
University of California San Diego

ECE 259A: Final Exam

The solutions are due by 11:59 pm on Saturday, December 11, 2021. To submit your solutions, please
scan and e-mail them to 〈avardy@ucsd.edu〉 and 〈hay125@eng.ucsd.edu〉.
You should work on all the problems on this exam by yourself. If you have any questions regarding this
exam, you are welcome to consult with me or with the TA, but not with any other person.

You are allowed to use calculators, computers, and any auxiliary material, including materials posted on-
line. However, you are required to explicitly state this in full detail. Computer programs should not be
necessary; however, if you have used a computer program please submit both the code and the output
with your exam. If you have used a result from the literature, other than the textbook, please provide
reference to the source and include complete derivation of the result in your solution.

The total score on this exam is 160 points. Of these, 10 are bonus points. A score of 150 points would
result in a full credit towards the course grade. Scores above 150 points will be prorated to offset any
deficit you might have in the homework grades.

Good luck!

Problem 1. (35 points)

Let k > 32 be a positive integer, and let n = (k
3). Consider the k× n binary matrix G whose columns

are all the binary vectors of length k and Hamming weight 3. Let C be the (n, k, d) binary linear code
generated by G. What is the minimum distance d of C? Prove your answer.

Hint: Let x∈C be the sum of some s rows of G. Consider the weight of x as a function of s.

Problem 2. (25 points)
Let C′ be an (n′, k′, d′) linear code over GF(2m), and let C∗ be an (n∗, k∗, d∗) binary linear code with
k∗ = m. Suppose that each element of GF(2m) is represented by a codeword of C∗. Specifically, fix
a basis β1,β2, . . . ,βm for GF(2m) over GF(2) and a generator matrix G∗ for C∗. Then each element
β = b1β1 + b2β2 + · · ·+ bmβm of GF(2m) is mapped onto

ϕ(β) = (b1, b2, . . . , bm)G∗

which is a binary n∗-tuple. When this mapping is applied to C′, the result is a binary code C of length
n∗n′. (This is called a concatenated, or nested, code, with C′ being the outer code and C∗ the inner
code — see p. 296 in the textbook, for instance.)

a. Show that C is a linear code of dimension mk′.

b. Prove that the minimum distance d of C is in the range

d′d∗ 6 d 6 n∗d′
2m−1

2m − 1



Problem 3. (10 points)

The polynomial p(x) = x10 + x9 + x8 + x7 + x6 + x5 + x4 + x3 + x2 + x+ 1 is irreducible over GF(2).
Find the smallest field of characteristic 2 in which p(x) has a root, which we denote byα. What is the
multiplicative order ofα in this field?

Problem 4. (25 points)

Suppose that C1 and C2 are binary linear cyclic codes of length 15, whose generator polynomials are
g1(x) = x8 + x7 + x6 + x4 + 1 and g2(x) = x8 + x7 + x5 + x4 + x3 + x + 1, respectively. Let

C3
def
= C1 ∩C2 =

{
c : c∈C1 and c∈C2

}
C4

def
= C1 ⊕C2 =

{
a + b : a∈C1, b∈C2

}
a. Prove that C3 and C4 are linear cyclic codes.

b. Find the generator polynomial of C3.

c. Find the generator polynomial of C4.

Problem 5. (30 points)

Letα denote a primitive element of GF(22m), and let β = αs, where s = 2m + 1.

a. Note that GF(2m) is a subfiled of GF(22m), consisting of those elements γ ∈GF(22m) that sat-
isfy γ2m

= γ. Show that β∈GF(2m), and that β is a primitive element in this field.

b. Consider the binary cyclic code C of length n = 22m − 1 generated by g(x) = Mα(x)Mβ(x),
where Mα(x) and Mβ(x) are the minimal polynomials of α and β over GF(2). What is the di-
mension of this code?

c. Now consider the code C∗ whose parity-check polynomial is h(x) = Mα(x)Mβ(x). What are
the zeros of C∗? What is the BCH lower bound on the minimum distance of this code?

Problem 6. (35 points)

The (204, 188, 17) shortened Reed-Solomon code C over F256 is used in the Digital Video Broadcast-
ing (DVB-S) standard for satellite communications. This code can be defined as follows:

C def
=

{
f (x)g(x) : f (x)∈F256[x], deg f (x) 6 187

}
where the generator polynomial g(x) is given by g(x) = ∏

16
i=1(x −αi), with α being a primitive

element of F256. Thus C is obtained by shortening the cyclic (255, 239, 17) Reed-Solomon code over



F256 at positions corresponding to x204, x205, . . . , x254. You have at your disposal a decoder D for the
(204, 188, 17) punctured Reed-Solomon code C′ defined as follows:

C′ def
=

{ (
f (α0), f (α1), . . . , f (α203)

)
: f (x)∈F256[x], deg f (x) 6 187

}
This decoder might be a chip or a piece of executable software. In any case, for the purposes of this
problem, you should think of D as a black box, the contents of which cannot be altered.

a. Establish a one-to-one correspondence between C and C′. Specifically, show that

C =
{
(ϕ0c′0,ϕ1c′1, . . . ,ϕ203c′203) : (c′0, c′1, . . . , c′203)∈C′

}
What are the constants ϕ0,ϕ1, . . . ,ϕ203 ∈F256 above? You do not need to actually compute
ϕ0,ϕ1, . . . ,ϕ203 (although you can do so with the help of a simple computer program), but you
have to explain exactly how they would be computed.

b. Using the result of part (a), explain how the decoder D for C′ can be used to decode C.


