
The binomial 
distribution
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Sum of IID binary 
random variable

xi =

{

+1 with prob. p

−1 with prob. 1 − p

Sn =

n∑

i=1

xi
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reachable locations

0s1

-1 +1s2

+20-2s3

-1 +1-3 +3s4
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Number of paths

1

1 1
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3 31 1
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Binomial Coefficients 

(

n

k

)

=
n!

k!(n − k)!

Number of paths = number of ways to
                             choose k out of n elements

Location = number of +1’s minus number of -1’s
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The binomial recursion

(

n

k

)

=

(

n − 1

k − 1

)

+

(

n − 1

k

)
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The factors    

The probability of a path with k +1’s and n-k -1’s is

p
k(1 − p)n−k

The number of paths with k +1’s and n-k -1’s is
(

n

k

)

=

(

n

n − k

)

The sum of  k +1’s and n-k -1’s is

Sn = 2k − n
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The distribution of Sn

k =
n + s

2
, n − k =

n − s

2

P (Sn = s) =

(

n
n+s

2

)

p
n+s

2 (1 − p)
n−s

2
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Sum of IID triary
random variable

Sn =

n∑

i=1

xi

xi =







(1, 0, 0) with prob. p1

(0, 1, 0) with prob. p2

(0, 0, 1) with prob. p3

p1 + p2 + p3 = 1
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A Simplex

(3,0,0)

(0,3,0)

(0,0,3)
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The multinomial distribution 

P (Sn = (i, j, k)) =

(

n

i, j, k

)

pi
1p

j
2
pk
3

(

n

i, j, k

)

=
n!

i!j!k!

n = i + j + k
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