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QList a

41

inductive potentials

idea: annotate the datatype
with distribution of potential!
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1 2 3 4

one more unit of potential 
than a has



data QList a where
Nil :: QList a
Cons :: a →

QList {a | | 1} →
QList a

41

inductive potentials

idea: annotate the datatype
with distribution of potential!

5 28 3 :: QList {Int | | 1}

1 2 3 4 𝑛(𝑛 + 1)

2

one more unit of potential 
than a has
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sort :: QList {a | | 1} → List a

sort xs =
match xs with

Nil → Nil
Cons y ys →

insert y 
(sort ys)
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Context:

insert: b → List {b||1} → List b
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insert y 
(sort ys)
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Context:
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checking sort

44

List a

sort xs = 
match xs :: QList {a||1} with

Nil → Nil
Cons y ys →

insert y 
(sort ys)

xs: QList {a||1}

sort: QList {c||1} → List c

Context:

insert: b → List {b||1} → List b

so destructing yields

ys: QList {a||2}y: {a||1}

data QList t where
Nil :: QList t
Cons :: t → QList {t||1} → QList t

t = {a||1}



checking sort

45

List a

sort xs = 
match xs with

Nil → Nil
Cons y ys → 

insert y 
(sort ys)

sort: QList {c||1} → List c

Context:

insert: b → List {b||1} → List b

ys: QList {a||2}
y: {a||1}



checking sort

46

List a

sort xs = 
match xs with

Nil → Nil
Cons y ys → 

insert y
(sort (ys::QList{a||2}))

sort: QList {c||1} → List c

Context:

insert: b → List {b||1} → List b

ys: QList {a||2}
y: {a||1}



checking sort

47

List a

sort xs = 
match xs with

Nil → Nil
Cons y ys → 

insert y
((sort::QList{a||2} → List {a||1}) (ys::QList{a||2}))

sort: QList {c||1} → List c

Context:

insert: b → List {b||1} → List b

ys: QList {a||2}
y: {a||1}polymorphic 

recursion with
c = {a||1}



checking sort

48

List a

sort xs = 
match xs with

Nil → Nil
Cons y ys → 

insert y
((sort ys) :: List {a||1})

sort: QList {c||1} → List c

Context:

insert: b → List {b||1} → List b

ys: QList {a||2}
y: {a||1}polymorphic 

recursion with
c = {a||1}



checking sort

49

List a

sort xs = 
match xs with

Nil → Nil
Cons y ys → 

insert y 
((sort ys) :: List {a||1})

sort: QList {c||1} → List c

Context:

insert: b → List {b||1} → List b

ys: QList {a||0}
y: {a||1}

enough linear potential to 
pay for insert
with b = a



quadratic insertion sort

50

insert x xs =
match xs with
Nil → Cons x Nil
Cons y ys →

if x ≤ y
then Cons x xs
else Cons y (insert x ys)

sort xs =
match xs with
Nil → Nil
Cons y ys →

insert y (sort ys)

insert :: a → List {a| |1} → List asort :: QList {a| |1} → List a
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this talk

1. liquid types + resource bounds

2. type checking

3. non-linear bounds

4. value-dependent bounds

51
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else Cons y (insert x ys)
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insert y (sort ys)

sort :: QList {a| |1} → List a insert :: a → List {a| |1} → List a
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52

makes one comparison 
per element < x

makes one comparison per 
decreasing pair of elements

insert x xs =
match xs with
Nil → Cons x Nil
Cons y ys →

if x ≤ y
then Cons x xs
else Cons y (insert x ys)

sort xs =
match xs with
Nil → Nil
Cons y ys →

insert y (sort ys)

sort :: QList {a| |1} → List a insert :: a → List {a| |1} → List asort :: ??? insert :: ???
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value-dependent potential

53

{ v:Int | 0 ≤ v | v }

nat with potential equal to its value



insert: fine-grained bound

54

insert x xs =
match xs with

Nil → Cons x Nil
Cons y ys →

if x ≤ y
then Cons x xs
else Cons y (insert x ys)

insert ::    a    → List {a | | 1} →  List a

makes one comparison 
per element < x



insert: fine-grained bound
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insert x xs =
match xs with

Nil → Cons x Nil
Cons y ys →

if x ≤ y
then Cons x xs
else Cons y (insert x ys)

insert :: {a||1} → List {a||ite (v < x) 1 0} →  List a



insert: fine-grained bound

55

insert x xs =
match xs with

Nil → Cons x Nil
Cons y ys →

if x ≤ y
then Cons x xs
else Cons y (insert x ys)

insert :: {a||1} → List {a||ite (v < x) 1 0} →  List a

only assign potential to 
elements < x



checking insert
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List a

insert x xs = 
match xs with

Nil → Cons x Nil
Cons y ys → 

if x ≤ y
then Cons x xs
else Cons y (insert x ys)

Context:

ys: List {a||ite (v < x) 1 0}

y: {a||ite (v < x) 1 0}

x: {a||1}

insert:{a||1}
→ List {a||ite (v < x) 1 0} → List a



checking insert

56

List a

insert x xs = 
match xs with

Nil → Cons x Nil
Cons y ys → 

if x ≤ y
then Cons x xs
else Cons y (insert x ys)

Context:

ys: List {a||ite (v < x) 1 0}

y: {a||ite (v < x) 1 0}

x: {a||1}

pays for comparison

insert:{a||1}
→ List {a||ite (v < x) 1 0} → List a



checking insert

57

List a

insert x xs = 
match xs with

Nil → Cons x Nil
Cons y ys → 

if x ≤ y
then Cons x xs
else Cons y (insert (x::{a||1}) ys)

Context:

insert:{a||1}
→ List {a||ite (v < x) 1 0} → List a

ys: List {a||ite (v < x) 1 0}

y: {a||ite (v < x) 1 0}

x: {a||0}



checking insert

57

List a

insert x xs = 
match xs with

Nil → Cons x Nil
Cons y ys → 

if x ≤ y
then Cons x xs
else Cons y (insert (x::{a||1}) ys)

Context:

insert:{a||1}
→ List {a||ite (v < x) 1 0} → List a

ys: List {a||ite (v < x) 1 0}

y: {a||ite (v < x) 1 0}

x: {a||0}

equivalent to {a||1}
in this branch

y < x
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List {a||ite (v < x) 1 0} → List asort :: ???
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sort :: ISList {a||1} → List a
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sort xs =
match xs with

Nil → Nil
Cons y ys →

insert y (sort ys)

sort :: ISList {a||1} → List a

data ISList a where
Nil :: ISList a
Cons :: x:a →
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sort xs =
match xs with

Nil → Nil
Cons y ys →

insert y (sort ys)

sort :: ISList {a||1} → List a

data ISList a where
Nil :: ISList a
Cons :: x:a →

ISList {a||ite (v < x) 1 0} →
ISList t
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60

data List a where
Nil :: List a
Cons :: h:a →

t:List a →
List a

idea: parameterize the datatype
by a potential function!

List a <q: a → a → Int> where
List a <q>

List a <q>
List {a||q h v} <q> →
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insert x xs =
match xs with
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Cons y ys →
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insert x xs =
match xs with
Nil → Cons x Nil
Cons y ys →

if x ≤ y
then Cons x xs
else Cons y (insert x ys)

sort xs =
match xs with
Nil → Nil
Cons y ys →

insert y (sort ys)

insert :: {a||1}
→ List {a||ite (v < x) 1 0} <0>
→  List a <0>

sort :: 
List a <\x y.ite (x < y) 1 0>
→  List a <0>
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liquid resource types

1. liquid types + resource bounds

2. type checking

3. non-linear bounds 

4. value-dependent bounds

62
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