzero elements. Indeed:

1-1=2-4=3-5=6-6=1 mod?7



Prime finite fields

Theorem: Prime finite fields

The set Z; = {0,1,--- ,q—1} with operations “+” and “-” modulo q
is a field if and only if q is a prime.

Proof. (<) Suppose q is not prime, that is § = ab. Thena € Z, has no
multiplicative inverse in Z;. Otherwise:
a-x=1 modgq = a-x=mg+1
= 0=1 moda
(=) If g is prime, we need to show that
® Z,is an Abelian group under “+”
e Z,\{0} is an Abelian group under “-”

@ Distributive law

All these properties are trivial to verify, except for the existence of the
multiplicative inverse.



Existence of multiplicative inverse

Lemma: Bézout’s identity

For all integers a and b, there exist «, f € Z such that
aa+ pBb=ged(a,b)

The lemma follows from the Euclidean algorithm, which we will study
shortly. For now, let us use the lemma to show that if § = p is prime
then every element in Z,, has a multiplicative inverse.

Let a be any nonzero element of Z,. Since ged(a, p) = 1, Bézout’s iden-
tity implies that there exist a, B € Z such that

axa+Bp=1 = aa=1 modp

= a'=a modp
O

Example:Takep:7anda:3. Then « = 5 and g = —2, so that
3.5-2-7=1 = 3:5=1 mod7 = 3 '=5



Euclidean algorithm

Given integers a > b > 0, the Eclidean algorithm computes their great-
est common divisor ged(a, b) iteratively as follows:

a=qib+n rn<b

b=qri+r rn<n

r =4qsra+13 r3 <12
-2 = qntn—1+"tn T < Tp-1

Yn—1 = Gn+1"n +0

The iterations consist of division with remainder. They stop when the
remainder is zero. Then ged(a, b) = r,, the last non-zero remainder.



Euclidean algorithm: Proof

Given integers a > b > 0, the Eclidean algorithm computes their great-
est common divisor ged(a, b) iteratively as follows:

a=qb+nr rn<b

b=qri+r rn<n

1 =4qsry+ 13 r3 < 1
n—2 = qntn-1+"n Tn < Tp-1

Tn-1=qnt1"n +0
Observe that:
{””b and dlry = dla ey gl and dlb) = {d : dlb and djri}
dla and d|b = d|n
= gcd(a,b) = ged(b, 1)
Hence
ged(a,b) = ged(b, 1) = ged(ry,12) = -+ - = ged(ry—1,7n) = tn



Euclidean algorithm: Example

EX&HIP] €: Take a = 84 and b = 54. Running the Euclidean algorithm
for this case consists of the following four iterations:

84 =1-54430
54 =1-30+24
= gcd(84,54) =6
30=1-24+6
24=4-640

Working backwards through the iterations of the Euclidean algorithm,
we can express gcd(84,54) = 6 as a linear combination of the original
numbers:

6 =30 —24
— 30 — (54 — 30)
—=2.30— 54

—2.(84—54) —54
—2.84—3-54



Euclidean algorithm revisited

@ Input: a,b (a>0b>0)
o Initialization: 7.1 =a, ry=1">

S_1:1, SOZO

F1=0, fo=1 } auxiliary variables

@ Recursion:

S; =52 —qisi-1 Where q; =

ri ="Ti—2 —qiti—1 {
ti=tio—qitiq

”ZJ fori=1,2,3,...
¥iq

Lemma: Iterative Bézout’s identity
ri=sa+tb foralli=0,1,...

Proof. By induction on i. O

In particular, this implies that ged(a,b) =1, =s,a+t,b=aa+ pb. J






