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ECE 259A: Problem Set #2

1. Recall that the syndrome s is a linear function of the error-pattern e. A linear decoder finds its
estimate ¢ of the error-pattern as a linear function of s. That ise = L(s), where L(-) satisfies
L(s+s') = L(s) + L(s’). Show that a linear decoder for a binary linear code can correct at most
n — k of the n single erorrs (and, hence, it is not a particularly useful decoder).

2. Another proof of the Gilbert-Varshamov bound (due to Gilbert):

(a) Given an (n, 2K, d) binary code C — not necessarily linear — show that for any integer 7, the
average number of codewords in a Hamming sphere of radius r is given by
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where V(n,7) = ¥7_ (%) is the volume of the Hamming sphere of radius 7.

(b) Use the above relation with ¥ = d to show that there exist binary codes of rate R and mini-
mum distance d, which satisfy R > 1 — (1/n) log,V(n,d).

3. Let C be an (n, k, d) binary linear code, and assume that C contains a codeword of odd weight.
Show that d (2F — 1) < n2K=1 — 2k=1 41, Can this bound be strengthened if it is known that
d is even? (Hint: this is a variation of the Plotkin bound).

4. Let Cbe an (1, k, d) binary linear code with parity-check matrix H and generator matrix G. You
may assume that there are no all-zero columns in either H or G. The four parts of this problem
describe four standard operations used to produce a related code C’ from C. In each case, give
an estimate for the parameters (n’,k’,d") of C'. Moreover, explain how a parity-check matrix
and a generator matrix for C’ can be obtained from H and G.

(a) The following operation is called extending or adding an overall parity check, and the re-
sulting code C' is called the extended code of C:

¢ & {(xl,xz,...,xn,x1+x2+"'+xn) 1 (x1'x2""’x”)€(c}

(b) The following operation is called puncturing and the resulting code C' is called a punctured
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code of C:

def
c = {(xl,xz,...,xn_l) . (xl,xz,...,xn)E(C}

(c) The following operation is called shortening and the resulting code C’ is called a shortened
code of C:

def
C/ :e {(X1,x2,...,xn71) : (xl’xz""'xnillo)ec}

(d) The following operation is called expurgating and the resulting code C' is called the expur-

gated code of C:

¢ def {1 : x € C and wt(x) EOmodZ}

Now suppose that C is the (15,11, 3) binary Hamming code. What are the parameters of the
corresponding codes C’ in each of the four cases above? Write down a parity-check matrix for
C and for each of the four codes C’.



5. Let C be the (23,12, 7) binary Golay code, and let C* be the (24,12, 8) extended binary Golay
code. Let A; and A} denote the number of codewords of weight i in C and C*, respectively. Find
a recurrence which determines A;. Then express A in terms of A; and A;_1. Then use all this
to determine the weight distribution of C and C*.

6. A popular weekly lottery in Mexico is based on the results of 13 soccer games. A lottery en-
try costs one peso, and consists of a vector with 13 components, each of which can take three
possible values: the home team wins, there is a draw, the visiting team wins. You win a prize if
you correctly predict the results of at least 12 games. The question is how many pesos you must
spend to guarantee a prize.

(a) Use simple counting arguments to give a lower bound on this quantity.

(b) Devise a scheme which attains the lower bound.

(c) Optional for extra credit: repeat parts (a) and (b) for 11 games, with at least 9 games
needed to win a prize. (Hint: this is not a research problem).



