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Hamming distance

Definition: Hamming distance and Hamming weight

Given two vectors x and y of the same length n over [F, we define the
Hamming distance d(x,y) and the Hamming weight wt(x) as follows:

d(x,y) & humber of positions where x and y differ
wt(x) & humber of nonzero positions in x

x = (0111001), wt(x) =4
y = (1011101), wt(y) =5
The Hamming distance between them is d(x, y) = 3.

Obvious relations:

d(x,y) =wt(x—y) = wt(y—x)J and  wt(x) = d(x,O)J




Hamming distance is a metric

Lemma: Metric properties of the Hamming distance

Q d(x,y) >0 and d(x,y) =0 < x=y z

Q d(x,y) =d(y,x) /\
Triangle i lity:
© Triangle inequality X y

d(x,y) <d(x,z) +d(z,y)

Proof. Properties @ and @ are obvious. Let us prove the triangle inequality.
Define A(x,y) = {i: x; # y;} so thatd(x,y) = |A(x, y)|. We claim that:
Alx,y) € Alx,z) UA(z,y)

Indeed, assume the contrary. Then, there exists a position i with i € A(x, y) but
i ¢ A(x,z) and i € A(z,y). This means that x; # y; and x; = z; = y;, which is
a contradiction. Now, it follows from the claim that d(x, y) is at most:

[Axy)| < |A(x2) UA(z y)| < |A(x 2)| +|A(z,y)| = d(x,z) +d(z,y)
g




Minimum distance of a code

The minimum distance of a code C is: def
d = rrpnC d(x,x')
x,x' €

Theorem: Error-correction capability of a code

Let C be a code with minimum distance d, and definet = |(d —1)/2].
Then C can correct any pattern of up tot errors.

v

Proof. Suppose that x is transmitted and T < t errors occur. Theny = x +e,
where wt(e) = 7. We claim that:

y is closer to x than to any other codeword
Indeed, let us assume the contrary. Then there exists a codeword z € C such that
d(y,z) <d(y,x). Thus
d(x,z) <d(x,y) +d(y,z) <2d(x,y) =2wtly —x) =27 <2t <d—1
which contradicts the minimum distance of C. Now, it follows from the claim

that by comparing y with all the codewords and selecting the closest one, we
can correct any occurrence of up to t errors. O



Error correction: Geometric view

Definition: Hamming sphere

The Hamming sphere of radius t about x € IF" is the set of all vectors whose
Hamming distance from x is at most t:
g def {y cF":d t}

S(x,t
Lett= L(d — 1) /2] asbefore. Itis easy to see that the Hamming spheres
of radius t about the codewords are disjoint:

0 £
S

If T < t errors occur, the received vector y belong to one and only one
such sphere, centered on the transmitted codeword x.



The Hamming paradigm

Hamming distance: is a metric in F" defined by

d(x,y) L 4 of positions where x and y differ

Minimum distance of a code:

=4 d % min d(x,x)

x,x'eC

A code with minimum distance d can
be regarded as a packing of non-over-
lapping spheres of radius

d—1 d
b= {zJ ~3

Such a code can thus correct any f arbitrary transmission errors! J




Limit of error correction capability

Lemma: Limit of error-correction capability

Let C be a code with minimum distanced. Thent = |(d — 1) /2] is the
maximum number of errors that C can guarantee to correct.

PrOOf Sketch. Let x,z € C be two codewords at distance d, and suppose
d = 5so that t = 2. Without loss of generality, take x = (a1apa344a500...0) and
z = (b1babsbsb500...0). Suppose t + 1 = 3 errors occur during the transmis-
sion of x. Then we could have the following situation:

X = ((11ﬂ2[13114{15 00... 0)

y = (b1b2b3a4a5 00... 0)

zZ = (b1b2b3b4b5 00... 0)
The received vector y is closer to z than to x, and the nearest neighbor decoder
will make an error. No other decoder can resolve the problem. O

Error detection:
If y ¢ C, we know an error has occurred. We might choose to try to cor-
rect it, or not. This is known as incomplete decoding.



Error correction and detection

Theorem: Error-correction and detection

A code C with minimum distance d, can be used to correct up to T er-
rors and detect up to T + o errors iff

d—1
d>22t+o0+1, Omax =d—1 Tmax:\‘J

2
Proof.

T c+1 T

@ 7 = 0, error detection only @ ¢ = 0, error correction only

Decoder: compare y with all the codewords and select the closest one x.
If d(x,y) < T, decode to x. Otherwise declare that an error is detected. ]



Fundamental parameters of codes

Definition: Length and rate of a code

For ablock code C = {x1,...,xpm} CF", the length of C isn, the size of
C is M, and the rate of C is defined as R = logq M/n, where q = |F|.

Definition: Minimum distance of a code
The minimum distance of a code C is: def

d = min d(x,x')
x,x'eC

4

A code C with these paremeters is said to be an (1, M, d) code. The most
basic problem in algebraic coding theory is the tradeoff between these
three parameters: Given n and d, find codes with the highest possible
rate R, or equivalently, of the largest possible size M.

Ay(n,d) L the largest number of codewords in a binary code J

of length n and minimum distance d.




What are the values of A, (1,d)?

= [a=6 [a=8 Ja=10 Ja=12 [d=14]d=16]
6 4 2 1 1 1 1t
7 |8 2 1 1 1 1t
3 [|16 2 2 1 1 1t
9 [|20 4 2 1 1 1|
10[[40 6 2 2 1 1t
1172 12 2 2 1 1t
12[[144 24 4 2 2 1t
13])[256 ) 4 2 2 1t
14][512 64 8 2 2 2 1
151024 128 16 4 2 2 1
16[[2048 256 2 4 2 2 |2
17][2816-3276  [258-340 36 6 2 2 |2
18[[5632-6552  |512-673 64 10 4 2 |2
19][10496-13104  [1024-1237  [128 20 4 2 |2
20[|[20480-26168 20482279 256 40 6 2 |2
21]][40960-43688 [2560-4096 512 4241 |8 4 2
22)81920-87333 [[4096-6941 1024 6484 |12 4 |2
23| 163840-172361/8192-13674 2048 80-150 |24 4 |2
24/)[327680-344308] 16384-24106 4096 136-268 (48 6 |4

Why only even values of d?
Ax(n,d) =Ay(n+1,d+1)  foroddd

Research problem: Improve any entry in this table!





