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1 Intr oduction

In applicationssuchasspace-basedremoteimagingandsurveillance,datais collectedin
theform of multiplesmallimagesthateachcontainapieceof adesiredscene.For example,
consider�lm takenby a satelliteorbiting a planet.Eachframewill show a smallpieceof
theplanetsurface,but whatis usefulis animageof alargefractionof thesurface.Thegoal
of mosaicingis to stitch togethera single imagefrom thesesmaller, overlappingimage
frames.

Each2-D point in eachimageis theprojectionof a3-D point in theworld. A mosaicof all
theimageswill containtheprojectionof every3-D point viewablein any imagein a com-
mon coordinatesystem.For any pair of images,if the camera's intrinsic parametersand
motionbetweenimagesis known, thenimagemosaicingis trivial. Theintrinsicparameters
de�ne the3 x 3 viewing matrixV, which is thetransformationfrom the3-D locationof a
point relative to thepositionof thecamerato the 2-D locationof that point in an image.
The invertedviewing matrix, V � 1, canthereforebe usedto transformthe 2-D imagelo-
cationof a point in the �rst image,x1, to the 3-D world locationof that point relative to
thecamera'scurrentposition,X1: X1 � V � 1x1. In thisequation,theworld coordinatesare
inhomogeneous,three-elementcoordinatesandthe imagecoordinatesarehomogeneous,
three-elementcoordinates.The motion of the camerabetweenimagesde�nes the trans-
formationfrom the world coordinatesystemrelative to the camera's �rst position to the
world coordinatesystemrelative to thecamera's secondposition. Theprojectionof point
X1 in theworld coordinatesystemrelativeto thecamera'ssecondpositionis X2 � RX1 � t �

whereR is thecamera'srotationandt is thecamera'stranslation.Becausethesamecamera
takesall the images,the viewing matrix alsode�ne the transformationfrom X2, the 3-D
locationof a point relative to thesecondpositionof thecamera,to x2, the2-D locationof
thatpoint in thesecondimage.Thus,theprojectionof eachpoint in the�rst imageto the
coordinatesystemof thesecondimageis

x2
� V � RV

� 1x1
� t ��� (1)

In general,thecamera's intrinsicparametersandmotionarebothunknown, thusthetrans-
formation from one image's coordinatesystemto anotherimage's coordinatesystemis
unknown. It is impossibleto estimateV, R, andt without ambiguity, givenonly the im-
ages.It is extremelydif�cult to estimatetheseparameters,evenupto anambiguity, because
V is commonto all pairsof images.Thustheestimationcannotbe brokenup into parts,
andmustbeperformedoverall imagepairsat once.



However, if we assumethat the cameradoesnot translatebetweenimages,the problem
is greatlysimpli�ed. Considerthe previous equationswhenthe translationvectort � 0.
Equation1 reducesto

x2
� VRV

� 1x1
� Hx1

�

Thus,thereis a 3 x 3 matrix H that projectspointsin the �rst imageinto the coordinate
systemof the secondimage(Szeliski,1994). Any 3 x 3 matrix that projectscoordinates
from oneimageto anotheris a planarhomography. More intuitively, if the cameradoes
not translate,thenthereis nomotionparallax. Parallaxis thedisplacementof pointsin one
imagethatarecoincidentin thesecond.It is observablewhenyouswitchfrom justyourleft
eye to just your right eye andis thekey to depthperception.Without parallax,no effects
of pointsin a scenebeingat differentdepthsareobservable. Thusit canbeassumedthat
all pointsin thescenelie on a plane.Becausethe transformationbetweenoneprojection
of a planeanda secondprojectionof thesameplaneis a homography, thetransformation
betweenoneframeandany otherframeis a homography.

Assumingthatall theimagesarerelatedto eachotherby homographies,the�rst taskis to
estimatethesehomographiesgivenonly theimages.Approachesto homographyestimation
all estimatepointcorrespondencesbetweenimagesandtheimagetransformationsbetween
oneimageandtheotherimages.Whenthe imagetransformationsareknown, all images
canbetransformedto bein thesameframe,andfusedtogetherto createasinglepanoramic
image.

In this project, I appliedthe feature-baseddescribedin (Torr andZisserman,1999)ap-
proachto homographyestimation. The feature-basedmethods,in contrastwith direct
methods,only calculatepoint correspondencesin areaswhereit is likely that an accu-
ratecorrespondencecanbe found. In the next section,I explain the approachI usedfor
homographyestimation.In Section3, I discussmethodsfor blendingtheprojectedimages
together. In Section4, I presentmy results. In section5, I discussmy conclusionsand
futurework.

2 Feature-BasedMethods to Homography Estimation

Feature-basedmethods�nd correspondencesandthecorrespondinghomographiesfor se-
lectsetsof pointsin eachimagewherethereis achanceof estimatingthecorrectcorrespon-
dence.As anillustrationof pointsin animagethatwould not beusefulin correspondence
calculations,considerpointswherethegradientof thepixel intensitiesin all or onedirec-
tion is small. If thegradientin all directionsis small,thenthepoint is insidea �at region,
andthereis no way of telling onepoint in this �at region from anotherpoint in this �at
region. If thegradientin onedirectionis small,thenthepoint is on a line, andthereis no
telling onepointonthis line from anotherpointonthisline. Thuspointswherethegradient
hasthesepropertiesarenot usefulfor correspondencecalculation,so feature-basedmeth-
odsignorethemandconcentrateon calculatingcorrespondencesbetweeninterestpoints
wherethegradientsin bothdirectionsarelarge. In addition,this makesthesearchspace
smaller. Thus,the�rst stepin feature-basedmethodsis to calculatea setof interestpoints
in eachimage.This is doneusinga cornerdetectionalgorithm,which �nds interestpoints
wherethegradientis high in bothdirections.

The Harris cornerdetectionalgorithm�nds the points for which the criterion det � M ���

ktr � M � is large. k is a constantthatis usuallysetto 0.04andM is a matrix of gradientsof
intensity,

M �

�

I2
x IxIy

IxIy I2
y �

�

whereI is the pixel intensity at every point, I x is the gradientof the pixel intensity in
thex direction,andI y is thegradientin they direction.For this criterionto belargest,the
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Figure1: ExampleinterestpointsdetectedusingtheHarriscornerdetector. Thestandard
deviation of theGaussianusedto smooththeimagegradientsis 4 andthethresholddeter-
miningwhichpointsarecornersandwhicharenot is 10,000.

gradientin bothdirectionsmustbelarge.Theextensionof Harriscornersto color imagesis
verysimilar; thepixel intensitygradientsarereplacedwith thesummedintensitygradients
of eachcolorchannel:

Mcolor
�

�

R2
x

� G2
x

� B2
x RxRy

� GxGy
� BxBy

RxRy
� GxGy

� BxBy R2
y

� G2
y

� B2
y �

�

whereR is the red pixel intensity, G is the greenpixel intensity, andB is the blue pixel
intensity. Figure1 shows cornersdetectedusingthe color Harris cornerdetection(Mon-
tesinoset al., 1998).

The goal of mosaicingis to projectall the imagesinto a commoncoordinatesystem,for
examplethe coordinatesystemof oneof the images. It is not desirableto calculatethe
homographybetweenthis oneimageandall otherimages,becausetheamountof move-
mentbetweenimagesin thesecasesmaybelarge,andtheimagesmaynot overlapmuch.
Instead,thehomographiesbetweenpairsof sequentialimagesis calculated,asthemotion
betweensequentialframeswill in generalbesmallandtherewill bea lot of overlap.The
homographybetweenany two framescanbe calculatedby concatenatinghomographies,
for example,H j � k

� H j � j
�

1 � � � Hk � 11� k for j � k. Thusthehomographybetweenevery im-
ageandthebasisimagecanbecalculatedin this way.

The next stepsin thesealgorithmsaredonefor eachsequentialpair of images. Oncea
setof interestpoints in two sequentialimageshasbeencalculated,correspondencesbe-
tweenthesepoints that �t a homographytransformationneedto be calulated. Because
thehomographydeterminesthepointcorrespondences,andvice-versa,theidealalgorithm
would �nd both of theseat the sametime. However, thereareonly methodsfor �nding
the correspondencesbetweeninterestpointsand�nding the optimal homographyfrom a
setof approximatecorrespondencesseparately. After aninitial estimatefor thepointcorre-
spondencesarefound,feature-basedmethodsiteratively estimatethehomographyfrom the
approximatepoint correspondencesandthepoint correspondencesfrom the approximate
homographyto convergeonanoptimalsolutionfor both.

2.1 Normalized Cross-Correlation

Theinitial correspondencesbetweeninterestpointsarechosenbasedoncross-correlation.
For any interestpoint in oneimage,interestpointsaroundthatlocationin thesecondimage
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Figure2: Exampleof the correspondenceschosenby maximumcross-correlation.The
lines in eachimageconnectcorrespondingpixels. The boxesshow the interestpointsin
eachimage. Thus,a box in oneimagecorrespondsto a box on thesameline segmentin
theotherimage.

aresearchedfor a correspondence.This searchspacecould be the entiresecondimage,
if the amountof motion betweenimagesis unlimited,or a small sectionif the motion is
known to be small. For every interestpoint in the �rst image,a small patcharoundthat
interestpoint is comparedto asmallpatcharoundevery interestpoint in thesecondimage,
andthecorrespondencewith thehighestcorrelationis kept,if it is abovea threshold.This
searchis repeatedfor every point in the secondimage. If a point belongsto multiple
correspondences,thebestcorrespondenceis chosenandtheothersareremoved.

Crosscorrelationworksespeciallywell for imagemosaicingbecausethereis noobservable
parallax. Thus, the distancebetweentwo points in any frame is constantrelative to the
otherbetweenpoint distancesin that image.Overlappingsurfaces,for examplea chair in
front of a tree,will overlapthesameamountin all images,thuscornersdetectedatsurface
junctionswill appearthe samein all imagesandcrosscorrelationwill achieve excellent
results.Examplesof thecorrespondenceschosenby cross-correlationareshown in Figure
2.

2.2 Robust Estimation thr oughRANSAC

Once the initial correspondencesbetweeninterestpoints in two sequentialimagesare
found,RANdomSAmpleConsensus(RANSAC) is runto pruneincorrectcorrespondences
(outliers)usingtheknowledgethattheimagesarerelatedby a homography. As a homog-
raphyhaseightdegreesof freedom(therearenineentriesin the3 x 3 homographymatrix,
and this matrix can only be determinedup to a scalefactor) and eachpoint correspon-
denceprovidestwo constraints,four point correspondencesdeterminea homography. So
in generala largersetof correspondenceswill notbe�t by a homography. Givenaninitial
estimateof pointcorrespondences,RANSAC �nds thehomographythatis supportedby the
largestsubsetof thesecorrespondences.A homographyis supportedby a correspondence
if thedistancebetweenthehomographymodelandthecorrespondenceis below a thresh-
old. This setof correspondencesarethe inliers, andaredeemedcorrectcorrespondences
by RANSAC. The restof thecorrespondencesaretheoutliers,andaredeemedincorrect
andthrown away. Thehomographyfoundby RANSAC ignoresoutliersandis thusrobust.
What doesthe distancebetweena homographyH anda correspondencemean?We can
think of any setof n correspondences� xi � x �i �

asa N � 4n lengthmeasurementvectorX
in �

N , whereX is madeup of the inhomogeneouscoordinatesof the matchedpoints in



both images,i.e. X �

� x1 � y1 � x�1 � y�1 � � � � � xn � yn � x�n � y�n �

T . Let S be thesetof all pointsin �

N

(i.e. the setof all setsof correspondences)that satisfythe homographyH. The distance
betweenX andH is theperpendiculardistancebetweenSandX. Thatis, it is theminimum
distancebetweenX andany X̂ suchthatX̂ � S. This is equivalentto theminimumcostof
the reprojectioncost function for correspondences� xi � x �i �

andhomographyH described
later.

Calculatingthe reprojectionerror requiresnonlinearoptimizationto estimatethe corre-
spondencesthat satisfythe homographythat areclosestto the correspondences.As this
calculationmustbe madeon every iteration,an approximationis made. The symmetric
transfererror is a much simpler function that provides an adequateestimate. Thus the
distancebetweena homographyH andacorrespondenceis

d � H � � x � x �

� �

� d � Hx � x �

�

2
� d � H

� 1x �

� x �

2
�

RANSAC is aniterative algorithm.On eachiteration,four point correspondencesareran-
domly selectedandthe homographyde�ned by thesecorrespondencesis computed.As
thereis a homographythat �ts thesefour correspondences,the solution is easily com-
putedusinga linear algorithm. This solutionis found by noticing that the crossproduct
x �i

� Hxi
� mathbf 0 sincex �i

� cHxi
� mathbf 0 wherec is any scalefactor. Thusfrom

this point correspondence,a 3 x 3 matrix Ai canbe determinedsuchthatAih � 0, Ai de-
pendsonly on the correspondence,andh is the homographymatrix strunginto a vector.
FromtheAi , wecanconstructa12x 3 matrixA s.t. Ah � 0 andA constrainsh completely.
As only two of therowsof eachAi arelinearly independent,therankof A is 8 (for nonde-
generatecases).h is thusin thenull spaceof A, andis theeigenvectorcorrespondingthe0
eigenvalueof A.

After the homographyis calculatedfrom the randomlyselectedpoint correspondences,
the numberof inliers for H is calculated.That is, the distancebetweeneachpoint cor-
respondenceandH is calculated,asdescribedabove. Thesestepsareiterateduntil some
terminationconditionis met. Therandomlyselectedhomographywith thelargestnumber
of inliers is returnedby RANSAC.

Therearetwo parametersthatmustbesetfor theRANSAC algorithm,thedistancethresh-
old to separateinliers from outliersandthenumberof iterationsto be run. The distance
thresholdcanbesetso that theprobability thata point is an inlier is somevaluea if it is
assumedthatthemeasurementerrorfollowsa Gaussiandistributionwith mean0 andvari-
ances2. As cornersweredetectedwith only pixel accuracy, I assumedastandarddeviation
of 0.5pixels. Thenumberof iterationsrequiredcanbesetsothatwith high probability p
(e.g. p �

� 99),at leastoneof therandomsamplesof four correspondencesdoesnotcontain
outliers,given the fraction of points that areoutliers,e. Sincein generalthis fraction is
not known, the numberof samplescanbe determinedadaptively by startingwith a very
high estimateof e andthendroppinge aslargernumbersof inliers arefound(Hartley and
Zisserman,2000).

The inlying correspondencesfound by RANSAC are shown in Figure 3. The distance
betweentheprojectionof theinterestpointsin image2 into thecoordinatesystemof image
1 andthe measuredlocationof the correspondinginterestpoints in image2 is shown in
Figure4(a).

2.3 Reprojection Err or for Over-DeterminedSystems

Thehomographyreturnedby RANSAC maynot bethebest�t for the inlying correspon-
dences.For moreaccurateresults,the homographyandexact point locationsarereesti-
matedusinga morecomplex errorfunction,thereprojectionerror:

å
i

d � xi � x̂i �

2
� d � x �i � x̂ �i �

2
�
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Figure3: Exampleof inliers foundat threeiterationsof RANSAC. Thelinesin eachimage
connectcorrespondingpixels.
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Figure4: (a) Theredx'sarethemeasuredlocationsof theinliers foundby RANSAC, and
theyellow +'saretheprojectionof thecorrespondingpointsin theotherimage.Ideally, the
distancebetweenthepointswould be0. (b) Theredx's arethemeasuredlocationsof the
inliers foundby RANSAC, andtheyellow x's aretheimprovedestimateof theprojection
of thecorrespondingpointsin theotherimagefoundby optimizingreprojectionerror.



subjectto theconstraintx̂ �i
� Hx̂i . Thecorrespondencesandhomographiesthatminimize

this cost function are the Maximum LikelihoodEstimates,if the measurementerror fol-
lows a Gaussiandistribution with mean0 andvariances 2. Minimizing the reprojection
error is dif�cult becauseit is alsononlinearandrequiresdeterminingthevaluesof 2n � 8
parameters,wheren is thenumberof correspondences.This criterion is optimizedusing
theLevenberg-Marquardtoptimizationalgorithm,andrequiresagoodinitial guessof point
locationsandthehomography.

The homographythat minimizesthe algebraicerror is usedto initialize the Levenberg-
Marquardtoptimization.This errorcriterion is � Ah � , whereA andh arediscussedin the
previoussubsection.This measurehasthe advantagethat it is linear andthush is easily
solvedfor (theeigenvectorcorrespondingto thesmallesteigenvalueof A). Thismeasureis
notusedalonebecauseit is notgeometricallyor statisticallymeaningful,andis sometimes
counterintuitive(Hartley andZisserman,2000).

Figure4(b)showsthereducedestimateerrorfoundby minimizing reprojectionerror.

2.4 Bundle Adjustment

Thepreviousdiscussiondescribeshow to �nd thehomographyrelatingeachpairof images
in thesequence.The�nal mosaicwill containall thepointsin all theimages.However, the
homographyrelatingthelastimageandthe�rst imagecomputedsequentiallyastheprod-
uct of all thehomographiesdirectly computedis mostlikely incorrect.This is particularly
importantif thesequencewrapsaroundon itself. Global realignmentmustbeperformed
to resolve this issue.This is donethroughanextensionof thereprojectionerror to all the
imagepairs,

d � H1 � � � � � Hm � � x̂0
� x̂1

��� � � � � � x̂0
� x̂m

� �

�

m

å
i � j

d � x̂0
� H j x̂ j

�

2
�

In this equation,frame0 is thecoordinatesystemof themosaicandH j is thehomography
thatprojectsimagej into frame0. Thisalgorithmmustestimate2n � 9mparameters,where
n is the total numberof interestpointsdetectedin all images.This criterion is optimized
usingthe Levenberg-Marquardt algorithm. The initial estimatesof the point locationsin
frames1 throughm andthe homographiesarethoseoptimizedby the reprojectionerror
earlier. Thecorrespondinglocationsof thesepointsin thebaseframeareestimatedfrom
thesevalues(Hartley andZisserman,2000).

3 Mosaic Construction

3.1 ImageProjection

Oncethehomographiesrelatingtheimageshave beencalculated,theimagesmustbepro-
jectedinto acommoncoordinatesystem.Thesimplestapproachis to projectall theimages
into theframeof oneof theimages,sayprojectall theimagesinto thecoordinatesystemof
the �rst frame. This techniqueworkswell if therotaionaroundany axis is smallenough,
signi�cantly lessthan180degrees.Thelargertherotationfrom thebaseframe,thelarger
andmoreskewedtheprojectedimagewill be.

If mostof the rotationis aroundoneaxis, this canbe resolved by projectingthe images
ontoa cylinder. For example,supposethatthex locationof theimagesvariesa lot but the
y locationvarieslittle. Thex coordinatesof every imageareconvertedto polarcoordinates
wherethedistanceto thescene(theradiusof thecylinder) is constant.For eachpairof im-
ages,thesecondimageis projectedinto theCartesiancoordinatesystemof the�rst image.
Next, thex coordinatesof bothimagesareprojectedinto polarcoordinatesin whichthera-
diusis aconstantz, thedistancefrom thecamerato thescene,xcyl

� k atan� xcart �

z� . k is a



constantto normalizethewidth of thesceneto theheightof thescene.This is repeatedfor
eachpair of images,translatingthecoordinatesof eachpair. Becausetherearenoartifacts
of depth,zcanbeassumedto beconstantfor all images.z is thefocal lengthof thecamera.
As I did not know this, I estimatedit from the approximateviewing angle. If m images
areestimatedto translatea total of 360degreesin thex directionandtheoverlapbetween
eachimageis p, thentheaverageviewing angleof eachimageis q � 360

���

� 1 � p� m� . The
numberof pixels in eachimageis known, thusanestimatefor z is � ncols �

�

2
�

tan� q
�

2� . k
canbeestimatedas � ncols �

2�

�

atan� � ncols�

2�

�

z� . If thisapproximationmustbere�ned, this
canbedoneby seeinghow muchthis estimateover/undershoots360degrees.

3.2 Blending

Oncetheimagesareprojectedinto acommoncoordinatesystem,thepixel intensitiesmust
be blendedtogetherinto one image. A weightedaverageof pixel intensitiesis usedto
createthe�nal mosaic.To reduceeffectsof imageedges,thepixelsclosestto thecenterof
theimageareweightedmostheavily. I usedacubicweightof distanceto theclosestedge.

4 Results

75imagesencirclingthePriceCenteratUCSDweretakenusingadigital camera.Because
of memoryconstraints,only 25 imagescouldbeprojectedinto theframeof the�rst image
taken. Theresultsareshown in Figure5. Theimageswerealsoprojectedinto a cylindri-
cal coordinatesystem. The actualimageprojectionis time consuming(it usesMatlab's
griddatato projecttheimageinto cylindrical coordinates),thusonly preliminaryresultsare
shown in Figure6.
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Figure5: Projectionof 25 and19 imagesof thePriceCenterinto theCartesiancoordinate
systemof oneof the images.The lower imageshows the individual imageboundariesin
red.



Figure6: Projectionof 5 imagesof the PriceCenteronto a cylinder. A mosaicof more
imagesis beingcreated.


