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Two equivalent Hamming codes

Let C; and C; be two codes described by the parity-check matrices:

11111111 11111111
b |00011110 g, [00011101
17101100110 27101110100
10101010 10111000
Observations:

@ C; and C; are equivalent (8,4, 4) extended Hamming codes.

© C; and C; are self-dual & H1HT HZHT =0

Q@ CNG = {(00000000, 11111111)}

O Letx € C; and x’' € Cy. Thend(x,x') is even.

© The weight-distribution of C; and C; is
Ap=1, Ay = 14, Ag =1



Construction of the Golay code

Definition: Turyn construction of the Golay code

The binary Golay code Cy4 defined by
Cy = {(u+c |lb+cla+b+c) : abeCy, CECQ}

Lemma: Linearity of the Golay code

The binary Golay code Cy4, as defined by the Turyn construction, is
a linear code of length n = 24 and dimension k = 12.

Proof. A generator matrix for Cy is given by

Gt 0 Gy —a
Gy = 0 G &1 ~Db
G2 G2 G2 —C

This is a 24 x 12 matrix with linearly independent rows.



Self-duality of the Golay code

Lemma: Duality of the Golay code
The Golay code Ca4, defined by the Turyn construction, is self-dual.

Proof. Recall that C; and C; are self-dual codes. Therefore G,
H», so that GlGT

and G, =

GuGyy =

GZGT = 0. Now

G| [cI o cf
Gi| |0 GI ¢TI

Gy| |GT GT ¢I

GiGT 266
26 20 - |

o O O

o OO
o O o
|

2G,G] 3G,G)



The Golay code is doubly-even

Lemma: The Golay code is doubly-even

All codewords in the code Cy4 have weight divisible by 4.

Proof.
© All rows of Gy4 have weight divisble by 4.

© All linear combinations of rows of G4 are orthogonal to each other.

© Let x,y be two vectors with 4|wt(x) and 4|wt(y). We have:
wt(x +y) = wt(x) + wt(y) — 2wt(x A y)

Now, if x - y = 0 then wt(x A y) is even, and therefore 4|wt(x + ).
U

Conclusion: the minimum distance of C»y is either 4 or 8. |




Minimum weight of the Golay code

Lemma: Minimum distance of the Golay code

The Golay code C»4 does not contain codewords of weight 4.

Proof. x = (a+c|b+c|a+b+c)
| N | S —

X1 X2 X3

even even even weight
weight  weight &

If wt(x) = 4, then at least one of x1, x3, x3 is zero. Consider the 3 cases:
O x=0=a=c=x=(0|b+c|b)
Buta =cisinC;NCy, = {0,1},sox= (0|b|b)or (0|1+b|b).
In both cases, wt(x) # 4.
Q@ x=0=b=c=x=(a+c|0]a)
Again, cisinC; N Cy, = {0,1},s0x = (a|0|a)or (1+a|0|a).
© x3=0=a+b=candx=(b|a|0):
e ifa = 0, then b = c and we are in Case 2.
e if b = 0, then a = c and we are in Case 1.



The Golay code: Summary

Theorem: Parameters of the Golay code

The Golay code Cy4 has minimum distance 8. That is, Cp4 is a binary
linear code with parameters (24,12,8).

Proof. Follows immediately from the foregoing lemmas. n

Corollary: Perfect binary Golay code

There exists a perfect (23,12,7) binary code Cp;.

Proof. Puncture (delete) any position in Cps. O

In fact, both Cy4 and Cy3 are the unique, up to equivalence, codes with
parameters (23,12,8) and (23,12,7). Many wonderful constructions of
these Golay codes are known: as lexicographic codes, as BCH codes, as
quadratic-residue codes, from Mathieu groups, and from the hexacode.



Perfect codes: Summary

© Binary linear perfect codes

o the three trivial codes
e the Hamming codes
e the Golay code

© Binary nonlinear perfect codes
e same parameters (2" —1,2" —m — 1,3) as the Hamming codes

© Nonbinary perfect codes over GF(q)
e nonbinary Hamming codes
q" -1

-1’ k=n—-m, d=3

n—

e nonlinear codes with the same parameters as above
e the ternary (11,6,5) Golay code

© Perfect codes over an alphabet of size # p™?

Research Problem: Find such codes or prove that none exist!





