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ECE 259A: Solutions to Problem Set #2

1. The set of all the syndromes s is equal to Fn−k
2 which is a vector space of dimension n−k. Thus

the image of Fn−k
2 under any linear mapping L(s) cannot have dimension larger than n−k. On the

other hand, since the n vectors of weight 1 form a basis for Fn
2 , any subset of Fn

2 which contains
more than n− k such vectors (single error-patterns) must have dimension greater than n− k.

2. (a) Count in two ways the total number 2nN (r) of codewords contained in Hamming spheres
of radius r about every point in the space Fn

2 . The first way to count this number is the def-
inition of N (r). The second way is as follows. Because any codeword has exactly V(n, r)
points x∈Fn

2 within distance r from it, it lies in exactly V(n, r) such spheres. Therefore
the total number of codewords in all such spheres must equal |C| ·V(n, r). Hence, we have
N (r) = |C| ·V(n, r)/2n = V(n, r)/2n−k.

(b) We may always assume w.l.o.g. that N (d) > 1. Otherwise, there must exist at least one
point x∈Fn

2 which has no codeword within distance d from it. We could then declare x to
be a codeword, thereby enlarging the code and increasing the rate. Hence 2k−nV(n, d) > 1
or k > n− log2 V(n, d), from which the required result easily follows.

3. Exactly half of the codewords of C have even weight and half have odd weight. Hence the num-
ber of codewords of weight d is at at most 2k−1, and we have:

d2k−1 + (d+1)(2k−1 − 1) 6 ∑
x∈C

wt(x) 6 n2k−1

where the second inequality is essentially the Plotkin bound. If d is even, then the number of non-
zero codewords of weight d is at most 2k−1 − 1, and we have

d (2k−1 − 1) + (d+1)2k−1 6 n2k−1

which is a slightly better bound.

4. (a) Extending: Clearly n′ = n + 1 and k′ = k. Since the weight of all the codewords in C′ is
even by construction, we have d′ = d + 1 if d is odd, and d′ = d if d is even. A generator
matrix for C′ is given by G′ = (G|G1t), where 1 denotes the all-one vector. A parity-check
matrix for C may be obtained by appending to H an all-zero column and (then) an all-one
row. See the solution to problem 4 of Problem Set #1.

(b) Puncturing: Clearly n′ = n− 1 and k′ = k. The minimum distance d′ of C′ is either d− 1
or d, depending upon whether or not there is a minimum-weight codeword in C whose sup-
port (the set of nonzero positions) includes the last position. A generator matrix for C′ is
obtained by simply deleting the last column of G. With elementary row operations, we can
always transform H into a parity-check matrix H∗ for C, such that the last column of H∗
is of the form (100 · · · 00)t. A parity-check matrix for C′ is then obtained by deleting the
first row and the last column of H∗.

(c) Shortening: Clearly n′ = n− 1 and k′ = k− 1. All we can say regarding the minimum
distance d′ of C′ is that d′ > d. If there is a minimum-weight codeword in C whose support
does not include the last position, then d′ = d. Otherwise d′ > d, and the difference d′ − d
could be, in principle, as large as n− 3. A parity-check matrix for C′ is obtained by simply
deleting the last column of H. Usig appropriate elementary row operations, we can always
transform G into a generator matrix G∗ for C, such that the last column of G∗ is of the form



(100 · · · 00)t. A generator matrix for C′ is then obtained by deleting the first row and the
last column of G∗. Comparing this with part (b), we see that puncturing and shortening are
dual operations. Thus if C′ is a shortened code of C, then the dual code of C′ is a punctured
code of C⊥, where the shortening and puncturing are at the same position.

(d) Expurgating: Clearly n′ = n and k′ 6 k. If there are no codewords of odd weight in C,
then k′ = k (and C′ = C). Otherwise, k′ = k− 1. All we can say regarding the minimum
distance d′ of C′ is that d′ > d. If d is even then d′ = d. Otherwise d′ > d, and the differ-
ence d′ − d could be, in principle, as large as n− 3. Using elementary row operations, we
can find a generator matrix G∗ for C that contains at most one row of odd weight. Deleting
this row (if there is one) from G∗ yields a generator matrix for C′. A parity check matrix
H′ for C′ can be obtained by appending the all-one row 1 to H (if C does not contain
codewords of odd weight, then H′ still has rank n− k).

If C is the (15, 11, 3) Hamming code, then extending C produces the (16, 11, 4) extended Ham-
ming code, puncturing C (in any position) produces a (14, 11, 2) code, shortening C (in any
position) produces a (14, 10, 3) code, and expurgating C produces a (15, 10, 4) code. Assuming
the following parity-check matrix for C:

000000011111111
000111100001111
011001100110011
101010101010101


the parity-check matrices of the extended, punctured, shortened, and expurgated codes are given,
respectively, by:

1111111111111111
0000000111111110
0001111000011110
0110011001100110
1010101010101010


00011111111000

01100111100110
10101011010101




00000001111111
00011110000111
01100110011001
10101010101010




111111111111111
000000011111111
000111100001111
011001100110011
101010101010101



5. Noting that C is perfect and counting the number of vectors x∈F23
2 of weight i we obtain:

distance # of vectors of weight i

d(x,C) = 0 : Ai

d(x,C) = 1 : (i+1
1 )Ai+1 + (n−i+1

1 )Ai−1

d(x,C) = 2 : (i+2
2 )Ai+2 + (n−i+2

2 )Ai−2 + ( i
1)(

n−i
1 )Ai

d(x,C) = 3 : (i+3
3 )Ai+3 + (n−i+3

3 )Ai−3 + (i+1
2 )(n−i−1

1 )Ai+1 + (i−1
1 )(n−i+1

2 )Ai−1

Since every x∈F23
2 is within distance 3 from a unique codeword of C, the sum of all the four

terms above must equal (n
i ). This produces the required recurrence. The resulting weight distri-

bution of the binary Golay code is given by:

i : 0 7 8 11 12 15 16 23
Ai : 1 253 506 1288 1288 506 253 1

Clearly A∗i = 0 if i is odd, since all the codewords in the extended code have even weights. Fur-
thermore, for even i we have A∗i = Ai + Ai−1, since there is a 1 in the extension coordinate if



and only if the weight of the codeword being extended is odd. This gives the weight distribution
of the extended Golay code:

i : 0 8 12 16 24
A∗i : 1 759 2576 759 1

6. This problem is just a way to introduce a couple of perfect ternary codes.

(a) There are 313 possible outcomes. An entry wins a prize if it is at Hamming distance 6 1
from the actual outcome. For any entry, the number of ternary vectors at distance 6 1 from
it is 1+ (3− 1)(13

1 ) = 27 = 33. Thus, one needs to spend at least 313/33 = 310 = 59 049
pesos to guarantee a prize.

(b) The ternary (13,10,3) Hamming code has 310 codewords, and is perfect — that is, any vec-
tor in Fq313 is at distance 6 1 from a unique codeword. To specify the code, we need to
construct a parity-check matrix consisting of 13 columns with 3 ternary symbols each, such
that no two of them are multiples of each other. This may be easily constructed by trial and
error, or by taking as columns all the ternary 3-tuples, with the topmost nonzero entry equal
to 1. Here it goes:

H =

0000111111111
0111000111222
1012012012012


(c) For this part we need an (11,6,5) perfect ternary code. This is known as the ternary Golay

code, and its 36 = 729 codewords are generated by:

G =


100000011111
010000101221
001000110122
000100121012
000010122101
000001112210


Along with the binary (23,12,7) Golay code, these are the only multiple error-correcting
perfect codes over a field.
The ternary Golay code was first published by Juhani Virtakallio in 1947, two years prior
to its re-discovery by Golay, in the Finnish soccer pool magazine Veikkaaja . Virtakallio did
not recognize this as a linear code, and viewed it as a nice ‘system’ of 729 entries, devised
specifically for the Finnish soccer lottery. He writes:

When during last winter the soccer-pool prizes reached a peak, there was talk with the edi-
tors about publishing the system, but they could not fit the 729 columns into the magazine.


