
Day3-Number-Representations-Worksheet

Definition (Rosen p. 246) For b an integer greater than 1 and n a positive integer, the base b expansion
of n is

(ak−1 · · · a1a0)b
where k is a positive integer, a0, a1, . . . , ak−1 are nonnegative integers less than b, ak−1 6= 0, and

n = ak−1b
k−1 + · · ·+ a1b + a0

Example:

Base b Collection of possible coefficients in base b expansion of a positive integer

Binary (b = 2) {0, 1}

Ternary (b = 3) {0, 1, 2}

Octal (b = 8) {0, 1, 2, 3, 4, 5, 6, 7}

Decimal (b = 10) {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}

Hexadecimal (b = 16) {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A,B,C,D,E, F}
letter coefficient symbols represent numerical values (A)16 = (10)10

(B)16 = (11)10 (C)16 = (12)10 (D)16 = (13)10 (E)16 = (14)10 (F )16 = (15)10

Decimal b = 10 Binary b = 2 Octal b = 8 Hexadecimal b = 16

(1401)10

(1401)2

(1401)8

(1401)16

Algorithm for calculating integer part of log
1 procedure log(n : a p o s i t i v e i n t e g e r )
2 r := 0
3 while n > 1
4 r := r + 1
5 n := n div 2
6 return r {r holds the result of the log operation}

n r n > 1?



Algorithm 1: Start with highest power of b, i.e. at left-most coefficient of expansion

Example: (17)10 = ( )3

Calculating integer part of logb

1 procedure logb(n, b : p o s i t i v e i n t e g e r s with b > 1)
2 r := 0
3 while n > 1
4 r := r + 1
5 n := n div 2
6 {EDIT the above so that r holds the result of the logb operation}

Calculating base b expansion, from left
1 procedure baseb1(n, b : p o s i t i v e i n t e g e r s with b > 1)
2 v := n
3 k := logb(n, b) + 1
4 for i := 1 to k
5 ak−i := 0
6 while v ≥ bk−i

7 ak−i := ak−i + 1
8 v := v − bk−i

9 return (ak−1, . . . , a0){(ak−1 . . . a0)b is the base b expansion of n}

Extra example: Trace the calculation of the ternary (base 3) expansion of 17, using Algorithm 1.

The Division Algorithm (Rosen 4.1 Theorem 2, p. 239) Let n be an integer and d a positive integer.
There are unique integers q and r, with 0 ≤ r < d, such that n = dq + r. In this case, d is called the divisor,
n is called the dividend, q is called the quotient, and r is called the remainder. We write q = n div d and
r = n mod d.

Algorithm 2: Start with right-most coefficient of expansion

Calculating base b expansion, from right
1 procedure baseb2(n, b : p o s i t i v e i n t e g e r s with b > 1)
2 q := n
3 k := 0
4 while q 6= 0
5 ak := q mod b
6 q := q div b
7 k := k + 1
8 return (ak−1, . . . , a0){(ak−1 . . . a0)b is the base b expansion of n}

n b q k ak q 6= 0?


