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a b s t r a c t 

As a recurrent neural network that requires no training, the reservoir computing (RC) 

model has attracted widespread attention in the last decade, especially in the context 

of time series prediction. However, most time series have a multiscale structure, which 

a single-hidden-layer RC model may have difficulty capturing. In this paper, we propose 

a novel multiple projection-encoding hierarchical reservoir computing framework called 

Deep Projection-encoding Echo State Network (DeePr-ESN). The most distinctive feature of 

our model is its ability to learn multiscale dynamics through stacked ESNs, connected via 

subspace projections. Specifically, when an input time series is projected into the high- 

dimensional echo-state space of a reservoir, a subsequent encoding layer (e.g., an autoen- 

coder or PCA) projects the echo-state representations into a lower-dimensional feature 

space. These representations are the principal components of the echo-state representa- 

tions, which removes the high frequency components of the representations. These can 

then be processed by another ESN through random connections. By using projection layers 

and encoding layers alternately, our DeePr-ESN can provide much more robust generaliza- 

tion performance than previous methods, and also fully takes advantage of the temporal 

kernel property of ESNs to encode the multiscale dynamics of time series. In our experi- 

ments, the DeePr-ESNs outperform both standard ESNs and existing hierarchical reservoir 

computing models on some artificial and real-world time series prediction tasks. 

© 2019 Elsevier Inc. All rights reserved. 

 

 

 

 

 

 

 

 

 

1. Introduction 

Reservoir computing (RC) [23,46] is a popular approach for training recurrent neural networks (RNNs) efficiently. They

have a “reservoir” of dynamics that can be easily tapped to process complex temporal data. An RC network usually consists

of three components: an input layer, a large RNN layer (called the reservoir) and a linear output layer. The input-to-hidden

and hidden-to-hidden (recurrent) weights are randomly initialized and fixed during the learning stage. By learning the state

dynamics generated from the untrained recurrent hidden layer, reservoir computing networks can avoid the laborious pro-

cess of gradient-descent RNN training, yet achieve excellent performance in nonlinear system identification [38] , signal pro-

cessing [48] and time series prediction [49] . The computational efficiency presented by reservoir computing networks is

highly expected in many practical scenarios, such as some real-time applications [35] . Thus, it attracts many interests in

research communities on how to develop new reservoir computing models with high computational efficiency and better

modeling capacity. 
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The two most well-known RC models are Liquid State Machines [25] and Echo State Networks [16,19] . Liquid State Ma-

chines (LSMs) have continuous dynamics and spiking neurons, while Echo State Networks (ESNs) use discrete dynamics

and rate-coded neurons. Due to the relative simplicity and strong theoretical grounding [17,24,28,47,50] , ESNs represent the

most widely known RC networks and have had many successful applications [22] . The reservoir in an ESN is initialized with

sparse connections and a constraint on the spectral radius that guarantees rich, long-term dynamics called the Echo State

Property (ESP) [19,23,50] . The reservoir of an ESN can be viewed as a nonlinear temporal kernel, which can map sequences

of inputs into a high dimensional space. Learning is then reduced to linear regression from the reservoir to the outputs.

Hence, ESNs are a powerful and efficient tool for the representation of dynamic data. 

However, on one hand, most of the existing ESNs have limits on modeling the hierarchical multi-scale structure of time

series that naturally exist in temporal data [5] . This is mainly because the conventional ESN is a single-hidden-layer RNN,

which can have difficulty dealing with input signals that require explicit support for multiple time scales and temporal

hierarchy [14] . Therefore, to quote Herbert Jaeger, “A natural strategy to deal with multiscale input is to design hierarchical

information processing systems, where the modules on the various levels in the hierarchy specialize on features on various scales. ”

[18] . 

On the other hand, with the recent revolution in deep learning (DL), several hierarchical RNN architectures have been

proposed [5,6,11,14,30] . However, since traditional RNNs depend on the back-propagation through time (BPTT) learning pro-

cess [33] , the lengthy process of training deep RNNs is still a practical issue [30] . Hence, constructing a hierarchical ESN is

an attractive approach to this problem as the training is trivial. Nevertheless, constructing a hierarchical ESN-based model

while maintaining the stability and high computational efficiency of RC, and also capturing hierarchical multi-scale temporal

representation is still a challenging issue. 

The first attempt to develop a hierarchical ESN is the dynamical feature discoverer (DFD) model proposed by Jaeger [18] .

The main idea is that by stacking multiple reservoirs, the outputs of a higher level in the hierarchy serve as coefficients

of mixing (or voting on) outputs from a lower one. The model learns the outputs from each reservoir simultaneously by

a gradient-based algorithm, which increases the computational complexity compared to the linear regression training of

the original ESN. Subsequently, Triefenbach et al. [43–45] explored cascaded ESNs for speech recognition. The cascaded ESN

produces multi-level phonetic states, and can be combined with Hidden Markov Models (HMMs) as the phoneme language

model. The cascaded ESN feeds outputs of the previous reservoir into the next one in a supervised way and trains output

weights layer by layer. 

Most recently, Gallicchio et al. (2016) introduced a stacked echo state network model named deepESN [8,10] . The weights

between two reservoirs of a deepESN are randomly generated from a uniform distribution. Doing a visualization experiment

similar to one carried out by Hermans and Schrauwen [14] , they found empirically that (with some manually tuned hyper-

parameters), their deepESN can produce an effective diversification of time-scales over the layers of the hierarchy. Compared

with aforementioned DFD and cascaded ESN, the deepESN retains the simplicity of training that the conventional ESN enjoys,

and does not need supervised training of each layer. However, these manually designed hyper-parameters are independent

of the practical prediction task performance, hence it is unclear whether the multi-scale dynamics in the manually tuned

reservoir will result in good performance on time series prediction. In this paper, we will fill this gap and analyze the

underlying dynamics of the recent hierarchical ESNs and our model under specific prediction tasks. 

Another similar work is the multilayere echo-state machine (MESM) [27] . Unlike the deepESN, the MESM was proposed to

pipeline multiple same-size reservoirs. Each reservoir uses the same internal weight matrix, and is connected by subsequent

layers by the same coupling weight matrix, which is to ensure the Echo State Property of this hierarchical structure. As with

standard ESNs, the output weights of the last reservoir are the only trainable parameters. However, the deepESN and the

MESM both simply connect multiple reservoirs with random weights, and can’t implement the layer-wise feature learning

that is characteristic of deep learning. They are essentially equivalent to conducting multiple random state transitions in the

direction of hierarchy, which do not take advantage of hierarchical structure and may not capture rich multiscale dynamics

under practical tasks (e.g. time series prediction). 

Apart from the above-mentioned ESN-based hierarchical models, some work tries to take advantage of a random-

projection technique, the Extreme Learning Machine (ELM) [15] , to augment the nonlinearity in reservoirs. One such model

is the ϕ-ESN [7] , which is a two-layer model adding a fixed feed-forward layer of ELM to a reservoir. The main idea is to

use the ELM to increase the dimensionality over that of the reservoir, in order to increase separability. The other is R 

2 SP

[2,3] which is very similar to the ϕ-ESN, adding two ELMs to encode inputs and reservoir states respectively. Their results

showed that employing some static feed-forward networks as intermediate layers will obtain more nonlinear computational

power in the reservoir. Although these works are not typical hierarchical ESN models, they suggest that the suitable alloca-

tion of nonlinear mapping capacity and short-term memory capacity on different layers can enhance the modeling capacity

of the reservoir system. 

In this paper, we propose a novel hierarchical reservoir computing framework called Deep Projection-encoding Echo

State Network (DeePr-ESN). A distinctive feature of the DeePr-ESN is its multiple projection-encoding based hierarchical

architecture. DeePr-ESN alternates between a projection layer and an encoding layer to connect the reservoirs. More specif-

ically, when an input time series is projected into the echo-state space of a reservoir, a subsequent encoding layer re-

ceives the echo states of the previous reservoir as input and encodes the high-dimensional echo-state representations into

a lower-dimensional feature space (e.g., by PCA). Then these encoded representations are once again projected into the

high-dimensional state space of the following reservoir by random connections. By using this multiple projection-encoding
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Fig. 1. Architecture of the basic ESN, which consists of three components: an input layer with D neurons, a large reservoir with N neurons, and an output 

layer with L neurons (here L = 1 ). The links in the reservoir are random sparse fixed connections. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

method, the DeePr-ESN can fully take advantage of the temporal kernel property of each reservoir to represent the multiscale

dynamics of the time series, rather than directly stacking multiple reservoirs in a entirely random way. Our experimental

results show that DeePr-ESN outperforms both the standard ESN and the existing hierarchical ESN models on some artificial

and real-world time series prediction by capturing the rich multiscale dynamics of the data. 

Our contributions can be summarized as follows: 

1. We develop a novel hierarchical reservoir computing framework called the Deep Projection-encoding Echo State Net-

work (DeePr-ESN) based on projection-encodings between reservoirs, which takes advantage of the merits of reservoir

computing and deep learning, and bridges the gap between them. 

2. By unsupervised encoding of echo states layer by layer, the proposed DeePr-ESN can not only provide more robust gen-

eralization performance than existing methods, but also obtains more rich multiscale dynamics than other hierarchical

RC models. 

3. Compared with the existing Reservoir Computing hierarchical models, the DeePr-ESN achieves better performance on 

well-known chaotic time series modeling tasks and several real-world time series prediction tasks. 

The rest of this paper is organized as follows. In Section II, we introduce the typical ESN architecture, some important

properties and related hyper-parameters. In Section III, the model architecture and the learning algorithm of the DeePr-ESN

are formally described. After that, we report our experimental results in Section IV. We conclude in Section V. 

2. Echo state network 

2.1. ESN architecture 

An Echo State Network is a recurrent neural network consisting of three basic components: an input layer, a large re-

current layer (called the reservoir ) with fixed sparse hidden-to-hidden connections, and an output layer [17] . The general

architecture of an ESN is illustrated in Fig. 1 . 

Let D, N and L denote the numbers of neurons in the input layer, the reservoir and the output layer. The weights of input-

to-reservoir and reservoir-to-reservoir are collected by an N -by- D matrix W 

in and an N -by- N matrix W 

res . The weights from

input-to-output and reservoir-to-output are combined in a single L -by- (D + N) matrix W 

out . Among these, W 

in is randomly

initialized from a uniform distribution [ −1 , 1] , and W 

res is defined in Eq. (4) , below. They are fixed during the training stage,

and only W 

out needs to be adapted. 

An ESN is trained by supervised learning. Two steps are involved. First, a series of D -dimensional inputs u are projected

into the reservoir, driving it to obtain a series of echo states x . Second, the output matrix W 

out is learned by simple re-

gression techniques. Here we use an ESN with leaky-integrator neurons as proposed by Jaeger et al. [20] , which was also

adopted by [8,27] . The mathematical formulation for the entire system is: 

z (t + 1) = W 

res x (t) + W 

in u (t + 1) (1)

x (t + 1) = (1 − γ ) x (t) + γ f (z (t + 1)) (2)
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y (t + 1) = f out (W 

out [ x (t + 1) ; u (t + 1)]) (3)

where u, x and y denote the inputs, the reservoir states and the outputs, respectively. f ( · ) is the non-linear activation

function in reservoir (usually tanh ( · )) and f out is the activation function in output (usually identity ( · )). γ in Eq. (2) denotes

the leak rate which is used for integrating the states of the previous time step with the current time step. 

There are three main characteristics that distinguish an ESN from other RNNs: 

1. The ESN adopts a high-dimensional projection process to capture the dynamics of the inputs, which has a similar func-

tion to that of the kernel in kernel-based learning methods [13,23] ; 

2. The reservoir is the core of whole system, which consists of a large number (typically 100–1000 times the dimensions

of the inputs) of sparsely connected neurons, and none of the weights in the reservoir are trained. 

3. The output signals are linear combinations of the echo states of the reservoir (and optionally, the input), and simple

linear regression algorithms are used to compute the linear readout layer weights. 

Compared with other RNNs, training an ESN is both simple and fast because it need not train all recurrent weights

via BPTT and avoids suffering from the issues of gradient exploding and vanishing. Moreover, it cannot get stuck in local

minima. The large, sparsely-connected reservoir endows it with a high capacity to model the underlying dynamics of a time

series. 

2.2. Hyperparameters and initialization 

The important hyperparameters used for initializing an ESN are IS - the input scaling, SR - the spectral radius, α - the

sparsity, and the aforementioned leak rate γ . 

1. IS is used to scale the randomly-generated input matrix W 

in : the elements of W 

in obey a uniform distribution between

- IS and IS . 

2. SR is the spectral radius of W 

res 
, given by 

W 

res = SR · W 

λmax (W ) 
(4)

where λmax (W ) is the largest eigenvalue of matrix W and the elements of W are generated randomly from [ −0 . 5 , 0 . 5] .

For practical purposes, SR is set below unity to ensure the Echo State Property (ESP) [19,50] . 

3. α denotes the proportion of non-zero elements in W 

res . α is set to be 0.1 in this paper. 

In short, ESNs have a very simple training procedure, and due to the high-dimensional projection and highly sparse con-

nectivity of neurons in the reservoir, it has abundant non-linear echo states and short-term memory, which are very useful

for modeling dynamical systems. The sparsity results in relatively independent nonlinear oscillators of different frequencies.

However, a single ESN cannot deal with input signals that require complex hierarchical processing and support for multiple

time scales. In the next section, we will propose our hierarchical reservoir-computing framework to resolve this issue. 

3. Deep projection-encoding echo state network 

In this section, the details of the proposed Deep Projection-encoding Echo State Network (DeePr-ESN) will be described,

as well as its learning algorithm, and analyze the stability conditions. 

3.1. Proposed hierarchical framework 

The architecture of our Deep Projection-encoding Echo State Network (DeePr-ESN) is illustrated in Fig. 2 . Its hidden layers

consist of K reservoirs and (K − 1) encoders. To avoid confusion, we define this DeePr-ESN as a K -layer network (actually

it has 2 K − 1 hidden layers when the encoders are included). Let N 

( i ) and M 

( j ) denote the number of neurons in the i -th

reservoir layer and the j -th encoder layer, where i = 1 , . . . , K and j = 1 , . . . , K − 1 . The T -length time series inputs are denoted

as U = [ u (1) , u (2) , . . . , u (T )] and teaching signal matrix is denoted as T = [ t (1) , t (2) , . . . , t (T )] , where u (t) ∈ R 

D , t (t) ∈ R 

L

at each time step t . Activation values (updated states) in i -th layer reservoir and j -th layer encoder are denoted as x (i ) 
res (t)

and x 
( j) 
enc (t) respectively, where t = 0 , . . . , T − 1 . Further, We use W 

in ( i ) to collect the input weights of i -th reservoir, W 

res ( i ) to

collect the recurrent weights and W 

enc ( j ) to collect the input weights of j -th encoder. Matrix W 

out has all the weights of the

direct connections, the weights of feature links (connections between intermediate reservoirs and the outputs, as shown in

Fig. 2 ), and the output weights from the last reservoir. In this way, the formulation details of our proposed network can be

presented as follows. 

For the i -th reservoir ( i = 1 , . . . , K), its high-dimensional states can be obtained by 

z (i ) (t + 1) = W 

res (i ) x 

(i ) 
res (t) + W 

in (i ) x 

(i ) 
in 

(t + 1) (5)

x 

(i ) 
res (t + 1) = (1 − γ ) x 

(i ) 
res (t) + γ f (z (i ) (t + 1)) (6)
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Fig. 2. Architecture of the proposed DeePr-ESN with K reservoirs and (K − 1) encoders. We include direct connections from the input to the output layer 

and weights (feature links) from each reservoir to the output layer. 

 

 

 

 

 

 

 

 

 

 

 

where x (i ) 
in 

(t + 1) denotes the inputs of i -th reservoir and f ( ·) is the non-linear activation function ( tanh ( ·)). When i is 1, we

have x (1) 
in 

(t + 1) = u (t + 1) . When i is greater than one, we have x (i ) 
in 

(t + 1) = x (i −1) 
enc (t + 1) , i.e., the inputs of i -th reservoir

are the output of the (i − 1) -th encoder. For simplicity, we use an operator F i to denote the high-dimensional projection

(5) and the update step (6) . That is 

x 

(i ) 
res (t + 1) = F i (x 

(i ) 
res (t) , x 

(i ) 
in 

(t + 1)) (7)

Given the states of the previous reservoir, we can use an unsupervised dimension reduction technique T to encode them

and produce encoded features. Thus, the encoding procedure of the j -th encoder ( j = 1 , . . . , K − 1 ) can be formulated as 

x 

( j) 
enc (t + 1) = T (x 

( j) 
res (t + 1)) (8) 

Further, we can instantiate T in (8) as 

T (x 

( j) 
res (t + 1)) = f enc (W 

enc( j) x 

( j) 
res (t + 1)) (9) 

where f enc ( ·) is the activation function of the encoder. When f enc ( ·) is the identity function, T is a linear dimensionality

reduction technique. The choices of T will be introduced later. 

According to above descriptions, we can obtain the state representations of the last reservoir by 

x 

(K) 
res (t + 1) = F K ◦ H K−1 ◦ · · · ◦ H 1 (u (t + 1)) (10) 

where H j = T j ◦ F j and the symbol ◦ denotes a composition operator. 

Similar to previous work [8] , the DeePr-ESN includes weights from all of the reservoirs to the output layer. We omit

weights from the encoder layers to have a comparable number of parameters to previous work. Outputs of the whole system

at time t + 1 can be computed by 

y (t + 1) = W 

out M (t + 1) (11) 

where M (t + 1) is: 

M (t + 1) = [ u (t + 1) T , x 

(1 , ... ,K) 
res (t + 1) T ] T (12)

which collects the input vector and echo state vectors in M . Rewriting (11) in matrix form, we have: 

Y = W 

out M (13) 

where the columns of Y and M range over 1 , . . . , T . 

We use the standard squared error loss: 

E(W 

out ) ∝ ‖ T − Y ‖ 

2 
2 (14) 

which is a simple regression problem on the parameters W 

out . T is a matrix collecting the teacher signals. Since time series

present a high-dimensional form ( T is larger than the output dimension), this problem always is over-determined and we

adopt ridge-regression with Tikhonov regularization [41] to solve it. 

ˆ W 

out = TM 

T (MM 

T + βI ) −1 (15) 

where β is a small regularization term (such as 10 −4 ). 

The whole training procedure of DeePr-ESN are described in Algorithm 1 . 
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Algorithm 1 Updating and Training algorithm of DeePr-ESN. 

Input: 

U : matrix of input signals; T : matrix of teaching signals; T : length of signals; K: number of reservoir layers; D : dim of 

inputs (default 1); N 

(i ) : dim of the i -th reservoir, where i = 1 , . . . , K; M 

( j) : dim of the j-th encoder, where j = 1 , . . . , K −
1 ; IS (i ) : the input scaling of the i -th reservoir; SR (i ) : the spectral radius of the i -th reservoir; γ (i ) : the leak rate of the i -th 

reservoir; α: the sparsity; β: the regularization term; 

Output: 

trained output weights ˆ W 

out ; reservoirs F i , i = 1 , . . . , K; encoders T j , j = 1 , . . . , K − 1 ; 

1: generate W 

(i ) 
res and W 

(i ) 
in 

2: for i = 1 to K do 

3: if i == 1 then 

4: F 1 =generate_reservoir( D, N 

(i ) , IS (i ) 
, SR (i ) ) 

5: else 

6: F i =generate_reservoir( M 

(i −1) , N 

(i ) , IS (i ) 
, SR (i ) ) 

7: end if 

8: end for 

9: initialize state matrix M ; 

10: for i = 1 to K do 

11: if i < K then 

12: compute x (i ) 
res (t) , t = 1 , . . . , T according to Eq. (7); 

13: add them to M ; 

14: compute W 

enc(i ) according to choice of encoder; 

15: compute x (i +1) 
in 

(t) , t = 1 , . . . , T ; 

16: else 

17: compute x (K) 
res (t) , t = 1 , . . . , T according to Eq. (7) 

18: add them to M ; 

19: end if 

20: end for 

21: compute ˆ W 

out = TM 

T (MM 

T + βI ) −1 Eq. (15) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.2. Choice of encoders 

To retain the computational advantages of reservoir computing, the encoder T should have a low learning cost. We use

two simple dimensionality reduction techniques: 

(a) Principal Component Analysis (PCA) an efficient technique to reduce dimensionality. As a popular DR statistical

method, PCA adopts an orthogonal base transformation to project the observations into a linearly uncorrelated low-

dimensional representation where the selected orthogonal bases are called principal components . In mathematical

terms, PCA attempts to find a linear mapping W ∈ R 

D ×M ( M < D ) that maximizes the following optimization prob-

lem: 

W 

� = arg max 
W 

‖ W 

T S x W ‖ 2 (16)

sub ject to W 

T W = I M 

(17)

where S x = XX 

T is the covariance matrix of zero-mean inputs X ∈ R 

D ×N . I M 

is the M × M identity matrix. D and M are

the original and reduced dimension of X respectively. The optimal W 

� can be provided by eigenvectors corresponding

to the m largest eigenvalues of the covariance matrix S x . 

While standard PCA is dominated by the eigenvalue decomposition, and so is O(N 

2 T + N 

3 ) [26] , where N is the orig-

inal dimensionality and T is the number of data points, there are fast, iterative methods that are O(N 

2 T + N 

2 MI) ,

where M is the reduced dimension, and I is the number of iterations to converge, which is usually quite small (usu-

ally 2–5), and therefore the complexity can be rewritten to O(N 

2 T + N 

2 M) [34] . 

(b) ELM-based Auto-encoder (ELM-AE) [4,40] is a recent dimensionality reduction tool based on the Extreme Learning

Machine (ELM), which is used for simplifying the training of traditional auto-encoders. The main idea is to obtain the

hidden random features H ∈ R 

M×T by using random weights W 

0 ∈ R 

M×N and random bias b 

0 ∈ R 

M×T , formulated by

H = g( W 

0 X + b 

0 
) (18)
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where X ∈ R 

N×T is the inputs and g denotes the identity activation function. Then the dimension reduction mappings

W 

� ∈ R 

N×M can be solved by optimizing the following problem: 

W 

� = arg min 

W 

{‖ WH − X ‖ 2 + λ‖ W ‖ 2 } (19) 

where λ is the regularization coefficient. This problem is a simple regression problem and can be solved by the

pseudo-inverse technique, same as (15) . Finally, the reduced data H enc can be represented by H enc = (W 

� ) T X . The

computational complexity of (19) is O(NMT ) . 

3.3. Heuristic optimization of hyperparameters 

As the depth of hierarchical reservoir computing models increases, it becomes more important to optimize the hyper-

parameters, since there are more reservoirs in the models. Existing hierarchical ESN-based research seldom discusses this

issue. Here we consider several methods for this element of the modeling enterprise. 

There are three commonly used strategies for optimizing the hyperparameters: manual setting (based on the user’s ex-

perience), grid search, and heuristic optimization. The first two strategies are used for general single-reservoir ESNs, but

they are unsuitable for deep reservoir networks due to the increasing dimensionality of the parameter space. Thus, we use

heuristic optimization to learn these key hyperparameters. For this purpose, we use the genetic algorithm (GA), as it has

been shown to work well in high-dimensional spaces [29] . 

The GA works on a population of candidate solutions. First, the fitness of every individual in the population is evaluated

in each iteration (called a “generation”), where the fitness is the value of the objective function. The more fit individuals

are stochastically selected from the current population and used to form a new generation by three biologically-inspired

operators: mutation, crossover and selection. Finally, the algorithm terminates when a maximum number of generations or

a satisfactory fitness level is reached. 

In our experiments, we use the GA optimize three hyperparameters in each reservoir: IS, SR and γ . We concatenate all

triple hyperparameters of each reservoir into a vector and view this vector as an individual in GA. We restrict the search

space for IS to the range [0.0 0 0 01,1], where we use a small value 0.0 0 0 01 to avoid IS becoming zero. SR and γ are limited

to (0,1). SR is set to be smaller than 1 to ensure the Echo State Property in each reservoir (see [9] for more information

about the Echo State Property). In the case of our DeePr-ESN, we can derive a similar property, with the restriction that

the norms of the intermediate encoder’s weights should be bounded. The hyper-parameter α (the sparsity), gives relatively

stable results over a wide range in our experiments, as we show later. Hence we fix it to be 0.1 in each reservoir. The

prediction error of the system is selected as the fitness value of individuals (the smaller the loss, the higher the fitness). In

the following experiments, we apply the GA API provided by the MATLAB Global Optimization Toolbox. Other settings are

set to their defaults (e.g., migration fraction, crossover fraction). All of the hyper-parameters are found by GA by evaluation

on the validation set, and are listed in our supplementary material. 

Remark 1. Here we highlight the main differences between our model and its closest relatives in the literature, deepESN

[8] and MSEM [27] . 

(1) In our work, we mainly focus on developing an efficient mechanism for hierarchical reservoir computing models. This

requires propagating useful information to subsequent reservoirs. However, deepESN and MESM both simply connect 

multiple reservoirs with random weights. Our model uses simple features learned in an unsupervised way (e.g., PCA).

We think of this as our lightweight alternative to the feature learning in deep networks. Hence, our model retains the

minimal computational requirements of ESNs due to the linearity and simplicity of the encoders. 

(2) The authors of deepESN analyze the effectiveness of their network’s hierarchical processing by observing multi-

scale dynamics with specific hyper-parameters, which are manually set and independent of the task. In contrast,

our model’s rich multiscale dynamics produces high prediction performance. We also find that the deepESN doesn’t

achieve these multiscale characteristics with optimized hyper-parameters. 

(3) The authors of deepESN and MESM, do not address the issue of optimizing the hyperparameters of their models.

The number of hyperparameters in their models increases with depth. To address this problem, we use the genetic

algorithm (GA) to optimize some of the important hyperparameters of reservoirs. This allows our hierarchical ESN

model to adapt to different tasks without manual intervention. 

4. Experiments 

In this section, we evaluate our model against several single-layer ESNs, and several previous hierarchical ESN models, on

four time series datasets. Then we evaluate the model’s sensitivity to hyperparameters, and finally, visualize the multiscale

dynamics of the DeePr-ESN. 

4.1. Experimental setup 

4.1.1. Time series data 

We used four different time series to evaluate our model, two synthetic and two real-world datasets, shown in Fig. 3 . 
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Fig. 3. Visualization of selected time series, including chaotic time series generated from MGS and NARMA system, real world time series (monthly sunspot 

series and daily minimum temperatures). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Mackey-Glass System (MGS). MGS is a classical chaotic system that is often used evaluating time series prediction mod-

els [16] . We use a standard discrete time approximation to the Mackey-Glass delay differential equation given by 

y (t + 1) = y (t) + δ · (a 
y (t − τ/δ) 

1 + y (t − τ/δ) n 
− by (t)) (20)

where the parameters δ, a, b, n are usually set to 0.1, 0.2, -0.1, 10. When τ > 16.8, the system becomes chaotic, and in most

previous work, τ is set to 17, which we use here. The initial y (0) is set to be 1.2. We generate three parts of MG time series

with length T train = 10 0 0 0 , T validate = 30 0 and T test = 30 0 . To avoid the influence of initial states, we use a burn-in period of

100 steps ( T burn −in = 100 for each reservoir). The task is to do 84-step-ahead direct prediction. Thus, all of the methods are

required to learn the mapping from the current input u ( t ) to the target output y ( t ), where y (t) = u (t + 84) . 

Nonlinear auto-regressive moving average system (NARMA). NARMA is a highly nonlinear system incorporating memory. The

tenth-order NARMA system identification problem is often used to test ESN models. A tenth-order NARMA system depends

on outputs and inputs 9 time steps back, so it is considered difficult to identify. The tenth-order NARMA system that we

use is: 

y (t + 1) = 0 . 3 · y (t) + 0 . 05 · y (t) ·
9 ∑ 

i =0 

y (t − i ) + 1 . 5 · u (t − 9) · u (t) + 0 . 1 (21)

where u ( t ) is a random input of the system at time step t , drawn from a uniform distribution over [0, 0.5]. The output signal

y ( t ) is initialized by zeros for the first ten steps ( t = 1 , 2 , . . . , 10 ). In this task, we generate a NARMA time series with three

parts with length T train = 20 0 0 , T validate = 50 0 and T test = 50 0 , respectively. The initial burn-in length is set to be 30 for each

reservoir in the models. We conduct one-step-ahead direct prediction on this time series. 

Monthly Sunspot Series Forecasting. Sunspots are a dynamic manifestation of the strong magnetic field in the Sun’s outer

regions. It has been found that the number of sunspots has a very close statistical relationship with solar activity [1] . Due

to the complexity of the underlying solar activity and the high nonlinearity of the sunspot series, forecasting and analyzing

these series is a challenging task commonly used to evaluate the capability of time-series prediction models. An open source

13-month smoothed monthly sunspot series is provided by the world data center SILSO [37] . There are a total of 3209 sam-

ple points from July, 1749 to November, 2016. Since the last 11 points are still provisional and subject to possible revision,

we remove these points and use the remaining 3198 observations. We select data with three parts: T train = 800 (March, 1756

to October, 1822), T validate = 300 (July, 1829 to June, 1854) and T test = 300 (March, 1861 to February, 1886), respectively. The

additional burn-in length T burnin for each reservoir is set to 10. For this data set, we rescale the observations by dividing

them by 10 0 0. Here, we also perform one-step-ahead prediction. 

Daily Minimum Temperatures in Melbourne Australia. This data is recorded from January 1, 1981 to December 31, 1990

[42] . There are a total of 3650 sample points. We select the data with three parts: T = 800 (March 22, 1981 to May
train 
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30, 1983), T validate = 300 (August 19, 1983 to June 13, 1984) and T test = 300 (September 02, 1984 to June 29, 1985). The

additional burn-in length T burnin for each reservoir is set to 10. Since this real world time series shows strong nonlinearity,

we smooth it with a 5-step sliding window. The smoothed data can be seen in Fig. 3 . We perform one-step-ahead direct

prediction on this data set. 

4.1.2. Comparison models 

We compare our DeePr-ESN with the standard single-reservoir ESN and several hierarchical models. There are many

variants of single-reservoir ESNs, such as the Simple Cycle Reservoir (SCR) [32] , the support vector echo state machine

(SVESM) [36] , and the recent incremental ESN variant called the Growing ESN (GESN) [31] . Since we focus on exploring and

analyzing the effectiveness of hierarchical schema, we ignore these single-reservoir variants, but we note here that they can

all be used as a module in our hierarchical framework. 

The hierarchical models we use are two related two-layer models, including ϕ-ESN [7] , R 

2 SP [2,3] , and the recent hi-

erarchical ESN-based models, including the multilayered echo-state machine (MESM) [27] , the deepESN and grouped-ESN

proposed by Gallicchio et al. [8,10] . The grouped-ESN model actually is not a hierarchical model, but simply uses multiple

independent reservoirs, and the linear regression is performed on all the reservoirs simultaneously. 

Note that in the original papers, these researchers did not use the GA to choose their hyperparameters. In order to

ensure fairness of comparison, in this paper the GA is employed to optimize the hyperparameters in all the models. We set

the population size to 20 individuals and apply the GA for 60 generations. 

4.1.3. Comparison fairness 

For doing further fair comparison, we also employ identical conditions on the number of trained parameters in the

output layer of all hierarchical ESNs. First, we fix the size of each reservoir of all models to be 300, which is a reasonable

size relative to the dimension of the input variable, which is univariate. Then, we compare all hierarchical models with

increasing layers. Note that in our experiments, we add connections between intermediate reservoirs and the outputs in all

models. This ensures that the output weight matrix W 

out in the regression problem (15) is identical for all hierarchical ESNs.

For the standard ESN, we set various reservoir sizes to keep the same aggregate number of units in all reservoirs in the

hierarchical models. 

We do not include any connections from inputs to the intermediate reservoirs (as the case of deepESN-In All), because

we want to analyze merely the performance of different pipeline-style hierarchical structures. This would benefit the ob-

servation of the importance of various layers. Including connections from inputs to the intermediate would probably make

hierarchical model degenerate to a single-layer ESN. 

4.1.4. Evaluation metric 

The performance of all methods is evaluated by the normalized root mean squared error (NRMSE), which is used by

most ESN-based methods and is formulated as follows: 

NRMSE = 

√ √ √ √ 

T ∑ 

t=1 

[ d (t) − y (t)] 2 / 

{ 

T ∑ 

t=1 

[ d (t) − d ] 2 

} 

(22) 

where d ( t ) denotes the teaching signal at time step t , y ( t ) denotes t -th output of the model, and d denotes the mean of the

teaching signals, and T is the number of points. A nice property of this measure is that it is 1 if the system just produces

the average value of the teaching signal, and achieves its minimum at 0 if the fit is perfect. It is worth emphasizing that

there are two prediction methodologies, iterated prediction and direct prediction . The former estimates the next value by the

previous predicted one, while the latter finds a mapping between the input u ( t ) and the output u (t + h ) in the h -step-head

direct prediction. Although the iterated prediction was employed in the original ESN [16] and had higher accuracy than the

direct one [36] , previous work [12,36,39,49] found iterated prediction will lead to instability due to the error accumulation

for real-world nonlinear time series. Therefore, we employ the direct prediction in the following experiments. 

All results reported here are averages over 20 runs with different random reservoir initialization. 

4.2. Results 

The results are shown in Tables 1–4 . We use a color code (green is worst, red is best) so that the best results are easily

seen, and the trends as the number of layers increases can be readily observed. Note that in all tables, as the number of lay-

ers increases, for the single-reservoir ESN, only the number of parameters increases. For the two-layer ESNs, ϕ-ESN [7] and

R 

2 SP [2,3] , the size of the two reservoirs are increased to provide a matched number of parameters. For the grouped-ESN,

which is simply a flat combination of multiple reservoirs, it is the number of reservoirs that increases from left to right. For

DeePr-ESN, the encoder type and the encoder dimension, optimized by grid search, is shown in parentheses. 

The results on the Mackey-Glass dataset are reported in Table 1 . The Mackey-Glass results for DeePr-ESN are better

than all other models, with the ELMAE variant performing the best. The next best result overall is for grouped-ESN with 6

reservoirs 
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Table 1 

Performance on Mackey-Glass time series. 

\ # of layers 2 3 4 5 6 7 8 

\ # of trained parms 600 900 1200 1500 1800 2100 2400 

ESN Mean. 8.29E-02 1.12E-01 5.31E-02 4.79E-02 5.87E-02 7.49E-02 2.30E-01 

Std. 2.54E-02 4.86E-02 2.75E-02 1.11E-02 2.17E-02 3.55E-02 9.25E-02 

ϕ-ESN Mean. 9.40E-02 8.54E-02 1.19E-01 1.96E-01 1.47E-01 2.31E-01 1.17E-01 

Std. 1.99E-02 1.45E-02 5.58E-03 8.89E-03 2.53E-03 9.39E-03 2.09E-02 

R 2 SP Mean. 5.46E-02 3.55E-02 2.65E-02 2.87E-02 2.55E-02 2.22E-02 2.14E-02 

Std. 1.29E-02 4.13E-03 3.39E-03 2.94E-03 1.83E-03 1.85E-03 2.03E-03 

grouped-ESN Mean. 3.62E-02 2.37E-02 1.47E-02 1.18E-02 9.73E-03 3.75E-02 3.20E-02 

Std. 2.90E-03 2.89E-03 3.66E-03 2.67E-03 2.81E-03 5.30E-03 6.58E-03 

MESM Mean. 3.91E-02 2.43E-02 1.68E-02 2.15E-02 1.55E-02 1.72E-02 1.94E-02 

Std. 6.83E-03 4.30E-03 2.25E-03 3.08E-03 2.44E-03 1.36E-03 1.79E-03 

deepESN Mean. 2.63E-02 2.14E-02 2.72E-02 2.21E-02 1.71E-02 2.32E-02 2.37E-02 

Std. 3.11E-03 2.52E-03 4.16E-03 1.66E-03 1.98E-03 1.58E-03 1.40E-03 

DeePr-ESN (PCA, 60) Mean. 2.79E-02 1.62E-02 1.23E-02 9.41E-03 8.59E-03 8.66E-03 8.14E-03 

Std. 2.38E-03 3.04E-03 1.57E-03 2.59E-03 4.02E-03 3.88E-03 2.18E-03 

DeePr-ESN (ELMAE, 60) Mean. 2.74E-02 1.66E-02 5.00E-03 4.31E-03 1.71E-03 1.63E-03 9.08E-04 

Std. 4.65E-03 8.76E-03 1.52E-03 2.80E-03 8.37E-04 8.95E-04 9.67E-04 

Table 2 

Performance on NARMA time series. 

\ # of layers 2 3 4 5 6 7 8 

\ # of trained parms 600 900 1200 1500 1800 2100 2400 

ESN Mean. 1.97E-01 1.44E-01 1.36E-01 1.24E-01 1.25E-01 1.25E-01 1.24E-01 

Std. 1.20E-02 1.33E-02 1.12E-02 1.34E-02 1.19E-02 7.74E-03 5.73E-03 

ϕ-ESN Mean. 1.78E-01 1.86E-01 1.34E-01 1.38E-01 1.31E-01 1.39E-01 1.45E-01 

Std. 1.39E-02 1.35E-02 1.78E-02 1.38E-02 1.58E-02 1.98E-02 1.69E-02 

R 2 SP Mean. 1.98E-01 1.80E-01 1.55E-01 1.31E-01 1.50E-01 1.53E-01 1.37E-01 

Std. 2.37E-02 2.87E-02 1.83E-02 1.33E-02 1.25E-02 1.32E-02 7.66E-03 

grouped-ESN Mean. 1.98E-01 1.39E-01 1.45E-01 1.38E-01 1.32E-01 1.34E-01 1.27E-01 

Std. 2.77E-02 1.39E-02 1.40E-02 1.52E-02 9.71E-03 1.27E-02 1.02E-02 

MESM Mean. 1.59E-01 1.48E-01 1.40E-01 1.23E-01 1.17E-01 1.21E-01 1.31E-01 

Std. 3.70E-02 3.13E-02 2.51E-02 1.59E-02 1.96E-02 2.04E-02 2.64E-02 

deepESN Mean. 1.25E-01 1.24E-01 1.21E-01 1.12E-01 1.15E-01 1.05E-01 1.20E-01 

Std. 2.29E-02 6.85E-02 1.53E-02 1.03E-02 1.56E-02 1.23E-02 1.60E-02 

DeePr-ESN (PCA, 300) Mean. 1.21E-01 1.23E-01 1.19E-01 1.16E-01 1.14E-01 1.02E-01 1.15E-01 

Std. 1.33E-02 1.50E-02 1.41E-02 9.63E-03 1.42E-02 1.23E-02 1.44E-02 

DeePr-ESN (ELMAE, 200) Mean. 1.05E-01 9.07E-02 9.89E-02 9.46E-02 9.02E-02 6.93E-02 8.20E-02 

Std. 2.09E-02 1.49E-02 8.61E-03 1.02E-02 9.32E-03 1.15E-02 1.26E-02 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We found that as the number of layers increases, the DeePr-ESN consistently improves. With 8 reservoirs, DeePr-ESN with

PCA and ELMAE achieve their best performance, with NRMSE of 8.14E-03 and 9.08E-04, respectively. Also rather satisfying

is that the DeePr-ESN with ELMAE displays the lowest variance in performance at the deepest setting. These results suggest

that our DeePr-ESNs can take full advantage of the alternation between projection to low dimension and expansion to

higher-dimensional reservoirs to model the time series at multiple scales. 

Unfortunately, MESM and deepESN do not enjoy such stable behavior; both achieve their best results with 6 layers and

perform comparably to each other. The standard ESN has a sweet spot at a reservoir size of 1500, with worse performance

for smaller and larger reservoirs. Similarly, the two layer and grouped-ESN show variable behavior as the number of param-

eters is increased. 

We also observe that DeePr-ESN with ELMAE consistently outperforms DeePr-ESN with PCA. It is partially because PCA

expects the input distribution to approximate multivariate Gaussian distribution, while ELMAE seems to have fewer restric-

tions on the input distribution since it only requires that its inputs can be reconstructed well by outputs. Moreover, from our

empirical results, ELMAE is more suitable to be used as the DR layer in our DeePr-ESN. Since ELMAE is more efficient than

PCA, this is an especially nice result. In fact, on all of the datasets, ELMAE outperforms PCA for nearly all settings. Although

the difference is small for the real-world datasets, the efficiency of ELMAE suggests it is the best choice of encoder. 

Table 2 presents the results on NARMA time series. Here, the DeePr-ESN with ELMAE outperforms the other models,

while DeePr-ESN with PCA and DeepESN perform similarly across the board. Here, although the improvement of DeePr-ESN

(with ELMAE) as the number of layers increases is somewhat less consistent, the general trend is deeper is better, with 7

layers being optimal for this data. 

Tables 3 and 4 show the results on the two real-world datasets. Here, the Here, the trends are rather different than for

the first two datasets: Two layers are optimal. The fact that this is consistent across all four hierarchical models suggests

that it is a characteristic of these datasets that two scales suffice. Also, we note here that while numerically, both DeePr-ESN
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Table 3 

Performance on sunspot time series. 

\ # of layers 2 3 4 

\ # of trained parms 600 900 1200 

ESN Mean. 5.05E-02 4.67E-02 3.18E-02 

Std. 3.69E-03 7.44E-04 9.00E-04 

ϕ-ESN Mean. 3.76E-02 2.42E-02 3.01E-02 

Std. 3.47E-03 1.41E-03 1.60E-03 

R 2 SP Mean. 6.09E-02 6.85E-02 5.19E-02 

Std. 4.85E-03 3.17E-03 2.32E-03 

grouped-ESN Mean. 5.23E-02 5.95E-02 4.78E-02 

Std. 2.82E-04 3.39E-04 4.03E-04 

MESM Mean. 1.95E-02 1.99E-02 2.05E-02 

Std. 5.69E-04 3.47E-04 8.30E-02 

deepESN Mean. 2.02E-02 2.15E-02 4.06E-02 

Std. 4.42E-03 5.71E-03 3.14E-03 

DeePr-ESN (PCA, 120) Mean. 1.90E-02 2.03E-02 2.24E-02 

Std. 3.02E-04 7.81E-04 8.41E-04 

DeePr-ESN (ELMAE, 120) Mean. 1.89E-02 2.03E-02 2.07E-02 

Std. 4.49E-04 6.93E-04 3.78E-04 

Table 4 

Performance on temperature time series. 

# of layers 2 3 4 

# of trained parms 600 900 1200 

ESN Mean. 1.60E-01 1.86E-01 1.53E-01 

Std. 1.01E-03 1.75E-03 8.30E-04 

ϕ-ESN Mean. 1.59E-01 1.51E-01 1.64E-01 

Std. 4.17E-03 1.08E-03 1.14E-03 

R 2 SP Mean. 1.67E-01 1.56E-01 1.82E-01 

Std. 1.34E-03 1.44E-03 2.38E-03 

grouped-ESN Mean. 1.63E-01 1.56E-01 1.69E-01 

Std. 2.42E-03 1.28E-03 1.58E-03 

MESM Mean. 1.28E-01 1.40E-01 1.45E-01 

Std. 1.11E-03 1.36E-03 1.15E-03 

deepESN Mean. 1.28E-01 1.33E-01 1.48E-01 

Std. 3.63E-03 1.06E-03 4.35E-03 

DeePr-ESN (PCA, 90) Mean. 1.26E-01 1.31E-01 1.49E-01 

Std. 1.55E-03 2.32E-03 3.60E-03 

DeePr-ESN (ELMAE, 200) Mean. 1.27E-01 1.31E-01 1.43E-01 

Std. 1.89E-03 1.26E-03 1.07E-03 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

models achieve the best results, the differences in performance between the four hierarchical models are small. Overall,

these results suggest that synthetic time series, without real-world noise, may not be the best arbiter of performance for

time series models in practical applications. 

4.3. Effects of hyper-parameters 

The four hyper-parameters, the input scaling IS , the spectral radius SR , the leak rate γ and the sparsity α all influence

the performance of the reservoirs in DeePr-ESN. In addition, the regularization term β used in the regression will impact the

learning of the output weights. Since investigating how all four of these interact is impractical, in this section, we investigate

the results of varying each of them independently while holding the others fixed at their optimal values. 

We investigated the effects of the hyperparameters using a two-layer DeePr-ESN with one ELMAE encoder between them,

while varying the regularization term β over four orders of magnitude. We plot the NRMSE as a function of the parameter

of interest in the two reservoirs. The results are shown in Fig. 4 . The β parameter is decreased over each column from left

to right, and each row corresponds to a different hyperparameter. The right x-axis corresponds to the parameter for the first

reservoir, and the left x-axis for the parameter for the second reservoir. The parameters are maximum at the front corner

and get smaller along each axis. 

The first thing to notice is that when the regularization parameter is too small (right column), performance degrades

catastrophically when the other parameters are small. There is an especially strong interaction between the sparsity pa-

rameter ( α) for the first reservoir and β , even at the relatively common setting of α = 0 . 1 . This setting of α leads to more

independent oscillators in the reservoir, and suggests that these may overfit the training data without the weights from

them being regularized. On the other hand, there is a wide range of α values (roughly 0.3 to 1.0) where performance is

stable. It’s remarkable that this extends all the way to α = 1 , as that means that the reservoir works well fully connected. 
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Fig. 4. Visualization of error surfaces (lower is better) under various hyperparameter settings (with different regularization term β). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

All the other hyper-parameters are fixed with the optimized values obtained from the MGS-84 prediction task. We found

that the performance of our DeePr-ESN tends to be better and more stable with the IS and SR in the range of 0.5 to 1. When

they are much smaller or larger than unit, the performance is worse. For the hyper-parameter of the input scaling, IS (1) is

more important than IS (2) since IS (1) impacts on input signals directly. 

Compared with the IS and SR , the performance of DeePr-ESN is relatively stable to variations in the leak rate γ and

sparsity α (see the 3rd-4th rows in Fig. 4 ). When the γ is smaller than 0.3 or larger than 0.7, the performance on this

task tends to be worse. α performs much more stable when the regularization term β is correctly selected (e.g., 1.0E-04 or

1.0E-05). 

Apart from above four hyper-parameters, the size of reservoir and encoder also play important roles in designing a

hierarchical reservoir-computing system. Therefore, we also investigated them here. 

First, we varied the size of the encoders while holding the reservoir size fixed at 300 (hence the setting of 300 corre-

sponds to no information loss). Fig. 5 shows the performance of DeePr-ESNs with different number of layers when we vary

the size of encoders on the 84-step-ahead Mackey-Glass prediction task and the 1-step-ahead NARMA prediction task. We

found that on the Mackey-Glass task, there is little effect of the encoder size for PCA, suggesting the main role of PCA is

to decorrelate the variables. ELMAE is more sensitive to encoder size, and performs worst when there is no dimensionality

reduction, while the depth has very little effect. The lack of a depth-of-encoder effect suggests that the NARMA task has

little in the way of multi-scale dynamics. As long as enough information gets through (i.e., the encoder dimension is 50 or

greater), the ELMAE encoder does well. 

We also investigated the effects of the size of the reservoirs in DeePr-ESNs. On the Mackey-Glass task, we fix the size of

encoders to 60, as was used in Table 1 . On the NARMA task we use the encoder size of 100. As seen in Fig. 6 , as long as

the reservoir is large enough, DeePr-ESNs will tend to perform better and are stable. Consistent with Fig. 5 , depth does not

appear to matter for the NARMA task, again, as long as the reservoir is big enough. It is difficult to see much difference in the

graph, but for Mackey-Glass, when the size of reservoir reaches 1200, the performance of the 6-layer DeePr-ESN with ELMAE

achieves and NRMSE of 8.21E-05, which is an order of magnitude better than our best result in Table 1 (NRMSE = 9.08E-04).
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Fig. 5. Investigation on the effect of varying size of encoder in DeePr-ESNs. 

Fig. 6. Investigation on the effect of varying size of reservoir in DeePr-ESNs. 
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Fig. 7. Visualization of the multiscale dynamics on Mackey-Glass 84-step ahead direct prediction task. The staring point at x-axis is corresponding to the 

perturbed time 200. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.4. Visualization of multiscale dynamics 

Visualizing multiscale dynamics is one of the most intuitive and effective ways to understand the internal mechanism of

a given hierarchical system. In this section, we perform an experiment similar to the work of [14] to evaluate the multiscale

characterises within a hierarchical system, where we perturb the system and plot the effect of the perturbation compared

to an unperturbed system. We perform this experiment with DeePr-ESN, grouped-ESN, deepESN and MESM. All models are

optimized with 8 layers (or 8 reservoirs). This method is also adopted in [8,10] . In the work of [8] , the authors analyze

the multiscale dynamics by setting different hyperparameters. However, their analysis is independent of practical prediction

tasks and they did not present the multi-scale dynamics on time series modeling tasks. We fill this gap in this section and

visualize the multiscale dynamics with the optimized hyper-parameter configuration obtained from our experiments. 

The data we use here are the Mackey-Glass (MG in the figures) and NARMA time series. We first generate a time series

S with the length of 10 0 0. We then perturb S by adding a noise value to the time series at time step 200, which is denoted

as S ′ . We then drive the same hierarchical ESN models with S and S ′ , and measure the Euclidean distance between the echo

states generated by S ′ and S . Formally, we measure the difference between x (i ) 
S ′ (t) and the original echo states x (i ) 

S 
(t) in i -th

reservoir layer, which we denote as � x ( i ) ( t ). In this way, we see how long the perturbation affects each layer, as a measure

of the “memory span” of the network. 

Figs. 7 and 8 present the visualization results of multiscale dynamics on MGS and NARMA, respectively. As a reference

model, we also plot the dynamics of a single-layer ESN. In these plots, the red line denotes the single-layer reference ESN

with the same number of output weights, and blue lines denote the perturbation effects at each layer. Darker colors cor-

respond to deeper layers. The first thing to notice is that the perturbation has a bigger effect on the Mackey-Glass chaotic

attractor system than on NARMA. 

In terms of the different systems, first consider the grouped-ESN: It can be readily seen in the Figures that, since it is

simply a collection of shallow ESNs, the grouped-ESN mimics the behavior of the single ESN reference. The MESM, which

enforces the Echo-State Property at all layers, displays a smooth response at all layers, with the perturbation diminishing in

the deeper layers. However, the time scale of the response among different layers in MESM are nearly identical, showing it

does not produce significant multiscale behavior in the hierarchy. 

On the other hand, the deepESN, which directly stacks reservoirs with random weights, has wildly different reactions

in the MG case versus the NARMA case. In the MG case, it enlarges the added noise in the intermediate layers, but this

diminishes in the last layer. Hence, it displays inconsistent multi-scale dynamics, and the deepest layers do not react in this

case. For the NARMA system, it has dynamics very similar to a shallow ESN (red line) in the early layers, and again, very

little response in later layers. 
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Fig. 8. Visualization of the multiscale dynamics on NARMA one-step ahead direct prediction task. The staring point at x-axis is corresponding to the 

perturbed time 200. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The DeePr-ESN PCA model shows some multi-scale dynamics, including later layers, but its memory peters out around

the 60th time step. On the other hand, the DeePr-ESN with ELMAE shows rich, multiscale dynamics, with longer memory

at deeper layers, which is a desirable property. This shows that the deeper layers respond over a longer time scale, as one

would expect in a multiscale system. The same is not true in the NARMA case ( Fig. 8 ), where there is little evidence of mul-

tiscale dynamics in any case. However, the DeePr-ESNs both display longer memory than the other three systems. As shown

in Fig. 8 , compared with the results by deepESN, our DeePr-ESN still shows relatively rich multi-scale dynamics in differ-

ent layers, which is mainly attributed to the design of our multiple projection-encoding hierarchical structure. These results

verify that the proposed hierarchical framework generates rich multiscale dynamic behaviors and hence is very suitable for

modeling temporal data that require explicit support for multiple time scales and temporal hierarchy. 

As another, more quantitative measure of time-scale diversity, we apply two quantitative measures recommended by

Gallicchio et al [8] to describe time-scale diversification. 

Let P (i ) = argmax t (� x (i ) (t) > ε) (we set ε to 10E-4) denote the maximum duration of the perturbation effect on i -th

reservoir layer, { O 

(i ) } K 
i =1 

( K is the number of reservoirs) denote the permutation of { 1 , 2 , . . . , K} by ordering { P (i ) } K 
i =1 

. Ideally,

ranking { O 

(i ) } K 
i =1 

should be consistent with the identity permutation ranking { 1 , 2 , . . . , K} with increasing duration of the

perturbation effect layer by layer, which means the model can capture multiscale dynamics in the hierarchy. There are two

distances [21] between above two rankings: the Kendall’s tau, K: 

K = | (i 1 , i 2 ) : (1 ≤ i 1 < i 2 ≤ K) ∧ (O 

(i 1 ) > O 

(i 2 ) | (23) 

and the Spearman’s footrule distances, F

F = 

K ∑ 

i =1 

‖ i − O 

(i ) ‖ (24) 

Intuitively, smaller values of these measures mean better quality of the ordering among the time-scales in different reservoir

layers. 

The values of these measures are given in Tables 5 and 6 . From these results, we can see that our DeePr-ESNs provide

the richest multiscale dynamics since they have much smaller F on both datasets, smaller K on Mackey-Glass, and similar

K on the NARMA dataset. Note that the average NRMSE results roughly track the F measure. 
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Table 5 

The time-scales diversification measures (smaller values for 

K and F are better) on Mackey-Glass time series. 

Methods K ↓ F ↓ avg. NRMSE 

Grouped-ESN 4 24 3.02E-02 

MESM 4 18 1.94E-02 

deepESN 3 24 2.37E-02 

DeePr-ESN with PCA 1 4 8.14E-03 

DeePr-ESN with ELMAE 0 0 9.08E-04 

Table 6 

The time-scales diversification measures (smaller values for 

K and F are better) on NARMA time series. 

Methods K ↓ F ↓ avg. NRMSE 

Grouped-ESN 3 22 1.27E-01 

MESM 3 32 1.31E-01 

deepESN 2 24 1.20E-01 

DeePr-ESN with PCA 2 12 1.15E-01 

DeePr-ESN with ELMAE 3 10 8.20E-02 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Conclusion 

Hierarchical multiscale structure naturally exist in many time series, a phenomenon that is difficult to capture by a

conventional ESN. To overcome this limitation, we propose a novel hierarchical reservoir computing framework called Deep

Projection-encoding Echo State Network (DeePr-ESN). Instead of directly stacking reservoirs, we combine the randomly-

generated reservoirs with unsupervised encoders, retaining the high-dimensional projection capacity as well as the efficient

learning of reservoir computing. Through this multiple projection-encoding system, we not only perform robust prediction,

but we capture the rich multiscale dynamics in each layer. 

Reservoir computing is an efficient method to construct recurrent networks that model dynamical systems. This is in

stark contrast to deep learning systems, which require extensive training. The former pursues conciseness and effectiveness,

but the latter focuses on the capacity to learn abstract, complex features in the service of the task. Thus, there is a gap

between the merits and weaknesses of these two approaches, and a potentially fruitful future direction is to discover a way

to bridge these two models, and achieve a balance between the efficiency of one and the feature learning of the other. Our

DeePr-ESN provides a novel view towards bridging this gap between reservoir computing and deep learning. 
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Appendix A. Analysis of the computational cost 

Here, we provide an analysis of DeePr-ESN’s computational complexity. 

Assuming a DeePr-ESN has K reservoirs and K − 1 PCA-based encoders, where all reservoirs’ sizes are fixed by N , and

the reduced dimensionality is M ( M < N ). Given T -length D -dimensional input sequences (let the washout length of each

reservoir T washout to be zero), we can analyze the computational complexity of DeePr-ESN as follows. 

The complexity at the steps of high-dimensional projection (5) and update (6) in i -th reservoir can be given by {
C res (i ) = O(2 αT N 

2 + 2 T ND ) , i = 1 , (A . 1) 

O(2 αT N 

2 + 2 T NM) , i = 2 , 3 , . . . , K. (A . 2) 

where the sparsity α is small (usually fixed by 0.01). 

Besides, the complexity of encoding j -th states with PCA mentioned before can be computed by 

C enc( j) = O(T N 

2 + N 

2 M) , j = 1 , 2 , . . . , K − 1 . (A.3)

https://doi.org/10.13039/501100001809
https://doi.org/10.13039/501100003453
https://doi.org/10.13039/501100010256
https://doi.org/10.13039/100000001
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After updating echo states of all the layers at all the time stamps, we can collect the last reservoir states, inputs and all

the middle-layer-encoded features into a matrix M with the size of (N + (K − 1) M + D ) × T which is full row rank. In this

way, solving the regression problem in (15) has the complexity: 

C regression = O((T + (P/ 3)) P 2 , (A.4) 

where P = N + (K − 1) M + D . Since the dimension of a reservoir usually is much larger than inputs and encoders’ sizes,

we can assume that N � M and N � D . And then, we have P ≈ N . In this way, C regression can be approximately rewritten as

O(T N 

2 + N 

3 ) . Further, if T is much larger than N (high dimension property of time series), then we can have T � N and

C regression = O(T N 

2 ) . 

Finally, the computational complexity of DeePr-ESN can be computed by 

C DeePr −ESN = 

K ∑ 

i =1 

C res (i ) + 

K−1 ∑ 

j=1 

C enc( j) + C regression (A.5) 

That is 

C DeePr −ESN ≈ O(2 αT KN 

2 + 2 T ND + (K − 1)2 T NM + (K − 1)(T N 

2 + N 

2 M) + T N 

2 ) ≈ O(KT N 

2 ) (A.6)

It can be seen that, with efficient unsupervised encoders (e.g., PCA) and the assumption of high dimension property of

time series, the computational complexity of DeePr-ESN is O(KT N 

2 ) . This is the training complexity of DeePr-ESN, and the

run-time complexity is much smaller. 

Besides, a conventional single-reservoir ESN’s computational complexity is 

C ESN = C res + C regression ≈ O(2 αT N 

2 + 2 T ND + + T N 

2 ) ≈ O(T N 

2 ) (A.7)

Therefore, our DeePr-ESN can achieve equivalent computational performance to a single-reservoir ESN, which shows that

our DeePr-ESN remains the high computational efficiency of traditional reservoir-computing networks. 

Appendix B. Main results of hyper-parameters optimized by using GA 

Table B1 

Detailed information about hyper-parameters of all models on MG 84-step-ahead direct prediction task. 

MGS-84 #layer #outputs NRMSE 1 2 3 4 5 6 7 8 

ESN 1 1200 4.79E- 

02 

IS 9.00E-01 

SR 9.65E-01 

γ 6.37E-01 

ϕ-ESN 2 900 8.54E- 

02 

IS 7.91E-01 2.20E-02 

SR 9.70E-01 2.31E-01 

γ 8.81E-01 2.34E-01 

R 2 SP 2 2400 2.14E- 

02 

IS 9.83E-01 

SR 8.00E-01 

γ 3.96E-01 

IS -ELM(1) 4.12E-01 

IS -ELM(2) 5.00E-01 

MESM 6 1800 1.55E- 

02 

IS 8.18E-01 8.76E-01 7.94E-01 9.66E-01 9.93E-01 8.67E-01 

SR 9.80E-01 8.94E-01 9.64E-01 9.51E-01 9.26E-01 3.92E-01 

γ 9.82E-01 2.08E-01 2.57E-01 7.22E-01 6.73E-01 5.89E-01 

deepESN 6 1800 1.71E- 

02 

IS 4.53E-01 8.83E-02 2.45E-02 3.13E-03 7.80E-02 7.77E-02 

SR 4.97E-01 7.70E-01 8.73E-01 9.65E-01 7.56E-01 1.93E-01 

γ 8.99E-01 3.91E-02 2.88E-01 4.11E-01 7.38E-01 5.92E-01 

grouped-ESN 6 1800 9.73E- 

03 

IS 1.00E + 00 6.07E-01 9.44E-01 4.33E-01 5.28E-01 7.00E-03 

SR 1.00E + 00 9.92E-01 8.55E-01 9.18E-01 9.97E-01 4.13E-01 

γ 5.69E-01 5.03E-01 3.65E-01 9.51E-01 7.25E-01 4.48E-01 

DeePr-ESN (PCA, 60) 8 2400 8.14E- 

03 

IS 5.34E-01 8.86E-01 5.30E-01 7.13E-01 2.88E-02 6.72E-02 3.65E-01 5.00E-02 

SR 7.84E-01 9.44E-01 2.10E-01 5.61E-01 8.04E-01 5.58E-01 2.51E-01 6.56E-01 

γ 2.63E-01 6.04E-01 9.55E-02 5.72E-01 4.02E-01 9.29E-01 3.92E-01 2.04E-01 

DeePr-ESN (ELMAE, 60) 8 2400 9.08E- 

04 

IS 9.55E-01 9.34E-01 7.90E-01 9.86E-01 9.90E-01 7.51E-01 8.81E-01 6.48E-01 

SR 9.67E-01 1.00E + 00 7.78E-01 9.32E-01 8.64E-01 9.30E-01 9.81E-01 2.58E-01 

γ 3.04E-01 5.14E-01 6.55E-02 1.10E-01 8.65E-02 4.47E-01 8.67E-02 7.97E-01 
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Table B2 

Detailed information about hyper-parameters of all models on NARMA one-step-ahead direct prediction task. 

NARMA #layer #outputs NRMSE 1 2 3 4 5 6 7 8 

ESN 1 1500 1.24E- 

01 

IS 9.89E-02 

SR 9.04E-01 

γ 9.60E-01 

ϕ-ESN 1 1800 1.31E- 

01 

IS 1.66E-01 5.89E-03 

SR 9.53E-01 5.71E-01 

γ 9.94E-01 2.57E-01 

R 2 SP 2 1500 1.31E- 

01 

IS 1.28E-01 

SR 9.31E-01 

γ 9.46E-01 

IS -ELM(1) 5.97E-01 

IS -ELM(2) 5.26E-01 

MESM 6 1800 1.17E- 

01 

IS 9.33E-02 9.92E-01 9.52E-01 8.42E-01 9.20E-01 4.77E-01 

SR 9.67E-01 8.48E-01 2.19E-02 9.36E-01 2.15E-01 4.61E-01 

γ 9.90E-01 9.61E-01 8.69E-01 7.61E-01 3.35E-01 6.19E-01 

deepESN 7 2100 1.05E- 

01 

IS 2.11E-01 4.36E-02 2.85E-01 8.64E-01 3.66E-01 7.02E-02 9.66E-01 

SR 9.45E-01 7.94E-01 7.70E-01 2.39E-01 1.26E-01 7.28E-02 6.01E-01 

γ 9.84E-01 3.51E-01 4.72E-01 3.54E-01 2.85E-01 8.82E-01 3.38E-01 

grouped-ESN 8 2400 1.27E- 

01 

IS 2.86E-01 3.08E-01 6.67E-01 7.19E-01 4.51E-01 7.39E-01 8.29E-01 5.19E-01 

SR 8.71E-01 2.46E-01 8.14E-01 4.98E-01 8.86E-01 8.29E-01 3.73E-01 8.97E-01 

γ 9.88E-01 3.27E-01 8.21E-01 9.09E-01 9.89E-01 3.70E-01 7.87E-01 9.46E-01 

DeePr-ESN (PCA, 300) 7 2100 1.02E- 

01 

IS 5.33E-01 3.22E-02 2.32E-01 1.76E-01 1.60E-03 6.16E-01 3.46E-01 

SR 8.91E-01 3.80E-01 3.67E-01 7.20E-01 3.45E-02 7.61E-01 5.66E-01 

γ 9.80E-01 2.24E-01 4.76E-01 8.52E-01 4.11E-01 9.26E-01 9.18E-01 

DeePr-ESN (ELMAE, 

200) 

7 2100 6.93E- 

02 

IS 2.17E-01 8.38E-01 9.43E-01 5.87E-01 1.64E-01 7.74E-01 2.09E-01 

SR 3.05E-01 8.67E-01 7.15E-02 2.27E-01 1.70E-01 9.11E-02 4.70E-01 

γ 8.95E-01 9.54E-01 3.86E-01 1.69E-01 8.32E-01 8.20E-01 6.54E-01 

Table B3 

Detailed information about hyper-parameters of all models on Sunspot time series one-step ahead direct prediction task. 

Sunspot #layer #outputs NRMSE 1 2 3 4 

ESN 1 1200 3.18E- 

02 

IS 1.35E-01 

SR 8.25E-01 

γ 8.98E-01 

ϕ-ESN 1 900 2.42E- 

02 

IS 3.54E-01 2.09E-02 

SR 8.56E-01 3.55E-02 

γ 9.55E-01 9.52E-01 

R 2 SP 2 1200 5.19E- 

02 

IS 1.30E-02 

SR 8.90E-01 

γ 9.61E-01 

IS -ELM(1) 7.12E-01 

IS -ELM(2) 9.87E-01 

MESM 2 600 1.95E- 

02 

IS 6.48E-01 4.74E-01 

SR 5.69E-01 6.59E-01 

γ 9.82E-01 9.08E-01 

deepESN 2 600 2.02E- 

02 

IS 2.51E-01 9.69E-02 

SR 8.60E-01 1.05E-01 

γ 8.14E-01 5.79E-01 

Grouped-ESN 4 1200 4.78E- 

02 

IS 2.38E-02 4.50E-01 9.06E-01 5.20E-03 

SR 2.80E-01 1.19E-01 5.97E-04 7.99E-01 

γ 9.39E-01 7.01E-01 6.36E-01 9.25E-01 

DeePr-ESN (PCA, 120) 2 600 1.90E- 

02 

IS 4.28E-01 2.67E-02 

SR 7.22E-01 2.29E-01 

γ 9.92E-01 9.54E-01 

DeePr-ESN (ELMAE, 

120) 

7 2100 1.89E- 

02 

IS 1.52E-03 3.91E-02 

SR 7.88E-01 4.45E-01 

γ 9.89E-01 8.92E-01 
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Table B4 

Detailed information about hyper-parameters of all models on Temperature time series one-step ahead direct pre- 

diction task. 

Temperature #layer #outputs NRMSE 1 2 3 

ESN 1 1200 1.53E- 

01 

IS 6.89E-02 

SR 3.68E-01 

γ 1.00E + 00 

ϕ-ESN 2 900 1.51E- 

01 

IS 4.03E-04 7.76E-02 

SR 9.22E-01 9.01E-01 

γ 9.69E-01 3.31E-01 

R 2 SP 2 900 1.56E- 

01 

IS 1.42E-02 

SR 5.22E-01 

γ 8.24E-01 

IS -ELM(1) 8.67E-01 

IS -ELM(2) 1.86E-01 

MESM 2 600 1.28E- 

01 

IS 2.10E-02 1.09E-01 

SR 1.90E-01 9.05E-01 

γ 8.59E-01 9.17E-01 

deepESN 2 600 1.28E- 

01 

IS 3.77E-02 7.29E-01 

SR 5.70E-01 2.28E-01 

γ 9.85E-01 6.73E-01 

Grouped-ESN 3 900 1.56E- 

01 

IS 1.48E-01 6.01E-01 1.03E-02 

SR 3.96E-02 9.91E-02 5.51E-01 

γ 9.10E-01 9.36E-01 9.29E-01 

DeePr-ESN (PCA, 90) 2 600 1.26E- 

01 

IS 7.16E-03 1.18E-01 

SR 7.26E-01 4.02E-01 

γ 9.58E-01 7.16E-01 

DeePr-ESN (ELMAE, 

200) 

7 2100 1.27E- 

01 

IS 1.52E-03 3.91E-02 

SR 7.88E-01 4.45E-01 

γ 9.89E-01 8.92E-01 
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