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Lecture 7: 

Matrix Solver I: 
KLU: Sparse LU Factorization of Circuit
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Outline

circuit matrix characteristics
ordering methods

AMD
factorization methods

Gilbert & Peierls’ left-looking sparse LU
KLU: sparse LU for circuit matrices (K: “Clark 
Kent”)
experimental results
Summary
reference: KLU: a "Clark Kent" sparse LU factorization algorithm for circuit matrices, a talk 
given by Ken Stanley at the 2004 SIAM Conference on Parallel Processing for Scientific 

Computing (PP04).
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KLU OVERVIEW

KLU: An effective sparse matrix 
factorization algorithm for circuit matrices
block triangular form (BTF)
approximate minimum degree (AMD)
Gilbert/Peierls’ method of factorization
very little fill-in for circuit matrices
up to 1000 times faster than Kundert’s
Sparse 1.3 in SPICE
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Sparse circuit matrix characteristics

zero-free or nearly zero-free diagonal
unsymmetric values, pattern roughly symmetric
permutable to block triangular form (BTF)
very, very sparse

For example, for a 500x500 mesh, number of nonzero 
elements in the matrix is 1.2M. 99.998% sparse!!!

if ordered properly: LU factors remain sparse 
(peculiar to circuit matrices)
if ordered with typical strategies: can experience 
high fill-in
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Ordering methods : BTF

Unsymmetric permutation to upper block triangular form.
MATLAB function: dmperm()
step 1: unsymmetric permutation for a zero-free diagonal (a maximal matching 
graph problem)

step 2: symmetric permutation to block triangular form (find the strongly-
connected components of a graph)

factor/solve block k, block back substitution, factor/solve block k-1….. No fill-in in 
off-diagonal blocks
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Ordering methods : AMD

AMD: Approximate Minimium Degree Ordering 
Algorithm. Finds Q to reduce fill-in for the 
Cholesky factorization of QTAQ (or of QT(A + AT)Q 
if A unsymmetric). Which limits fill-in for LU 
Factorization of QTAQ assuming no numerical 
pivoting.
pre-ordering: find Q to control fill-in of Cholesky of 
QT(A + AT)Q. This Q will limit the fill-in for LU 
factorization of QTAQ.
numerical factorization: try to select P = Q 
(constrained partial pivoting)
Result: PAQ = LU
AMD reduces an optimistic estimate of fill-in.
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Factorization methods : 
Gilbert/Peierls

left-looking. kth stage computes kth column of L and U
L = I
U = I
for k = 1:n

s = L \ A(:,k)
(partial pivoting on s)
U(1:k,k) = s(1:k)
L(k:n,k) = s(k:n) / U(k,k)

end

key step: solve Lx = b,
where L x, and b are sparse

Reference: J. R. Gilbert and T. Peierls, Sparse partial pivoting in time proportional to arithmetic 
operations, SIAM J. Sci. Statist. Comput., 9 (1988), pp. 862-874
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Factorization methods : 
Gilbert/Peierls

Solving Lx = b, need nonzero pattern of x to compute x
x = b
for j = 1:n

if (x(j) != 0)
x(j+1:n) = x(j+1:n) - ...
L (j+1:n,j) * x(j)

end
end
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KLU: a “Clark Kent” LU

Gilbert/Peierl’s: used with unsymmetric
preordering in MATLAB, so unsuitable for 
circuits
KLU: a “Clark Kent” LU
BTF ordering
AMD ordering of each block
Gilbert/Peierls’ LU factorization of each 
block
partial pivoting with diagonal preference
refactorization can allow for partial pivoting
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Results: Grund/meg1, n: 2902, 
non-zeros: 58,142
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Results: Grund/meg1, n: 2902, 
non-zeros: 58,142
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Results: Hamm/scircuit, n: 
170,988, nnz: 958,936
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Results: Hamm/scircuit, n: 
170,988, nz: 958,936
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Results: Sandia/mult_dcop_03 , 
n: 25187, nz: 193,216
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Results: Sandia/mult_dcop_03 , 
n: 25187, nz: 193,216



CSE 245 Slides Courtesy Tim Davis, Ken Stanley. U of Florida16

Summary

KLU: An effective sparse matrix 
factorization algorithm for circuit matrices
block triangular form

However, for circuit matrix, it is hard to 
permute to Block Triangular Form

approximate minimum degree (AMD)
Gilbert/Peierls’ method of factorization

Much faster than the factorization method used 
in SPICE.


