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ABSTRACT

Implementation of QR decomposition Algorithm Using FPGAs

by

Ali Umut Irturk

Matrix decomposition refers to the transformation of a matrix into a canonical
form. Matrix decomposition has very important applications in scientific computing
because of its scientific and engineering significance. The purposes of matrix
decomposition are analytic simplicity and computational convenience. Working with
large size matrices and the repetitive nature of the computations prohibit us from
getting the actual solutions in a desired amount of time. At this point converting a
difficult matrix computation problem into several easy computation problems greatly
facilitates the calculation effort. As a result of the decomposition of the given matrix,
the resulting matrices have lower-rank canonical form and this helps revealing the
inherent characteristic and structure of the matrices and help interpreting their
meaning. There are several different decomposition techniques which has solutions in
different methods. The choice of right decomposition technique depends on the
problem we want to solve and the matrix to be decomposed.
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In this thesis, a QR decomposition core which decomposes a matrix into an
orthogonal and a triangular matrix using Gram-Schmidt orthonormalization method is
designed and implemented. QR decomposition is widely used in the area of
communication and signal processing. The most important applications of QR
decomposition are adaptive beamforming, filtering applications and OFDM,
especially OFDM-MIMO, applications. We considered different designs and their
implementation and simulation using Verilog hardware description language. The
timing and area of the designs are determined by synthesizing the design units using
Xilinx tools on a Virtex4 FPGA (XC4VLX200).
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I. Introduction
Matrix decomposition, also known as matrix factorization, refers to the
transformation of a matrix into a canonical form in the mathematical discipline of
linear algebra [1]. Because of its scientific and engineering significance, matrix
decomposition has very important applications in scientific computing which relates
to linear algebra and applied statistics. The purposes of matrix decomposition
involve two important aspects: analytic simplicity and computational convenience.
Even though it is not extremely hard to obtain desired analytical solutions for the
problems of interest, working with large size matrices such as proximity matrix and
correlation matrix and the repetitive nature of the computations prohibit us from
getting the actual solutions in a desired amount of time. At this point converting a
difficult matrix computation problem into several easy computation problems
greatly facilitates the calculation effort. Because of these reasons, large size matrix
computations which are calculated using matrix determinant, matrix inversion or
solving linear systems are not feasible, and the difficult computation problems need
to be converted to easier tasks as solving diagonal or triangular matrix systems. As
a result of the decomposition of the given matrix, the resulting matrices have lowerrank canonical form and this helps revealing the inherent characteristic and
structure of the matrices and help interpreting their meaning. A large portion of
scientific computing related to linear algebra is devoted to accelerate and stabilize
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computationally intensive operations through the understanding on the structure of
the matrix.
For example, if we consider the solution of the linear equations which has
applications in many areas, there are two general approaches which can be stated as
indirect methods and direct methods. Indirect methods approach the true solution
asymptotically however they never reach to true solution as the number of steps
increases. Some of the examples of indirect methods are Point Jacobi, Gauss-Seidel,
Successive Over Relaxation and Multi-grid. On the other hand, direct methods
reach the theoretically exact result in a fixed number of steps assuming that there is
an infinitely precise computing engine. The examples for the direct methods are
elimination methods such as Gauss Elimination, Gauss-Jordan Elimination, LU
decomposition, Cholesky decomposition and orthogonalization methods such as QR
decomposition. In this thesis, we concentrated on the decomposition methods
which are examples of direct methods. As can be seen, there are several different
decomposition techniques which has solutions in different methods. The choice of
right decomposition technique depends on the problem we want to solve and the
matrix to be decomposed. We considered the design, implementation and
simulation of QR decomposition algorithm for matrix size 4 using Verilog hardware
description language. The timing and area of the designs are determined by
synthesizing the design units using Xilinx tools on a Virtex4 FPGA. This design is
easily extendable to other matrix sizes and it can be used for LU decomposition by
adding pivoting algorithm.
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II. Overview
A. Matrix Definitions
A matrix is a rectangular array of numbers. If the array has n rows and m
columns then it is said to be an n x m matrix. The element in the ith row and jth
column of the matrix A is denoted by Aij.

⎡ A11
⎢A
⎢ 21
⎢ A31
⎢
⎢ M
⎢⎣ An1

A12
A22
A32
M
An 2

A13 L A1m ⎤
A23 L A2 m ⎥⎥
A33 L A3m ⎥
⎥
M
M
M ⎥
An 3 L Anm ⎥⎦

Definition 1 - Square matrix is a matrix which has the same number of rows as
columns.

⎡ A11
⎢A
⎢ 21
⎢⎣ A31

A12
A22
A32

A13 ⎤
A23 ⎥⎥
A33 ⎥⎦

It is important to state that square matrices are used in our QR decomposition
simulations. However, this design can easily extendable to rectangular matrices for
QR decomposition. Because of working with n x n matrixes, matrix size is denoted
as n in the thesis. For example, while working with a 16 x 16 matrix where n = 16,
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it is referred as matrix having a size of 16. The n is basically just the number of
columns or rows for a square matrix, and could be interpreted differently. This is
important to state for preventing the probable confusion in the later sections of the
thesis.

Definition 2 - Column vector is a matrix with one column and row vector is a
matrix with one row.

⎡ A1 ⎤
Column Vector: ⎢⎢ A2 ⎥⎥
⎢⎣ A3 ⎥⎦

Row Vector: [A1

A3 ]

A2

Definition 3 – Diagonal of the square matrix is the top-left to bottom-right
diagonal. A square matrix is diagonal matrix if all the elements off the diagonal are
zero which can be shown as Aij = 0 if i ≠ j.

⎡ A11
Diagonal Matrix: ⎢⎢ 0
⎢⎣ 0

4

0
A22
0

0 ⎤
0 ⎥⎥
A33 ⎥⎦

Definition 4 – A square matrix is upper triangular matrix if all elements below
the diagonal are zero. A square matrix is lower triangular matrix if all elements
above the diagonal are zero.

⎡ A11
Upper Triangular: ⎢⎢ 0
⎢⎣ 0

A12
A22
0

A13 ⎤
A23 ⎥⎥
A33 ⎥⎦

⎡ A11
Lower Triangular: ⎢⎢ A21
⎢⎣ A31

0

0 ⎤
0 ⎥⎥
A33 ⎥⎦

A22
A32

Definition 5 - Transpose of a matrix A is another matrix which is created by
writing the rows of A as the columns of transpose matrix or writing the columns of
A as the rows of transpose matrix. Transpose of matrix A is written as AT.

⎡1 4 7 ⎤
⎡1 2 3⎤
⎥
⎢
A = ⎢4 5 6⎥, AT = ⎢⎢2 5 8⎥⎥
⎢⎣3 6 9 ⎥⎦
⎢⎣7 8 9⎥⎦

Definition 6 - A square matrix is symmetric if it equals to its own transpose, A
= AT and its elements are symmetric about the diagonal where Aij = Aji for all i and j
and. For example:

5

⎡1 4 7 ⎤
⎢ 4 3 2⎥
⎢
⎥
⎢⎣7 2 5⎥⎦

Definition 7 - An identity matrix is the diagonal square matrix with 1's down its
diagonal. Identity matrix is written as I.

⎡1 0 0⎤
⎢0 1 0 ⎥
⎥
⎢
⎢⎣0 0 1⎥⎦

Definition 8 - A zero matrix is the matrix which has all its elements zero.

⎡0 0 0 ⎤
⎢0 0 0 ⎥
⎥
⎢
⎢⎣0 0 0⎥⎦

Definition 9 - Complex conjugate of a complex number is written by changing
the sign of the imaginary part. If the complex number is y, the complex conjugate of
_

the complex number can be written as y .

_

y = a + ib, y = a − ib
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Definition 10 - Complex conjugate transpose is complex matrix which is
created by taking the transpose of the matrix and then taking the complex conjugate
of each entry. If the matrix is represented by A, complex conjugate transpose of
matrix A can be written as A*.

⎡1 + 2i 3i ⎤ * ⎡1 − 2i 4 − 5i ⎤
A=⎢
⎥, A = ⎢ − 3i
6 ⎥⎦
⎣4 + 5i 6 ⎦
⎣

Definition 11 - A hermitian matrix is a complex matrix and it equals to its own
complex conjugate transpose, A = AH.

Definition 12 – Matrix inverse of square matrix A is A-1 such that AA-1 = I
where I is the identity matrix).

Definition 13 - An orthogonal matrix is a real matrix and the inverse of the
matrix equals to its transpose, that is Q × QT = QT × Q = I.

Definition 14 - A complex matrix U is a unitary matrix if the inverse of U
equals the complex conjugate transpose of U, U-1 = UH, that is U × UH = UH × U =
I.

7

Definition 15 - Determinant of a matrix is a function which depends on the
matrix size and it is calculated by combining all the elements of the matrix. It is
only defined for square matrixes. It is denoted as det (A) or |A|. For a 2 × 2 matrix,
it can be shown as

⎡ A11
⎢A
⎣ 21

A12 ⎤
= ( A11 × A22 ) − ( A12 − A21 )
A22 ⎥⎦

Definition 16 - A matrix is singular if its determinant is 0 and as a result it
doesn’t have a matrix inverse. Nonsingular matrix is the matrix which is not
singular.

Definition 17 – In a matrix, if a row or column is a multiple of one another,
they are not independent. The determinant is zero. Maximum number of
independent rows or equivalently columns specifies the rank of a matrix.

B. Decomposition Methods
1. QR Decomposition
QR decomposition is one of the most important operations in linear algebra. It
can be used to find matrix inversion, to solve a set of simulations equations or in
numerous applications in scientific computing. It represents one of the relatively
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small numbers of matrix operation primitive from which a wide range of algorithms
can be realized.
QR decomposition is an elementary operation, which decomposes a matrix into
an orthogonal and a triangular matrix. QR decomposition of a real square matrix A
is a decomposition of A as A = Q×R, where Q is an orthogonal matrix (QT × Q = I)
and R is an upper triangular matrix. And we can factor m x n matrices (with m ≥ n)
of full rank as the product of an m x n orthogonal matrix where QT × Q = I and an n
x n upper triangular matrix.
There are different methods which can be used to compute QR decomposition.
The techniques for QR decomposition are Gram-Schmidt orthonormalization
method, Householder reflections, and the Givens rotations. Each decomposition
method has a number of advantages and disadvantages because of their specific
solution process. Each of these techniques are discussed in detail in the next section.
1.1. Gram-Schmidt Orthonormalization Method
Gram-Schmidt method is a formulation for the orthonormalization of a linearly
independent set. QR decomposition states that if there is an A matrix where
Aє

n*n

, there exists an orthogonal matrix Q and an upper triangular matrix R

such that A = QR, is the most important result of this orthonormalization. This
method is used as algorithm to implement QR decomposition.
This decomposition can be seen as
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⎡ A11
⎢A
⎢ 21
⎢ A31
⎢
⎢ M
⎢⎣ An1

A12
A22
A32
M
An 2

A13 L A1m ⎤ ⎡Q11
A23 L A2 m ⎥⎥ ⎢⎢Q21
A33 L A3m ⎥ = ⎢Q31
⎥ ⎢
M O M ⎥ ⎢ M
An 3 L Anm ⎥⎦ ⎢⎣Qn1

Q12
Q22
Q32
M
Qn 2

Q13 L Q1m ⎤ ⎡ R11
Q23 L Q2 m ⎥⎥ ⎢⎢ 0
Q33 L Q3m ⎥ ⎢ 0
⎥⎢
M O M ⎥⎢ M
Qn 3 L Qnm ⎥⎦ ⎢⎣ 0

R12
R22
0
M
0

R13 L R1m ⎤
R23 L R2 m ⎥⎥
R33 L R3m ⎥
⎥
M O
M ⎥
0 L Rmm ⎥⎦

Another representation, which is shown below is used for simplification;

[a1

a2

a3 L a m ] = [Q1

Q2

Q3

⎡r11
⎢0
⎢
L Qm ]⎢ 0
⎢
⎢M
⎢⎣ 0

r12
r22
0
M
0

r13 L r1m ⎤
r23 L r2 m ⎥⎥
r33 L r3m ⎥
⎥
M O M ⎥
0 L rmm ⎥⎦

In order to illustrate the decomposition process, we supposed a set of column
vectors Q1, Q2, Q3, …,Qk є Rn which constructs the Q matrix as

⎡Q11
⎢Q
Q = ⎢ 21
⎢ M
⎢
⎣Qn1

Q12
Q22
M
Qn 2

L Q1n ⎤
L Q2 n ⎥⎥
= [Q1
O M ⎥
⎥
L Qnn ⎦

Q2 L Qn ]

These column vectors can be orthonormal if the vectors are pairwise orthogonal
and each vector has euclidean norm of 1 [2]. In other words, Q is an orthogonal
matrix where Q є

n×n

if and only if its columns form an orthonormal set which is

the result of Q × Q T = I .
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If we look at the result of the multiplication between Q and its transpose:

Q × Q T = [Q1

Q2

⎡Q1T ⎤ ⎡Q1Q1T
⎢ T⎥ ⎢
Q 2 ⎥ ⎢Q1Q 2T
⎢
L Qn ]
=
⎢ M ⎥ ⎢ M
⎢ T⎥ ⎢
T
⎣⎢Q n ⎦⎥ ⎢⎣Q1Q n

Q 2 Q1T
Q 2 Q 2T
M
Q 2 Q nT

The entries of (Q × QT) matrix are the inner products of the

L Q n Q1T ⎤
⎥
L Q n Q 2T ⎥
O
M ⎥
⎥
L Q n Q nT ⎦⎥

(Qi, Qj).Thus,

Q × QT will be equal to I, identity matrix, if and only if the columns of the Q matrix
form an orthonormal set. This can be shown as

⎧0 if i ≠ j
(Qi , Q j ) = ⎨
⎩1 if i = j

which results as Q × QT = I.

Definition 18 - Given two vectors x = (x1, x2,…,xn)T and y = (y1, y2,…., yn)T in
n

, we can define the inner product of x and y by

n

( x, y ) = ∑ x i y i
i =1

denoted as (x,y).
It is important to note that the inner product has the following properties [2]:
( x, y ) = ( y , x )
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(α 1 x1 + α 2 x 2 , y ) = α 1 ( x1 , y ) + α 2 ( x 2 , y )
( x, α 1 y1 + α 2 y 2 ) = α 1 ( x, y1 ) + α 2 ( x, y 2 )

for all x, x1, x2, y, y1, y2 є

n

and α1 , α 2 є

.

Definition 19 - The Euclidean norm can be shown as x 2 = ( x, x) . There is an
important relationship between inner product and Euclidean norm definitions.

To understand the decomposition process, we looked at the subspaces of

n

since we are working with columns of the matrices. Assume that there is a
n

nonempty subset, l , which is a subspace of

and this subset is closed under

addition and scalar multiplication which is basically the result of inner product.
That is, l is a subspace of

n

if and only if whenever a, w є l and c є R, then a + w

Є l and ca Є l . Given vectors a1, a2, ……,am Є

n

, a linear combination of

a1,a2,….,am is a vector of the form c1 a1+ c2 a2+….+ cm am, where c1, c2,…..,cm Є R.
We can call the numbers c1, c2,…, cm as the coefficients of the linear combination.
m

In sigma notation a linear combination looks like ∑ c k a k . The span of a1, a2,…..,
k =1

am is the set of all linear combinations of a1, a2,…, am and the notation for span is

a1 , a 2 ,...., a m . In particular a denotes the set of all scalar multiples of a. It is
important to note that a1 , a 2 ,...., a m is closed under addition and scalar
multiplication; that is, it is a subspace of

n

[2].
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If l be a subspace of

n

, and a1, a2,….,am Є l , as a result a1 , a 2 ,...., a m ⊆ l .

We can say v1, v2,….,vm span l if a1 , a 2 ,...., a m = l . This means that every member
of l can be expressed as a linear combination of a1, a2,….,am. In this case we say
that a1, a2,….,am form a spanning set for l . Every subspace of

n

has a basis, and

any two bases of l have the same number of elements. This number is called the
dimension of the subspace. Thus, for example, if a1, a2,….,am are independent, then

a1 , a 2 ,...., a m has dimension m.
The Gram-Schmidt process is an algorithm that produces orthnormal bases. Let

l be a subspace of

n

, and let a1, a2,….,am be a basis of l . The Gram-Schmidt

process uses a1, a2,….,am to produce Q1, Q2, …., Qm that form a basis of l . Thus

l = a1 , a 2 ,...., a m = Q1 , Q2 ,...., Qm . And the column vectors Q1, Q2,.…., Qm also
satisfy

Q1 = a1
Q1 , Q2 = a1 , a 2
M

(1)

M
Q1 , Q2 ,....., Qm = a1 , a 2 ,....., a m

We are given linearly independent vectors a1 , a 2 ,....., a m ∈ ℜ n , and we seek
orthonormal Q1, Q2,….., Qm satisfying the equation 1.
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In order to satisfy Q1 = a1 , we must choose Q1 to be a multiple of a1. Since
we also require Euclidean form of, Q1

2

= 1 , we define

⎛ 1 ⎞
Q1 = ⎜⎜ ⎟⎟a1 , where r11 = a1
⎝ r11 ⎠

2

(2)

We know that r11 ≠ 0 which causes divide by 0 hazard, because a1 , a 2 ,....., a m are

⎛ 1 ⎞
linearly independent, so a1 ≠ 0 . The equation Q1 = ⎜⎜ ⎟⎟a1 implies that Q1 ∈ a1 ;
⎝ r11 ⎠
hence Q1 ⊆ a1 . Conversely the equation Q1 r11 = a1 implies that a1 ∈ Q1 , and
therefore a1 ⊆ Q1 . Thus Q1 = a1 .
The second step of the algorithm is to find Q2 such that Q2 is orthogonal to Q1,

Q2

~

2

= 1 , and Q1 , Q2 = a1 , a 2 . We can produce a vector Q 2 that lies in the

plane and is orthogonal to Q1 by subtracting just the right multiple of Q1 from a2.
~

We can then obtain Q2 by scaling Q 2 . Thus let

~

Q 2 = a 2 − r12 Q1

(3)

~

where the scalar r12 is to be determined. We must choose r12 so that ( Q 2 , Q1) = 0.
This equation implies 0 = (a 2 − r12 Q1 , Q1 ) = (a 2 , Q1 ) − r12 (Q1 , Q1 ) , and since

(Q1 , Q1 ) = 1 ,

14

r12 = (a 2 , Q1 )

(4)

~

On the other hand, this choice of r12 guarantees that ( Q 2 , Q1) = 0.
We can find orthogonal Q matrix by satisfying all equations in 1. And suppose
that we have found orthonormal vectors Q1, Q2,….., Qk-1 such that

Q1 , Q2 ,....., Qi = a1 , a 2 ,....., ai , for i = 1,…..,k-1 by repeating the same process.
Now, we can determine Qk, which is a general formula for the solution and very
~

useful for us. We seek Q k of the form

~

k −1

Q k = a k − ∑ r jk Q j

(5)

j =1

~

where Q k is orthogonal to Q1, Q2,….., Qk-1.
~

The equations ( Q k , Qi) = 0, i = 1,…..,k-1, imply that

k −1

(a k , Qi ) − ∑ r jk (Q j , Qi ) = 0

i = 1, 2,….., k-1

j =1

Since (Qi, Qj) = 0 when i ≠ j, and (Qi, Qi) = 1, these equations reduce to
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rik = (a k , Qi )

i = 1,…..,k-1

~

(6)

If rik are defined by the equation above, then Q k is orthogonal to Q1, Q2,…..,Qk-1.
Let

~

rkk = Qk

≠0

(7)

2

And define

Qk =

~

1 ~
Qk
rkk

(8)

= 1 and (Qi, Qk) = 0, i = 1, 2,…..,k-1

Then clearly Qk
2

Combining these equations;

k −1

~

a k = Q k + ∑ r jk Q j
j =1

And using this;
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~

Qk = Qk rkk

k −1

And combining these equations, a k = Qk rkk + ∑ r jk Q j
j =1

There are actually m such equations, one for each value k. Writing out these
equations, we have

a1 = Q1 r11
a 2 = Q1 r12 + Q2 r22
a3 = Q1 r13 + Q2 r23 + Q3 r33

(9)

a 4 = Q1 r14 + Q2 r24 + Q3 r34 + Q4 r44

M
M
M
a m = Q1 r1m + Q2 r2 m + Q3 r3m + L + Qm rmm

These can be seen in a single matrix equation

[a1

a2

a3 L a m ] = [Q1

Q2

Q3

17

⎡r11
⎢0
⎢
L Qm ]⎢ 0
⎢
⎢M
⎢⎣ 0

r12
r22

0
M
0

r13 L r1m ⎤
r23 L r2 m ⎥⎥
r33 L r3m ⎥
⎥
M O M ⎥
0 L rmm ⎥⎦

Defining

A = [a1

Q = [Q1
⎡r11
⎢0
⎢
R=⎢0
⎢
⎢M
⎢⎣ 0

a2

a3 L a m ] ∈ R n×m

Q2

Q3 L Qm ] ∈ R n×m

r12

r13 L r1m ⎤
r23 L r2 m ⎥⎥
r33 L r3m ⎥ ∈ R m×m
⎥
M O M ⎥
0 L rmm ⎥⎦

r22
0
M
0

Equations 5, 6, 7 and 8 are used to implement the kth step of classical GramSchmidt algorithm. After performing this step for k = 1, 2,……, m, we have the
desired Q1, Q2,….., Qm and R1, R2,….., Rm.
Unfortunately the classical Gram-Schmidt process is numerically unstable
because of the reason that algorithm updates only the nearest columns and this
increases the round-off errors. These small round-off errors sometimes cause the
computed vectors to be far from orthogonal. However, a slight modification of the
algorithm suffices to make it stable. In the classical Gram-Schmidt algorithm, Q1 is
taken to be multiple of v1. Then the appropriate multiple of Q1 is subtracted from v2
to obtain a vector that is orthogonal to Q1. The modified Gram-Schmidt procedure
calculates Q1 just as before. It then subtracts multiples of Q1 not just from v2, but
from v3, v4,…., vm as well, so that the resulting vectors v2(1), v3(1),…,vm(1) are all
orthogonal to Q1. This is the method that we used in our implementation.
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Figure 1. Visualizing orthonormalization method

Q1

= v1

Q1 , Q2 = v1 , v2

Q1 , Q2 , Q3 = v1 , v 2 , v3

The next two sections are devoted to the general solutions of the other two QR
decomposition methods.
1.2. Householder Reflections

Householder reflections (transformations) is another method to decompose A
matrix into Q and R matrixes. To describe this method, we chose to use a matrix of
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size 2. If we choose a line, l, in R2 which passing through the origin, a linear
transformation can be described as reflecting any vector in R2 through the line l
using an operator. We can describe this operator as a matrix with size 2. Suppose a
vector, v which is on the l, and another vector which is orthogonal to the v, named
u. We can say that {u,v} is a basis for R2. Then choose any vector in R2 to reflect on
the line l. Assume that there is a vector x that can be expressed as the linear
combination of u and v vectors as x = αu + β v . The reflection of x to the line l is
− αu + β v as show in Figure 2.

Figure 2. Visualizing reflection method
x = αu + β v

− αu + β v

l

We define the reflection operator, Q, and Q must satisfy the equation:

Q (αu + β v) = −αu + β v
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for all α and β. It is important to note that the value α and β can change, and the
graph can be drawn differently, however this wouldn’t change our general results.
Using this result, we find that

Qαu + Qβ v = −αu + β v
Qu = −u Qv = v

We need to find a Q matrix satisfying these conditions. Let Q = I − 2 P , where u
is a unit vector and P = uu T . Discussing on obtaining Q matrix as the reflector is
beyond the scope of this part. However it can be proved that this equation satisfies
the conditions:

Qu = u − 2 Pu = −u
Qv = v − 2 Pv = v

As a result, we found a Q matrix which reflects vectors through the line l and
the equation for Q can be written as Q = I − 2uu T .
However, if we choose not to take u as a unit matrix, we can define Q matrix as

Q = I − γuu T where γ =
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2
u

2
2

The only unexplained variable is the unit vector u. u is described as a - y, where
a represents one of the columns in our matrix and y is a column vector which can be
described as a = [σ , 0, 0, 0, 0]T where σ = x 2 .
After finding the first Q matrix which can be denoted as Q1, we calculate Q1A
which is equal to Q1TA since Q1 is symmetric. The expected result is to be R matrix
which is upper triangular. If not, same process continues to find Q2 till we find a
resulting R matrix.
1.3. Givens Rotations
Definition 20 - If there are two nonzero vectors, x and y, in a plane, the angle, θ,

between them can be formulized as;

cos θ =

( x, y )
x2 y2

This formula can be extended to n vectors.
Definition 21 - The angle, θ, can be defined as

θ = arccos

These two vectors are orthogonal if θ =

π
2

( x, y )
x2 y2

radians where x or y equals to 0.
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Using Givens Rotation method, we find an operator which rotates each vector
through a fixed angle, θ, and this operator can be represented as a matrix. If we use
a 2 x 2 matrix, this operator can be described as,

Q12 ⎤
⎡Q
Q = ⎢ 11
⎥
⎣Q21 Q22 ⎦
⎡1 ⎤
⎡0 ⎤
This Q matrix can be determined by using two column vectors: ⎢ ⎥ and ⎢ ⎥ . The
⎣0 ⎦
⎣1 ⎦

result of the multiplications between these column vectors and the Q matrix are the
columns of the Q matrix. This can be seen as:
Figure 3. Visualizing rotation method
⎡− sin θ ⎤
⎢ cos θ ⎥
⎣
⎦

θ

⎡0 ⎤
⎢1⎥
⎣ ⎦

⎡cos θ ⎤
⎢ sin θ ⎥
⎣
⎦

θ
⎡1 ⎤
⎢0 ⎥
⎣ ⎦

Thus, we can write the operator Q as,

⎡cosθ
Q=⎢
⎣ sin θ

− sin θ ⎤
for 2 x 2 matrixes
cosθ ⎥⎦
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We solve the A = QR, this can be written as QTA = R. And we know that R is an

⎡ A11
upper triangular matrix. Let there be a matrix, A = ⎢
⎣ A21

⎡ cos θ
⎢− sin θ
⎣

sin θ ⎤ ⎡ A11
cos θ ⎥⎦ ⎢⎣ A21

A12 ⎤ ⎡ R11
=
A22 ⎥⎦ ⎢⎣ 0

A12 ⎤
, this can be seen as
A22 ⎥⎦

R12 ⎤
R22 ⎥⎦

It can be easily seen that,

(− sin θA11 + cos θA21 ) = 0
cos θA21 = sin θA11
A
sin θ
= 21 = tan θ
cos θ A11

θ = arctan(

A21
)
A11

After determining θ, we can determine Q matrix. To determine R matrix, we need to
work column by column,

⎡ A ⎤ ⎡R ⎤
Q T ⎢ 11 ⎥ = ⎢ 11 ⎥ to solve for the first column of R matrix
⎣ A21 ⎦ ⎣ 0 ⎦
⎡ A ⎤ ⎡R ⎤
Q T ⎢ 12 ⎥ = ⎢ 12 ⎥ to solve the second column of the R matrix
⎣ A22 ⎦ ⎣ R22 ⎦
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For n x n matrixes, the 2 x 2 representation of Q matrix can be generalized. The
decomposition process stays same.
2. LU Decomposition

If A is an n-by-n matrix and its leading principal submatrices are all nonsingular,
we can decompose A into unique unit lower triangular and upper triangular
matrices [2] as shown below
A = LU
where L is unit lower triangle and U is upper triangular matrix. Consider the
equation

A = LU in detail for 4 by 4 matrix:

⎡ A11
⎢A
⎢ 21
⎢ A31
⎢
⎣ A41

A12

A13

A22
A32
A42

A23
A33
A43

A14 ⎤ ⎡ 1
A24 ⎥⎥ ⎢⎢l 21
=
A34 ⎥ ⎢l31
⎥ ⎢
A44 ⎦ ⎣l 41

0

0

1
l32
l 42

0
1
l 43

0⎤ ⎡u11
0⎥⎥ ⎢⎢ 0
0⎥ ⎢ 0
⎥⎢
1⎦ ⎣ 0

u12
u 22

u13
u 23

0
0

u 33
0

u14 ⎤
u 24 ⎥⎥
u 34 ⎥
⎥
u 44 ⎦

The goal is the find the value for the entries which are not 0. The first row of L
matrix is completely known and there is only one non-zero element. If we multiply
the first row of L matrix by the jth column of the U matrix, we find

A11 = u11, A12 = u12, A13 = u13, and A14 = u14
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which can be described as A1j = u1j in general which means that the first row of U
matrix can be uniquely determined. Thus, the assumption that A is a nonsingular
matrix gives us a U matrix which is nonsingular too. We will continue to determine
U matrix entries as shown previously.
One can see that if we know the first row of U matrix that means that we
already know the first column of the U matrix too. And the first column of the U
matrix has only one non-zero element. If we multiply the first column of the U
matrix by the rows of the L matrix, we find

A21 = l21 × u11, A31 = l31 × u11 and A41 = l41 × u11

can be written as

Ai1 = li1 × u11

At this point, we know the values for Ai1, u11 and using the assumption that U is a
nonsingular matrix (uij ≠ 0), we don’t have a problem of dividing by zero. This leads
to

li1 =

Ai1
i = 2,3,4
u11

26

We uniquely determined the first row of U and the first column of L using these
steps. This is the way, we used to determine L matrix entries.

If we continue to solve for U matrix

A22 = l21 × u12 + 1 × u22
A23 = l21 × u13 + 1 × u23
A24 = l21 × u14 + 1 × u24

where we know the values except for u22, u23 and u24

u 22 = A22 − l 21 × u12
u 23 = A23 − l 21 × u13

u 24 = A24 − l 21 × u14

For L matrix

A32 =u12 × l31 + u22 × l32
A42 = u12 × l41 + u22 × l42

where we know the values except for l32 and l42
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l32 =

A32 − l31 × u12
u 22

l 42 =

A42 − l 41 × u12
u 22

For U matrix:

A33 = l31 × u13 + l32 ×u23 + u33
A34 = l31 ×u14 + l32 ×u24 +u34

where we know the values except for u33 and u34
u33 = A33 - l31× u13 - l32 × u23
u34 = A34 - l31× u14 – l32 × u24
For L matrix

A43 = l41 × u13 + l42 × u23 + l43 × u33

where we know the values except for l43

l 43 =

A43 − l 41 × u13 − l 42 × u 23
u 33

28

Lastly,

A44 = l41 × u14 + l42 × u24 + l43 × u34 + u44
u44 = A44 - l41 × u14 - l42 × u24 - l43 × u34

As a result, if we look at the equations for L and U matrix entries, we can come
up with two general equations which define the non-zero entries of the two
matrices:

j −1

l ij =

Aij − ∑ l it × u tj
t =1

u jj
i −1

u ij = aij − ∑ l it × u tj
t =1

These general equations uniquely determine L and U matrices if they are applied in
the correct order.
At first, it seems that LU decomposition needs n×n×2 data entries like QR
decomposition. QR decomposition finds two different matrixes and one of them is
orthogonal matrix which is full matrix. However, LU decomposition determines
two triangular matrices which can be basically combined. While converting the
resulting matrix into two different triangular matrixes, we need to remember adding
1’s to the diagonal of the lower triangular matrix. This process can be seen as:
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⎡ A11
⎢A
⎢ 21
⎢ A31
⎢
⎣ A41

⎡ A11
⎢A
⎢ 21
⎢ A31
⎢
⎣ A41

A12
A22
A32
A42

A13
A23
A33
A43

A14 ⎤ ⎡u11 u12
A24 ⎥⎥ ⎢⎢ l 21 u 22
=
A34 ⎥ ⎢ l31 l32
⎥ ⎢
A44 ⎦ ⎣ l 41 l 42

⎡ A11
⎢A
⎢ 21
⎢ A31
⎢
⎣ A41

A12

A13

A22
A32
A42

A23
A33
A43

A12

A13

A22
A32
A42

A23
A33
A43

A14 ⎤ ⎡ 1
A24 ⎥⎥ ⎢⎢l 21
=
A34 ⎥ ⎢l31
⎥ ⎢
A44 ⎦ ⎣l 41

A14 ⎤
A24 ⎥⎥
=
A34 ⎥
⎥
A44 ⎦

u13
u 23
u 33
l 43

u14 ⎤
u 24 ⎥⎥
u 34 ⎥
⎥
u 44 ⎦

u14 ⎤
u 24 ⎥⎥
u 34 ⎥
⎥
u 44 ⎦

u11 u12
⎡
⎢l
u 22
⎢ 21
⎢l31 l32
⎢
⎣l 41 l 42 l 43

u13
u 23

0⎤ ⎡u11
0⎥⎥ ⎢⎢ 0
0⎥ ⎢ 0
⎥⎢
1⎦ ⎣ 0

u12
u 22

u13
u 23

0
0

u 33
0

0

0

1
l32
l 42

0
1
l 43

u 33

u14 ⎤
u 24 ⎥⎥
u 34 ⎥
⎥
u 44 ⎦

Using n × n data entries instead of n×n×2 results saving n × n × data lines
number of bits in the process.
C. Fixed Point Arithmetic

There are two different types of approximations to the real numbers: fixed-point
and floating-point numeration systems [3]. The fixed-point arithmetic is an
extension of the integer representation which allows us to represent relatively
reduced range of numbers with a constant absolute precision. On the other hand, the
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floating-point arithmetic allows us to represent very large range of numbers with
some constant relative precision.
In this section, we present definitions and rules for the signed fixed-point binary
number representation which is used in our design and implementation. It is
important to know that there is no meaning inherent in a binary number, the
meaning of an N-bit binary number depends on its interpretation. This means such
that we can interpret an N-bit number as a positive integer or a negative real
number.
In our study, we considered rational numbers which can be expressed as a ratio
of two integers, a / b, where a, b Є Z and b ≠ 0. b = 2p is used to convert a binary
number’s fractional part to a real number. We used same number of binary digits in
every design which is always 19 bits. And the position of the binary point is always
same in a design. However as the matrix sizes increases (4 to 8, or 8 to 16, etc.), we
shift binary point right by one bit due to the fact that using bigger numbers in bigger
size matrices causes overflow. As a rule of thumb, the entries of the Q and R
matrices are smaller than a specific number. Using this way, it is possible to specify
the integer part for the data lines as shown in Table 1.

Table 1. Limitations for the entries of Q and R matrices

Matrix Size
Q(i, j) and R(i, j) < for
all i and j

4
4

8
8
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16
16

32
32

64
64

We are using hundreds of instructions to decompose a matrix into an orthogonal
and lower triangular matrixes for QR decomposition or into an upper triangular and
lower triangular matrixes for LU decomposition. In this process, every instruction
performs an arithmetic calculation: addition, subtraction, multiplication, division or
square root finding. Because we are using fixed-point numeration system, these
calculations cause two very important problems which affect precision, timing and
area of the design. One of the problems is that we are losing precision in every
instruction which is the truncating errors of arithmetic calculations. And we need to
add the specific square root error to the overall errors, because of the reason that
specific error depends not only on truncating but also the number of iterations. So,
error during square root process error can be summarized as a tradeoff between
timing and precision. Higher number of iterations give us better precision, however
uses much time than lower number of iterations. We used 11 iterations for every
square root calculation which is reasonable and the reason for that is explained in
Square Root unit section.
Second problem is that while performing instructions, the numbers that we are
using in the instructions gets larger. This happens especially during multiplication
and division and if not handled carefully causes overflow which results wrong
calculations. Therefore, we normalized every number in the matrix with the biggest
number in the matrix as the first step. Normalizing is performed by dividing every
entry by the biggest number in the matrix. Thus the resulting matrix entries are
ranged between 0 and 1. The second step is to find the biggest number possible in
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the calculations including the intermediate steps. We performed Matlab simulations
to find the biggest numbers in QR and LU decomposition. As a result, we removed
the possibility of overflow in our simulations. We are finding the best precisions for
the arithmetic calculations using fixed-point numeration system by using reasonable
timing and area consumption compared to the other possibilities.
The data line for our design can be seen as:

Figure 4. Example data line

In fixed-point arithmetic, numbers are represented as
x N − p −1 x N − p − 2 x N − p −3 L x1 x 0• x −1 x − 2 x −3 L x − p

The fixed-point numbers can be represented as A (N-p, p) where N is total
number of bits to represent the binary number, N-p is the number of bits used for
integer part and p is the number of bits used to represent the fractional bits. So, A
(7, 3) can be interpreted as 10-bit fixed-point number with 7 bits integer part and 3
bits fractional part. Our 19-bit data lines are shown in Table 2.
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Table 2. Representation of data line for different matrix sizes

Matrix Size
Representation

4

8

16

32

64

A (2, 16) A (3, 15) A (4, 14) A (5, 13) A (6, 12)

Number of Integer Bits

2

3

4

5

6

Number of Fractional Bits

16

15

14

13

12

A binary number can take the values from a subset K of the rational numbers which
can be described as

K ={

k
| −2 N − 1 ≤ k ≤ 2 N − 1}
2p

where the subset K contains 2N elements.
The value of an N-bit fixed point number can be found by using

k=

1 N −1 n
× ∑ 2 xn
2 b n =0

Here are some fundamental aspects of fixed-point arithmetic.
1) a + p + 1 number of bits is required to represent U (a,p).
2) The position of the assumed binary point must be at the same to perform any
addition or subtraction.
3) A (a1 + a2 + 1, p1 + p2) number of bits is required to perform the
multiplication of A (a1, p1) and A (a2, p2).
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4) A (a1 + p2 + 1, a1 + p1) number of bits is required to perform the
multiplication of A (a1, p1) and A (a2, p2).
5) Shifting including the binary point which is used to modify scaling,
A(a, p) >> n, A(a + n, p - n)
A(n, p) << n, A(a - n, p + n)
6) Shifting excluding the binary point which is used for multiplication and
division,
A(a, p) >> n, A(a - n, p + n)
A(n, p) << n, A(a + n, p - n)
D. Field Programmable Gate Arrays

This section concentrates on Field-programmable gate arrays (FPGAs) and their
underlying architecture. We also gave information about the specific device, Virtex
- 4, that we used in our implementations.
FPGAs were invented by Xilinx in 1984. They are structured like the gate
arrays form of Application Specific Integrated Circuits (ASIC). However, the
architecture of the FPGAs architecture consists of a gate-array-like architecture,
with configurable logic blocks, configurable I/O blocks, and programmable
interconnect. Additional logic resources such as ALUs, memory, and decoders may
also be available. The three basic types of programmable elements for an FPGA are
static RAM, anti-fuses, and flash EPROM. Segments of metal interconnect can be
linked in an arbitrary manner by programmable switches to form the desired signal
nets between the cells. FPGAs can be used in virtually any digital logic system and
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provide the benefits of high integration levels without the risks of expenses of semicustom and custom IC development. The FPGA architecture can be seen in figure 5.
Figure 5. FPGA architecture

FPGAs give us the advantage of custom functionality like the Application
Specific Integrated Circuits while avoiding the high development costs and the
inability to make design modifications after production. The FPGAs also add design
flexibility and adaptability with optimal device utilization while conserving both
board space and system power. The gate arrays offer greater device speed and
greater device density. Taking these into consideration, FPGAs are especially suited
for rapid prototyping of circuits, and for production purposes where the total
volume is low.
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FPGA design flow which includes the necessary steps required to design an
FPGA using Verilog HDL shown in Figure 6.

Figure 6. FPGA Design Flow

1. Virtex – 4 Family Overview

Virtex – 4 family from Xilinx combines advanced silicon modular block
architecture with a wide variety of flexible features [4]. This enhances
programmable logic design capabilites and makes it a powerful alternative to ASIC
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technology. Virtex – 4 devices are produced on a state-of-the-art 90-nm copper
process using 300-mm wafer technology. There are three different platform
families, LX, FX and SX, for Virtex – 4 devices. LX family is for high-performance
logic applications solution, SX family is for high performance solution for digital
signal processing applications and FX family is for high-performance, full featured
solution for embedded platform application. Virtex – 4 hard-IP core blocks includes
the PowerPC processors, tri-mode Ethernet MACs, dedicated DSP slices, 622 Mb/s
to 6.5 Gb/s serial transceivers, high-speed clock management circuitry and sourcesynchronous interface blocks.
2. Virtex – 4 Architecture

Virtex – 4 devices are user-programmable gate arrays. They consist of various
configurable elements and embedded cores which are optimized for high-density
and high-performance system designs. Functionality of Virtex – 4 devices are I/O
blocks, configurable logic blocks (CLBs), block ram modules, embedded
XtremeDSP slices and digital clock manager (DCM) blocks.
I/O blocks provide the interface between internal configurable logic and
package pins. They are enhanced for source-synchronous applications []. The IOB
registers are either edge-triggered D-type flip-flops or level-sensitive latches.
CLBs are the basic logic elements for the devices. They provide combinatorial
logic, synchronous logic and distributed memory. Each CLB resource is made up of
four slices. And each slice is equivalent and contains two function generators
(F&G), two storage elements, arithmetic logic gates, large multiplexers and fast
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carry look-ahead chain. The function generators are configurable as 4-input look-up
tables (LUTs). Storage elements are either edge-trigged D-type flip-flops or level
sensitive latches.
Block ram modules provide 18Kbit true dual-port ram blocks which are
programmable from 16K × 1 to 512 × 36. And these modules are cascadable to
form larger memory blocks. Block ram modules contain optional programmable
FIFO logic for increased utilization. Each port in the block ram is totally
synchronized and independent and offers three “read-during-write” modes.
Embedded XtremeDSP slices are cascadable and contain 18 × 18-bit dedicated
2’s complement signed multiplier, adder logic and 48-bit accumulator. Each
multiplier or accumulator can be used independently.
Device uses DCM and global-clock multiplexer buffers for global clocking.
DCM block provides self-calibrating, fully digital solutions for clock distribution
delay compensation, coarse-/fine-grained clock phase shifting and clock
multiplication/division. There are up to twenty DCM blocks are available.
The general routing matrix (GRM) provides an array of routing switches
between components. Programmable elements are tied to a switch matrix which
allows multiple connections to the general routing matrix. All components in
devices use the same interconnect scheme and the same access to the global routing
matrix.
We used XC4VLX200 device in our simulations and the device characteristics
is shown in the Table 3.
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Table 3. Summary of XC4VLX200 Characteristics
Array (Row × Col)

192 × 116

Configurable

Logic Cells

200,448

Logic

Slices

89,088

Blocks

Max Distributed Ram

1392

(Kb)

Block Ram

I/O Blocks

XtremeDSP Slices

96

18 Kb Blocks

336

Max Block RAM (Kb)

6,048

DCMs

12

PMCDs

8

Total I/O Banks

17

Max User I/O

960
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III. Related Work
QR decomposition is widely used in the area of communication and signal
processing. The most important applications of QR decomposition are adaptive
beamforming, filtering applications and OFDM, especially OFDM-MIMO,
applications.
Adaptive beamforming is an important topic in wireless communication. To
form the basic structure of beamformer radar, a linearly arranged and equally
spaced array of antennas must be used [5]. This technique is used where the array of
antennas is exploited to achieve maximum reception in a specified direction under
the presence of noise [6]. In the communication process between array elements,
each array element's information signal is multiplied by a set of complex weights
and transmitted from the array where the number of weights must be equal to the
number of antennas. Because weights are used to estimate the signal arrival from a
desired direction while signals of the same frequency from other directions are
rejected by varying the weights of each of the antennas. The reasoning behind this
is even though the signals emanating from different transmitters occupy the same
frequency channel, the signals still arrive from different directions. In other words,
the signals emitted from different antennas in the array differ in phase which is
determined by the distance between antenna elements as well as amplitude which is
determined by the weight associated with that antenna in the transmission. Thus,
changing the direction of the beam, therefore, involves changing the weight set as
the spacing between the antenna elements is fixed.
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Adaptive beamforming technique can be implemented by using three
subsystems: digital receiver for each channel, adaptive weight calculation to
determine the coefficients and adaptive beamforming using the calculated
coefficients [7]. The weights are iteratively calculated using complex algorithms
such as least mean squares (LMS), sample-matrix-inversion (SMI) and recursive
least squares (RLS). The recursive least squares algorithm is generally preferred
than the other algorithms because of its fast convergence and good numerical
properties [8]. For the case of fast fading channels, LMS convergence rate can be
slow and SMI can encounter numerical instability.
FPGAs are very suitable to implement to adaptive beamforming radars
because of their scalable platform and efficient implementation technology. Also,
implementation of RLS algorithms needs intensive computations, and FPGAs are
among the best choices to use in this kind of intensive numerical applications. It is
important to note that FPGAs have the ability of delivering enormous signalprocessing bandwidth too.
Recursive least squares approach attempts to find the set of coefficients that
minimizes the sum of squares of the errors. This can be seen as Ax = b by
minimizing the least square error min (|b – Ax|). Representing the set of equations
in the matrix form, we have:
Ax = b + e
where A is the matrix which contains information about noisy observations, b is the
training sequence and c is the coefficient vector to be computed such that the error
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vector e is minimized. Note that the direct solution of x involves matrix inversion.
However, matrix inversion is not desirable computation in hardware because of the
reason that the matrix inversion decreases the precision of the computations as the
result of numerical instability. At this point, QR decomposition which is a least
square method can be used. The process follows:
After decomposition matrix A into Q and R matrices, we can rewrite the
system as QRx = b. Letting c = Rx, we can find c by solving Qc = b which doesn’t
cost much. Q is orthogonal, so c = QTb. We can then obtain x by solving Rx = c by
back substitution. So, we can get rid of unstable computations like matrix inversion.

Z. LIU et al. [9] are implemented RLS algorithm based on QR
decomposition for adaptive beamforming by using a DSP. In [10], R. L. WALKE et
al. compared two parallel array architectures for adaptive weight calculation based
on QR-decomposition by Givens Rotations. They presented FPGA implementation
of both architectures and compared them with an ASIC-based solution. In [11], an
implementation of the QR decomposition based recursive least squares (RLS)
algorithm on Altera Stratix FPGAs is presented. CORDIC (Coordinate Rotation by
Digital Computer) operators are efficiently time-shared to perform the QR
decomposition while consuming minimal resources. Back substitution is then
performed on the embedded soft Nios processor by utilizing custom instructions to
yield the final weight vectors. Analytical resource estimates along with actual
implementation results illustrating the weight calculation delays are also presented.
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In [12], A. S. MADHUKUMAR et al. discussed the details of the hardware
implementation of an adaptive equalizer based on QRD-RLS algorithm and
compared its performance with a conventional RAKE receiver. In order to reduce
the computational complexity, CORDIC algorithm has been exploited and
implemented using FPGAs. In [8], parallel processor structure for Givens QR
decomposition intended for the FPGA implementation is presented. The method
supports pipelined processor unit design, and provides efficient hardware
utilization. An example of the implementation of this structure in the Xilinx Virtex
FPGA devices is presented. In [13], Y. GUO has studied efficient FPGA
architectures of a recursive algorithm for the Cholesky and QR factorization of the
Vandermonde system. They identified the key bottlenecks of the algorithm for the
real-time constraints and resource consumption. The architectures are implemented
in Xilinx FPGA and tested in Aptix real-time hardware platform.

Orthogonal Frequency Division Multiplexing (OFDM) is a very popular
method for wireless environment high-rate data transmissions [14]. This method
aims to divide the channel bandwidth into several narrow sub-bands where the
frequency response over each of these sub-bands is flat. As a result, a frequencyselective channel becomes several flat-fading sub-channels. In OFDM, the time
domain waveforms of the sub-carriers are orthogonal like the entries of Q matrix,
and the signal spectra corresponding to different sub-carriers overlap in frequency.
Using this method, the available bandwidth is used more efficient that the other
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methods. So, OFDM is a suitable method for high data rate applications and they
are less susceptible to various kinds of impulse noise. These characteristics decrease
the receiver complexity.
MIMO (Multiple Input Multiple Output) [15] systems are different antenna
systems where multiple antennas at both the transmitter and the receiver are used.
In MIMO systems, each antenna transmits a small piece of data simultaneously
using the same frequency band with the receiver. Spatially separated antennas gives
the advantage of spatial diversity, so the receiver can process the data flows and put
them back together. And this technique utilizes the bandwidth very efficiently too.
However, due to the multi-path characteristics of the environment, during high-data
rate transmission, MIMO channels become frequency-selective. To solve this
problem, OFDM and MIMO can be combined and the frequency-selective channels
can be transformed to a set of frequency flat MIMO channels while decreasing the
receiver complexity. This makes MIMO-OFDM systems very promising in
broadband wireless applications.
Each receiver in MIMO-OFDM systems wants to equalize the received
signal. So they can remove the effect of channel on the signal. However, most of
the equalization algorithms use inverted matrices which are very costly in hardware
implementations. Besides this complexity, if the number of transmitter and receiver
antennas increases, this results in a higher data rate where the dimensions of the
data matrix increase. As a result, to invert the data matrix, we need to do more
computations. This makes the matrix inversion block a bottleneck in these systems.
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The extension of MIMO sphere decoding from the narrowband case to wideband
systems based on OFDM requires the computation of QR decomposition for each of
the data-carrying OFDM tones [16].
In [16], D. CESCATO et al. presented two algorithms for interpolationbased QR decomposition in MIMO-OFDM systems. In [14], M. KARKOOTI et al.
developed an architecture for matrix inversion by generalizing the QR
decomposition-based recursive least square algorithm which is used for OFDMMIMO applications. In [15], Y. GUO et al. concentrated on Maximum Likelihood
detector for symbol detection. The upper triangular matrices which are the result of
QR decomposition are used to reduce channel matrices before performing search
algorithms.

46

IV. Design and Implementation
The decomposition core is designed in instruction level. After creating the
instructions of the desired decomposition algorithm using MATLAB software,
these instructions are used by the units of the design to perform desired
calculations. Using pipelining to overlap the execution of instructions improves
performance by evaluating the instructions in parallel which results as instructionlevel parallelism (ILP). After defining the problem and its solution, we started by
implementing the same decomposition process in Matlab software. This software is
used to solve the problem, to compare the actual results with simulation results, to
give the instructions for hardware design, to find other important values like the
biggest number created in the decomposition process. So, we thought that giving
information about the algorithm is important.
We started with the resulting algorithm at the end of QR decomposition section.
the matrix that we want to decompose is A and the resulting matrixes are Q and R.
for k = 1: 1: n
Rkk =
Qk =

Ak , Ak ;
1
× Ak ;
Rkk

for j = k+1: 1: n
Rkj = Qk , A j ;
A j = A j − Rkj × Qk ;
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If we remove the projection operators and rewrite the algorithm:
for k = 1: 1: n
Rkk = 0;

for j = k+1: 1: n
Rkk = Rkk + ( Akj × Akj ) ;

Qk =

1
× Ak ;
Rkk

Rkj = 0;

for j = k+1: 1: n
Rkj = Rkj + Qk × Akj ;
A j = A j − Rkj × Qk ;

Optimization process can be summarized as follows,
1) We are reading the values of the entries in A matrix which is n × n. The
resulting matrices need 3 × n × n entries in the register file unit. First n × n
entries for A matrix which is given, second n × n entries for Q matrix and
the last n × n entries for R matrix. However instead of doing that, if we read
the A matrix entries, write them into the first n × n entries in the register file,
decompose it column by column while updating the right hand side columns
which is the result of stabilized Gram-Schmidt algorithm, we don’t need to
use 3 × n × n entries. At this point, we can use 2 × n × n entries by saving n
× n entries which can be seen from the table 4.
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Table 4. Optimization process step 1 results

Matrix Size
4
8
16
32
64
Number of Saved Bits 448 1920 8,192 34,816 147,456
Besides, this removes the extra computation burden which is the result of
the transferring of the entry values.
2) While using the 2 × n × n entries in the register file, where first n × n
entries are for Q matrix which is basically A matrix at the beginning. We
started by the zero values in the rest n × n entries which is R matrix. Thus,
there is no reason to give 0’s to the R matrix in the algorithm.
3) While we were determining Rkk’s which are the entries on the diagonal of
the R matrix, we were finding the square root of Xkj in every step. This
results 256 square root finding in the decomposition of 16 × 16 matrix. The
square root causes the highest portion of the error and takes longer time
while compared to the other arithmetic computations. So, instead of finding
the square root of every Xkj, we decided to compute Xkj’s and finding the
Rkk’s and taking the square root of the Rkk. This calculation needs just 16
square root calculation and doesn’t change the computation flow. This way
we saved 240 square root calculations, which results higher precision and
lower time to solve the problem. This can be seen in the table 5.
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Table 5. Optimization process step 3 results

Matrix Size
Number of Saved Square Root Calculations

4

8

16

32

64

12

56

240

992

4,032

4) While determining the Qk, the formula is Qk =

1
× Ak , which uses
Rkk

dividing 1 by Rkk entry. In our design, 1 is the biggest number, and it is more
likely to give bigger results after dividing 1 with an entry. Thus, we did the
multiplication in the algorithm and get rid of the possibility that getting big
numbers and saved multiplication in every iteration.

Table 6. Optimization process step 4 results

Matrix Size
4 8 16 32 64
Number of Saved Multiplications 4 8 16 32 64
5) As can be seen in the algorithm, the decomposition process requires the
usage of temporary registers. We used the zero entries in the R matrix as
temporary registers. This way we didn’t need to add extra registers into the
process. This helps us to save 512 bits in the register file for 16 × 16 matrix.
The values for the other matrix sizes are shown below;

Table 7. Optimization process step 5 results

Matrix Size
4
8
16
32
64
Number of Saved Bits 112 240 512 1,088 2,304
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Applying these changes gives us the resulting optimized algorithm;
for k = 1: 1: n
for j = k+1: 1: n
Rkk = Rkk + ( Akj × Akj );

Rkk = Rkk
Qk =

Ak
;
Rkk

for j = k+1: 1: n
Rkj = Rkj + Qk × Akj ;
A j = A j − Rkj × Qk ;

The number of instructions for the optimized algorithm is shown at Table 7.

Table 8. Number of instructions for different matrix sizes

Matrix Size
4
Number of Instructions 137

8
1,059

16
8,327

32
66,063

64
526,367

However, using the idea of instruction-level parallelism has some important limits
which are imposed by data and control hazards.

51

A. Data Dependences and Hazards

Determining how one instruction depends on another is critical to determining
how much parallelism exists in a program and how that parallelism can be exploited
[17]. The most important points are
a) If two instructions are parallel, they can execute simultaneously in a
pipeline without causing any stalls, assuming the pipeline has sufficient resources
and hence no structural hazards exist.
b) If two instructions are dependent, they are not parallel and must be
executed in order, though they may often be partially overlapping.
So the key in both cases is to determine whether an instruction is dependent on
another instruction. There are three different types of dependences:
a) Data dependences
b) Name dependences
c) Control dependences
An instruction j is data dependent on instruction i if either of the following holds:
a) Instruction i produces a result that may be used by instruction j, or
b) Instruction j is data dependent on instruction k, and instruction k is data
dependent on instruction i.
If two instructions are data dependent, they cannot execute simultaneously or be
completely overlapping.
The importance of the data dependencies is that a dependence
a) indicates the possibility of a hazard
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b) determines the order in which results must be calculated
c) sets an upper bound on how much parallelism can possibly be exploited.
A data value may flow between instructions through registers. When the data
flow occurs in a register, detecting the dependence is reasonably straightforward
since the register names are fixed in the instructions, although it gets more
complicated when branches intervene.
A name dependence occurs when two instructions use the same register, called a
name, but there is no flow of data between the instructions associated with that
name. There are two possible types of name dependencies that might occur between
instruction i and instruction j precedes in program order:
a) An antidependence between instruction i and instruction j occurs when
instruction j writes a register that instruction i reads. The original ordering must be
preserved to ensure that i reads the correct value.
b) An output dependence occurs when instruction i and instruction j write
the same register. The ordering between the instructions must be preserved to
ensure that the value finally written corresponds to instruction j.
A data hazard is created whenever there is dependence between instructions,
and they are close enough that the overlap caused by pipelining.
Data hazards may be classified into three types, depending on the order of read
and write accesses in the instructions. So, consider two instructions i and j, with i
occurring before j in program order. The possible hazards are
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a) RAW (read after write): j tries to read a source before i writes the result,
so j incorrectly gets the old value.
b) WAW (write after write): j tries to write an operand before it is written by
i. The writes end up being performed in the wrong order, leaving the value written
by i rather than the value written by j in the destination.
c) WAR (write after read): j tries to write a destination before it is read by i,
so i incorrectly gets the new value.
If there is a data dependence that cannot be hidden, then the hazard detection
hardware stalls the pipeline by starting with the instruction that uses the result. And
we are using dynamic scheduling to rearrange the instruction execution by hardware
to reduce the stalls while maintaining data flow and exception behavior. A key
approach to allow execution to proceed in the presence of dependences was
invented by Robert Tomasulo [17], and we used his approach in our
implementation. This scheme tracks when operands for operands for instructions
are available, to minimize RAW hazards, and introduce register renaming to
minimize WAW and WAR hazards.
In summary;
a) RAW hazards are avoided by executing an instruction only when its
operands are available.
b) WAR and WAW hazards, which arise from name dependences, are
eliminated by register renaming. Register renaming eliminates these hazards by
renaming all destination register, including those with a pending read or write for an
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earlier instruction, so that the out-of-order write does not affect the instructions that
depend on an earlier value of an operand.
In Tomasulo’s scheme, register renaming is provided by the reservation
stations, which buffer the operands of instructions waiting to issue, and by the issue
logic. The basic idea is that a reservation station fetches and buffers an operand as
soon as it is available, eliminating the need to get the operand from a register. In
addition, pending instructions designate the reservation station that will provide
their input. Finally, when successive writes to a register overlap in execution, only
the last one is actually used to update the register. As instructions are issued, the
register specifiers for pending operands are renamed to the names of the reservation
station, which provides register renaming.
To understand the implementation of the algorithm, we need to look at the steps
of how an instruction goes through:
a) Issue:
i. Get the next instruction from the head of the instruction queue, which
is maintained in FIFO order to ensure the maintenance of correct data
flow.
ii. If there is a matching reservation station that is empty, issue the
instruction to the station with the operand values, if they are currently in
the registers.
iii. If there is not an empty reservation station, then there is a structural
hazard and the instruction stalls until a station or buffer is freed.
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iv. If the operands are not in the registers, keep track of the functional
units that will produce the operands.
b) Execute:
i. If one or more of the operands is not yet available, monitor the
common data bus while waiting for it to be computed.
ii. When an operand becomes available, it is placed into the
corresponding reservation station.
iii. When all the operands are available, the operation can be executed at
the corresponding functional unit.
c) Write result: When the result is available, write it on the Common Data
Bus. So the registers and any reservation stations waiting for this result can have the
data.
B. Design Units

This part concentrates on designing a superscalar instruction dispatch unit
which can decode and dispatch instructions and arithmetic units
(Addition/Subtraction, Multiplication/Division and Square Root Unit). These
arithmetic units use reservation stations to execute the instructions. Adder unit
performs addition and subtraction, multiplier unit performs multiplication and
division and square root unit performs square root calculation. Every arithmetic unit
performs calculation using signed fixed-point arithmetic. Every unit in the design
runs on a two phase clocking because of the usage of early tags which are sent by
the arithmetic units.
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1. Instruction Dispatch Unit
Figure 7. Instruction dispatch unit

Instruction Dispatch unit has very important tasks in the design. This unit
decodes and dispatches instructions which come from Instruction Queue. These
instructions can be the instructions for QR and LU decomposition.
The first task of the Instruction Dispatch unit is to get the instruction from the
head of the instruction queue, which is maintained in FIFO order to ensure the
maintenance of correct data flow and decode it. By decoding the instruction, the
unit finds out what the instruction wants to perform. An instruction can request add,
subtract, multiply, divide or square root calculation. We designated these requests
using 3 bits which is shown at Table 9.
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Table 9. Arithmetic operation designator tags

Arithmetic
Calculation
Designated
Bits

Addition Subtraction Multiplication Division
001

010

011

100

Square
Root
111

After the Instruction Dispatch unit discovers what type of functional operation
need to be performed, the next important task is to perform dispatching. As we give
information about Tomasulo’s scheme, if there is a matching reservation station that
is empty, Instruction Dispatch unit needs to issue the instruction to the station with
the operand values if they are currently in the registers and performs register
renaming. If there is not an empty reservation station, then there is a structural
hazard and the instruction stalls until a station is freed with the stall signal. Besides
that if the operands are not in the registers, this unit keeps track of the functional
units that will produce the operands. Basically, this unit operates the issue step of
the Tomasulo’s scheme.
Then the instruction line which is specified for the functional operation is sent
out on the data bus where every unit in the design checks the bus to see if the
instruction line is for its unit. The assigned reservation stations information is
always kept by the instruction dispatch unit. Because of this reason, after
completion of the usage of the designated reservation station, the information bit
about the reservation station must be changed to 0 as soon as possible for using the
reservation stations efficiently. Thus units (adder/subtraction,
multiplication/division and square root solver) always send early tag bits which
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show that the reservation station is now free. And this happens one clock cycle
early. The examples for reservation station tags can be seen in table 10. These tags
are for the decomposition of a 4 × 4 matrix using a 2 reservation stations in each
arithmetic unit.

Table 10. Reservation station tags

Reservation Station

Tag

Addition / Subtraction Unit Reservation Station 1

100001

Addition / Subtraction Unit Reservation Station 2

100010

Multiplication / Division Unit Reservation Station 1

100011

Multiplication / Division Unit Reservation Station 2

100100

Square Root Unit Reservation Station

101001

2. Addition / Subtraction Unit

Adder unit is designed to add or subtract using 19 bits of data. The adder unit
has reservation stations thus this unit can operate as many of instructions as the
number of reservation stations at most in the same time. The operands must be in
the adder unit reservation stations before the addition or subtraction starts. After
placing the required operands in the reservation stations, the desired calculation can
be performed. As we described in the instruction dispatch unit part, this unit send
early tag bits to inform the dispatch unit about the reservation stations. After
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completion of the calculation, the data is put on the bus with its tag, so the other
registers can read the data and tag and register file can update its registers.

Figure 8. Addition / Subtraction unit

3. Multiplication / Division Unit

Multiplier unit is designed to perform multiplication and division. Like adder
unit, multiplier unit can operate as many of instructions as the number of
reservation stations at most in the same time. The operands must be in the multiplier
unit before the multiplication or division starts. After placing the required operands
in the multiplier unit, the operation can be performed. The early tag bits are sent to
Instruction Dispatch Unit to inform the reservation station is no longer busy. After
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the completion of the calculation, the data and tag are put on the bus, so the other
registers can read the data and the tag and register file can update its registers.

Figure 9. Multiplication / Division unit

3. Square Root Unit

Square root unit is designed to perform square root calculation with 19 bits of
input data using fixed point arithmetic. The square root unit has only one
reservation station because the decomposition process uses n square root calculation
where n is the matrix size which is very small number of usage in the whole
decomposition process. We found this convenient for the design, because usage of
additional reservation station adds extra hardware to the design. Thus this unit can
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operate one square root instruction at most in the same time. The operand must be
in the square root unit reservation station before the calculation process starts. After
placing the required operand in the reservation station, the desired calculation can
be performed. As we described in the instruction dispatch unit part, this unit send
early tag bits to inform the dispatch unit about its reservation station. After
completion of the calculation, the data is put on the bus with its designated
reservation station tag, so the other arithmetic units can reach the desired register
data and register file can update its registers for future calculations.
Figure 10. Square root unit

We used “Newton’s Iteration Method” which is also known as” NewtonRaphson Method” to find the root of the input data. This method considers the
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problem of finding the roots of a given function F, by solving the equation F(x) = 0
where F is assumed to be differentiable in some interval (a,b) [18]. This method
estimates the solution or root by defining a sequence numbers that become
successively closer and closer to the root sought which is simple and efficient. [19]
The process starts by guessing a root, x0, for the function. However, it is not likely
to happen that the guessed root is being the actual root for the function in most of
the situations. Then, we use the x0 to produce a new point x1 and expect that this
root will be closer to the actual root. Geometrically, determining x1 from x0 can be
seen as drawing the tangent line to the graph of F at (x0, F(x0) where y = F(x). As
long as we don’t choose the unfortunate choice of x0 which results F’(x0) = 0, the
tangent line won’t be horizontal which means that it will meet the x-axis at a new
point which we define as x1. After finding the new choice of root F, we continue to
iterate the process by expecting that the process will eventually converge to the
actual root. We started with the formula that gives x1 in terms of x0 and iterate this
formula for a specified number of steps. For formulating the process, we are started
by writing down the equation for the slope of the tangent line to the graph of F at
(x0, F(x0)) which is F’(x0). The equation of tangent line assumes

y = F’(x0)x + B

where B is determined the fact that (x0, F(x0)) lies on the line[18].
Substituting x and y gives us
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F(x0) = F’(x0)x0 + B
B = F(x0) – F’(x0)x0x

Substituting B into the equation of the tangent line

y = F’(x0)x + F(x0) – F’(x0) x0
y = F’(x0)(x- x0) + F(x0)

Determining x1 can be done by setting y = 0 and solving for x.

0 = F’(x0)(x- x0) + F(x0)
-F(x0) = F’(x0)(x- x0)
− F ( x0 )
= x − x0
F ' ( x0 )
x1 = x0 −

F ( x0 )
F ' ( x0 )

which gives us x1 in terms of x0.
To implement Newton’s Iteration method which is simply an application of
Newton's method, we solved the following equation.

x2 – n = 0
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x n +1 = x n −

x n2 − n
2 xn

x n +1 = x n −

xn
n
+
2 2 xn

x n +1 =

xn
n
+
2 2 xn

x n +1 =

n ⎞
1⎛
⎜⎜ x n + ⎟⎟
xn ⎠
2⎝

which is the formula that we used in the implementation of the square root unit. For
every new square root computation, we start with x0 = 1. We choose x0 = 1, because
of the reason that our data values can be 1 at maximum which is the result of
normalization process of the data values in the matrices.
Using this formula, we can understand that we found the actual root, xn, if
xn+1 = xn. That is,

x n +1 = x n −

F ( xn )
0
= xn −
= xn
F ' ( xn )
F ' ( xn )

Checking that we found the actual root by using this method costs a lot in terms
of timing of the design. Thus we restricted ourselves to a specified number of
iterations which we believe that we find a perfect approximate of the actual root in
fixed-point arithmetic.
Even though Newton Methods works impressive, it sometimes fails [20]. One of
the problem is getting the result F’(x) = 0 which is horizontal tangent line. If the
tangent line at xn is horizontal, it never meets the x-axis. However, this problem
cannot occur in the specified formula of Newton’s Iteration. The other problem is
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hitting a point of horizontal tangency. This problem is unlikely and we didn’t
experience this problem in our simulations.
3. Register File Unit

The register file has n×n×2 register entries in the design of QR decomposition
and n×n register entries in the design of LU decomposition. The reason for
multiplying the number of registers by 2 in the QR decomposition is that the input
for decomposition is just one matrix however process results in two different
matrices. These two matrices are orthogonal matrix and upper triangular matrix for
QR or upper triangular and lower triangular matrix for LU.
Every decomposition simulation starts by storing the given matrix data into the
register file unit. Changes in the data entries of the register file are the result of the
calculation of arithmetic units. Register file unit checks the bus in every clock cycle
to see if any arithmetic unit updates any registers. Besides, when one of the
arithmetic unit needs any register data for calculation, if any other arithmetic unit is
not using this data which in the same register, the data is sent by the register file.
However if the data is being used by any other arithmetic unit, the register file stalls
the other arithmetic unit for not sending the wrong data. These situations are
handled by register file by using specific entries in register structure. Registers in
the register file are divided into three parts: tag bits of the reservation stations if any
arithmetic unit is using the data, data bits and the sending bits. The first operand
always uses the first bus and the second operand always uses the second bus which
is specified for two instructions at the same clock cycle.
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Figure 11. Register file unit
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V. Results
After combining units which are described in the design and implementation
section, we have a core which can solve QR decomposition and other
decomposition methods as well if the required instructions are provided. The
resulting design core is shown at Figure 12.
Figure 12. Designed Core

A closer look to the designed core is shown in Figure 13.
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Figure 13 - Designed Core: A closer look
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By looking at the algorithm, the possible bottlenecks of the design can be
identified. Optimized algorithm again,
for k = 1: 1: n
for j = k+1: 1: n
Rkk = Rkk + ( Akj × Akj );

Rkk = Rkk
Qk =

Ak
;
Rkk

for j = k+1: 1: n
Rkj = Rkj + Qk × Akj ;
A j = A j − Rkj × Qk ;

It can be seen from the algorithm that there are several computations needed
to be implemented in parallel as hardware, otherwise these computations result as
bottlenecks in the design and unfortunately affects the timing of the design. Even
though it is desirable to achieve better timing results, adding additional hardware
for timing improvement by having parallelism, results as larger design area. The
parallelism needs to be considered carefully to understand the tradeoff between
timing and area of different designs. Besides parallelism, in our design square root
module must be considered carefully because of its iterative solution. We have
investigated 3 different designs for QR decomposition using 4 x 4 matrices in order
to compare and contrast different designs. These designs are easily extendable for
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different matrix sizes by following the same procedures. If the matrix size is 4
which is denoted as n, the number of subtractors, multipliers and dividers are
denoted as k and the input size for the adders denoted as k, the considerations are:
1) Newton – Raphson method which is used to find the square root if
number, is an iterative method. Moreover the number of iterations used
for this method must be carefully decided to achieve better precision
with the least amount of iterations.
2) Precision of the results
3) If k < n for multipliers, bottleneck occurs for multipliers
4) If k < n for dividers, bottleneck occurs for dividers
5) If k < n for subtractors, bottleneck occurs for subtractors.

Precision decreases with the increasing number of arithmetic calculations.
Most importantly precision is most affected by division and square root finding
because of their iterative solutions. One of the solutions for better precision is
optimizing the algorithm as much as possible by combining arithmetic calculations
and trying to get rid of division and square root calculations. These considerations
are addressed in the design and implementation subsection. Another important
design consideration for better precision is the design of the square root module.
We designed this module as a separate module from the adder/subtractor and
multiplication/division unit, because of its iterative solution method. Square root
calculation affects precision and timing because there is a tradeoff between
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precision and timing. If we use more iterations to find the square root of the
number, we get better results. This analysis comes from the discussion in square
unit subsection. However, after a specific number of iterations, the results starts to
stay at the same error level but the timing increases for the design without better
precision. There must be a cut-off point where the precision stays constant. To find
the cutoff point, the square root of 50 different numbers using different iteration
counts, 5, 6, 7, 8, 9, 10, 11, and 12 is calculated. The error is denoted as
^

ei = y i − y i , where yi is the actual result which is calculated by using 14 number of
^

digits of floating point arithmetic, y i is the result which is calculated in QR
decomposition core using 18 bits of data lines of fixed-point arithmetic. After
finding the errors in process of square root calculation for 50 different numbers,
descriptive statistics is used to analyze the sample data. The range, maximum and
sum of the error of the errors for different iterations are considered. This is shown
in the Figure 14.
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Figure 14 - The range, maximum and sum of the error of the errors for
different iterations
Range, Maximum and Sum of Error
Range

Maximum

Sum

0.0035
0.003

Value

0.0025
0.002
0.0015
0.001
0.0005
0
5

6

7

8

9

10

11

12

Iteration Count

This can be seen that range, maximum and sum of the error stay
approximately constant for the iterations between 6 and 12. The fluctuations
between 6 and 12 iterations are due to random number effects which are used for
testing. However, usage of 5 numbers of iterations effects the range, maximum and
sum of the error significantly. This can be considered as a clue that 5 number
iterations can be the cut-off point. However, more descriptive analysis is required to
make a bold statement. At this point the mean, standard error, median, standard
deviation and sample variance of the error is calculated. The result for the
descriptive statistics is shown in Figure 15.
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Figure 15 - The mean, standard error, median, standard deviation and
sample variance of the error
Descriptive Statistics of Error
Mean

Standard Error

Median

Standard Deviation

Sample Variance

0.00009
0.00008
0.00007

Value

0.00006
0.00005
0.00004
0.00003
0.00002
0.00001
0
5

6

7

8

9

10

11

12

Iteration Count

The median of the observations are not significantly changing. However the
maximum error after using 5 iterations is increasing significantly as shown in
Figure 15. This gives us the idea that error’s mean, standard error and standard
deviation is increasing at 5 iterations level. After these test, usage of 6 iterations is
chosen to find the square root of a number. The square root unit achieves a
throughput of 10.558 ns. The latency for finding the square root of a number is 114
clock cycles.
After determining the iteration count for the square root unit, the precision
of the solution is investigated. Before starting the precision analysis, it is best to
describe the register structure of the design. As we discussed before, 2 × n × n
number of registers are used to decompose a n × n matrix. In the decomposition
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process, the first n × n numbers of registers are used to keep Q matrix data and the
next n × n numbers of registers are used to keep R matrix data and temporary data.
After receiving the matrix, A, to decompose, this matrix is stored into the first n × n
number of registers, and their values are updated in the decomposition process. The
next n × n numbers of registers are set to 0 in the beginning of the decomposition
process. The required R matrix entries are updated in the decomposition process.
This process is demonstrated in the Figure 16.

Figure 16 - Usage of registers

⎡Q11
⎢Q
⎢ 21
⎢Q31
⎢
⎣Q41
⎡ A11
⎢A
⎢ 21
⎢ A31
⎢
⎣ A41

A12
A22
A32
A42

A13
A23
A33
A43

Q12 Q13 Q14 ⎤
Q22 Q23 Q24 ⎥⎥
Q32 Q33 Q34 ⎥
⎥
Q42 Q43 Q44 ⎦

A14 ⎤
A24 ⎥⎥
A34 ⎥
⎥
A44 ⎦

⎡ R11
⎢0
⎢
⎢0
⎢
⎣0
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R12

R13

R22
0
0

R23
R33
0

R14 ⎤
R24 ⎥⎥
R34 ⎥
⎥
R44 ⎦

In order to determine the precision of the solution, 20 different matrices are
decomposed using the optimized square root unit and the other arithmetic units.
And the actual results are computed by MATLAB software by using 14 digits of
^

floating -point arithmetic. The errors are denoted as ei = Ri − R i where Ri is the
^

actual result of the ith entry, and R i is the calculated value of the ith entry.
At the end of the decomposition process, the register entries are being filled
by the desired Q and R matrices. After decomposition of 20 random matrices, the
error is computed as described above. The summary of the descriptive statistics for
error is shown in the Table 11.
Table 11 - The descriptive statistics for error
Mean

9.15E-05

Standard Error

1.29E-05

Median

4.1E-05

Standard Deviation

0.000164

Sample Variance

2.68E-08

Kurtosis

27.95499

Skewness

4.490855

Range

0.00139

Minimum

0

Maximum

0.00139

Sum

0.014645

Count

640

Confidence Level(95.0%)

2.56E-05
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The absolute value of the difference between actual and computed result,
^

Ri − Ri is shown in Figure 17.

Figure 17 - The absolute value of the difference between actual and
computed result
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However, this demonstration of the error can be misleading, and it is best to
^

R − Ri
. The
look at the percentage of the each error which is described as i
Ri
percentage mean is shown in Figure 18.
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Figure 18 - The percentage mean of the error
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The errors in the registers can be described in two parts. For the first 16
entries which are devoted to the Q matrix as we said previously. The updates in the
registers occur column by column and this results in increased error in every
column because of more usage of arithmetic units. The next 16 entries are R matrix
and the errors in these entries increase in every column as well. Because the R
matrix is an upper diagonal matrix, the entries under the diagonal of the R matrix
have no error. This can be misleading too while considering the error. So, the error
is shown using logarithmic scale in Figure 19.
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Figure 19 - Logarithmic scale percentage change
Logarithmic Scale, Percentage Scale
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The bottlenecks are not removed in the first design of the QR decomposition
core to show the changes in the area and the timing of the design. Firstly only two 2
adder/subtractor and 2 multiplier/divider reservation stations are used even though
usage of less than 4 of these reservation stations result as a bottleneck in the
decomposition. Every different design is divided in four algorithmic sections where
every one of them computes the specified entries of the Q and R matrices. The first
design is used to show these different parts of the design.
The diagonal elements of the upper diagonal matrix, R, are computed by
using the following equations:
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Rkk = Qk

for k = 1
2

~

Rkk = Qk

for k > 1 ≥ n
2

where
Qk

~

2

~

~

= (Qk , Qk )

= (Qk , Qk ) or Qk
2

The block diagram of this computation is shown in Figure 20.

Figure 20 - The block diagram for computing the diagonal elements of the
upper diagonal matrix

To find the columns of the Q matrix, the following equations are used:

Qk =

Qk =

1
Qk for k = 1
rkk

1 ~
Qk for k > 1 ≥ n
rkk
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The block diagram of this computation is shown in Figure 21.

Figure 21 - The block diagram for computing the columns of the
orthogonal matrix

In the solution of the columns of the Q matrix, the division and
multiplication can be combined with using another block diagram. After combining
the multiplications and divisions, these equations become

Qk =

Qk
for k = 1
rkk

~

Q
Qk = k for k > 1 ≥ n
rkk

And the block diagram of this computation is shown in Figure 22.

81

Figure 22 - Another block diagram for computing the columns of the
orthogonal matrix

Using this approach, multiplications are removed from this part of the
algorithm. However, divisions are increased which takes more time than
multiplications.
To find the other entries of the R matrix, we used the following equation:

rik = Ak , Qi
where
n

x, y = ∑ x i y i
i =1

The block diagram of this computation is shown in Figure 23.

82

Figure 23 - The block diagram for computing the other entries of the upper
diagonal matrix

~

To update the registers in the Q matrix, Qk , at the end of the every step, the
following equations are used:
k −1

~

Q k = Ak − ∑ R jk Q j
j =1

The block diagram of this computation is shown in Figure 24.
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Figure 24 - The block diagram for updating the columns of the orthogonal
matrix

The combined block diagram to solve the decomposition of a given matrix is
shown in Figure 25.
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Figure 25 - Block diagram of the combined units

It is important to notice that the arithmetic calculation part of the design is
the combination of these 4 different block diagrams. And this design solves the
decomposition problem by using its resource repeatedly because the design has only
2 addition/subtraction and 2 multiplication/division reservation stations in 1
addition/subtraction and 1 multiplication/division unit. For example, in the Figure

85

25, even though there are 8 different multiplication reservation stations, 2
multiplication reservation stations are used repeatedly in the different part of the
algorithm.
The resources which are used for this design are shown in Table 12 and timing
results for this design are shown in Table 13.

Table 12 – Design resources by using 2 addition/subtraction and 2
multiplication/ division reservation stations
Unit
Add/Sub
Mult/Div
Square Root
Dispatch Cont.
Register File Cont.
Total

Slices
519
574
406
1,775
2,833
6,107

Slice Registers
213
417
189
296
876
1991

LUTs
928
1,043
772
3,213
5,574
11,530

DSP48
0
2
0
0
0
2

IOBs
209
210
198
63
201
210

Table 13 - Timing Results
Unit
Add/Sub

Minimum
period
4.849 ns

Maximum
Frequency
206.228 MHz

After Place
& Route
4.918 ns

Clock
Cycles
1|1

Mult/Div

8.830 ns

113.250 MHz

15.743 ns

1 | 19

Square
Root
Dispatch
Cont.
Register
File Cont.
Total

10.166 ns

98.370 MHz

11.179 ns

114

8.663 ns

115.433 MHz

9.467 ns

-

4.918 ns |
4.918 ns
15.743 ns |
299.117 ns
1,274.406
ns
-

7.036 ns

142.126 MHz

11.862 ns

-

-

1677

26,401 ns

15.743 ns

Total

As discussed before if k < n for multipliers / dividers, bottleneck occurs. So,
for 4 × 4 matrix decomposition, 4 multiplier / divider reservation stations must be
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used. The design which includes additional 2 reservation stations is shown in Figure
26.
Figure 26 - Design using n multiplication/division reservation stations
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The resources which are used for this design are shown in Table 14 and timing
results for this design are shown in Table 15.
Table 14 - Design resources by using n multiplication/ division reservation
stations
Unit
Add/Sub
Mult/Div
Square Root
Dispatch Cont.
Register File Cont.
Total

Slices
523
1,172
403
3,018
3,282
8,398

Slice Registers
213
849
189
310
875
2436

LUTs
938
2,154
768
5,703
6,438
16,001

DSP48
0
4
0
0
0
4

IOBs
259
272
248
75
251
272

Table 15 - Timing Results
Unit
Add/Sub

Minimum
period
4.849 ns

Maximum
Frequency
206.228 MHz

After Place
& Route
4.678 ns

Clock
Cycles
1|1

Mult/Div

8.830 ns

113.250 MHz

16.325 ns

1 | 19

Square
Root
Dispatch
Cont.
Register
File Cont.
Total

10.210 ns

97.947 MHz

9.619 ns

114

11.203 ns

89.259 MHz

11.103 ns

-

4.678 ns |
4.678 ns
16.325 ns |
310.175 ns
1,096.566
ns
-

7.095 ns

140.944 MHz

9.770 ns

-

-

752

12,276.4 ns

16.325 ns

Total

Another bottleneck for 4 × 4 matrix decomposition is the usage of 2
subtraction reservation stations instead of 4 reservation stations. The design which
includes additional 2 reservation stations for subtraction is shown in Figure 27.
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Figure 27 - Design using n subtraction reservation stations
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The resources which are used for this design are shown in Table 16 and timing
results for this design are shown in Table 17.
Table 16 - Design resources by using n subtraction reservation stations
Unit

Slices

LUTs

DSP48

IOBs

1,307
1,443
454
3,992
4,448

Slice
Registers
441
849
189
461
876

Add/Sub
Mult/Div
Square Root
Dispatch Cont.
Register File
Cont.
Total

2,379
2,687
863
7,314
8,744

0
4
0
0
0

321
322
298
87
301

11,644

2816

21,987

4

322

Table 17 - Timing Results
Unit
Add/Sub

Minimum
period
4.796 ns

Maximum
Frequency
208.507 MHz

After Place &
Route
5.413ns

Clock
Cycles
1|1

Mult/Div

8.830 ns

113.250 MHz

15.029ns

1 | 19

Square
Root
Dispatch
Cont.
Register
File Cont.
Total

10.166 ns

98.370 MHz

10.558ns

114

5.413ns |
5.413ns
15.029ns |
285.551ns
1,203.612 ns

11.034 ns

90.627 MHz

11.935ns

-

-

7.111 ns

140.626 MHz

12.466ns

-

-

734

11,031.286
ns

15.029 ns
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Appendix
Control and Data Lines
1.1 n = 4
a) Data Lines: 25 bits
24

19 18

0

Tag

Data

b) Early Out Data Lines: 6 bits

5

0
Tag Bits for
Reservation
Stations

c) Data: 19 bits
18 17
16 15
Sign Integer Part

0
Fractional Part

d) Instructions which are coming from Instruction Queue: 21 Bits

Add, Subtract, Multiply, Divide and Square Root Instructions
20

18 17
Function

Destination
Register

12 11
65
0
Operand 1 Tag
Operand 2 Tag

e) Instructions which are created by Instruction Dispatch Unit: 27 Bits

Add, Subtract, Multiply, Divide and Square Root Instructions
26
21 20
18 17
12 11
6 5
0
Reservation
Function
Destination
Operand 1
Operand 2
Station Tag
Register
Tag
Tag
f) Reservation Stations: 53 bits
Adder, Multiplier and Square Root Unit Reservation Stations
52
50 49
44 43
25 24
19 18
Function
Tag 1
Data 1
Tag 2
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0
Data2

1.2 n = 8
a) Data Lines: 27 bits
26

19 18
Tag

0
Data

b) Early Out Data Lines: 8 bits

7

0
Tag Bits for
Reservation
Stations

c) Data: 19 bits

18 17
15 14
Sign
Integer Part

0
Fractional Part

d) Instructions which are coming from Instruction Queue: 27 Bits

Add, Subtract, Multiply, Divide and Square Root Instructions:
26

24 23
Function

16 15
Destination
Register
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Operand 1 Tag

0
Operand 2 Tag

e) Instructions which are created by Instruction Dispatch Unit: 35 Bits

Add, Subtract, Multiply, Divide and Square Root Instructions: 35 bits
34
27 26
24 23
16 15
8 7
0
Reservation
Function
Destination
Operand 1 Tag Operand 2
Station Tag
Register
Tag
f) Reservation Stations 57 bits

Adder, Multiplier and Square Root Unit Reservation Stations:
56
54 53
46 45
Function
Tag 1

27 26
Data 1
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19 18
Tag 2

0
Data2

1.3 n = 16
a) Data Lines: 29 bits
28

19 18
Tag

0
Data

b) Early Out Data Lines: 10 bits
9

0
Tag Bits for
Reservation
Stations

c) Data: 19 bits

18
Sign

17
Integer Part

14 13
Fractional Part

0

d) Instructions which are coming from Instruction Queue: 33 Bits

Add, Subtract, Multiply, Divide and Square Root Instructions:
32

30 29
Function

20 19
Destination
Register

10 9
Operand 1 Tag

0
Operand 2 Tag

e) Instructions which are created by Instruction Dispatch Unit: 43 Bits

Add, Subtract, Multiply, Divide and Square Root Instructions: 43 bits
42
0
Reservation
Station Tag

33 32
Function

30 29

20 19

Destination
Register

Operand 1 Tag

10 9
Operand 2
Tag

f) Reservation Stations 61 bits

Adder, Multiplier and Square Root Unit Reservation Station:
60
58 57
48 47
Function
Tag 1

29 28
19 18
Tag 2

Data 1
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0
Data2

1.4 n = 32
a) Data Lines: 31 bits
30

19 18

0

Tag

Data

b) Early Out Data Lines: 12 bits
11

0
Tag Bits for
Reservation
Stations

c) Data: 19 bits
18 17
Sign
Integer Part

13 12
Fractional Part

0

d) Instructions which are coming from Instruction Queue: 39 Bits

Add, Subtract, Multiply, Divide and Square Root Instructions:
38

36 35
Function

24 23
Destination
Register

12 11
Operand 1 Tag

0
Operand 2 Tag

e) Instructions which are created by Instruction Dispatch Unit: 51 Bits

Add, Subtract, Multiply, Divide and Square Root Instructions
50
39 38
36 35
24 23
12 11
0
Reservation
Function
Destination
Operand 1 Tag Operand 2
Station Tag
Register
Tag
f) Reservation Stations 65 bits

Adder, Multiplier and Square Root Unit Reservation Stations
64
62 61
50 49
Function
Tag 1

31 30
19 18
Tag 2

Data 1
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0
Data2

1.5 n = 64
a) Data Lines: 33 bits
32

19 18

0

Tag

Data

b) Early Out Data Lines: 14 bits
13

0
Tag Bits for
Reservation
Stations

c) Data: 19 bits
18 17
Sign
Integer Part

13 12
Fractional Part

0

d) Instructions which are coming from Instruction Queue: 45 Bits

Add, Subtract, Multiply, Divide and Square Root Instructions:
44

42 41
Function

28 27
Destination
Register

14 13
Operand 1 Tag

0
Operand 2 Tag

e) Instructions which are created by Instruction Dispatch Unit: 59 Bits

Add, Subtract, Multiply, Divide and Square Root Instructions
58
45 44
42 41
28 27
14 13
0
Reservation
Function
Destination
Operand 1
Operand 2
Station Tag
Register
Tag
Tag
f) Reservation Stations 69 bits

Adder, Multiplier and Square Root Unit Reservation Stations
68
66 65
52 51
Function
Tag 1

Data 1

33 32
19 18
Tag 2

98

0
Data2
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