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Cons z zs » if z ==y
then compress ys
else Cons y (Cons z zs)
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{v:Bool | v = (x
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{v:CList a | elems v = elems xs}
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checking compress (exponential)

Context:
List a compress: List {a||1} » List a
ys: List {a||1}
1 y: {all1} Constraints: Ap, q:
1 =p +¢q

compress Xs =
match xs with
Nil » Nil

1. total potential must be partitioned

Cons y ys -
match compress (ys :: List {a||p}) with
Nil » Cons y Nil
Cons z zs » if z ==y
then compress (ys :: List {al||q})
else ..
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checking compress (exponential)

Context:
List a compress: List {a||1} » List a
ys: List {a||1}
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1 =p+ g
COMpress x> R 3. g must be enough to call compress p 21
match xs with
Nil > Nil qg=z1
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List a

1 all potential inys
goes here

compress Xs =

match xs with
Nil -» Nil

Cons y ys -

Context:
compress: List {a||1} » List a
s ys: List {a||1}

y: {al|[1}

match compress (ys :: List {a||1}) with

Nil » Cons y Nil
Cons z zs » if z == (y

2 {al[1})

then Cons z zs
else Cons y (Cons z zs)
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1 all potential inys v: talli}
goes here
compress Xs = bays for
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Nil - Nil
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checking compress (linear)

Context:
List a compress: List {a||1} - List a
s ys: List {a||1}

@ 1 all potential in ys y: {all1}

goes here

compress Xs = pays for
matCh XS With Comparison
Nil » Nil
Cons y ys -
match compress (ys :: List[{a||1}) with |
. . no potential
Nil > Cons y Nil « consumed here

Cons z zs » if z == (y :: {altiiz”//////’
then Cons z zs x//////

else Cons y (Cons z zs) 35
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I ket T
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' - match e withe; Ax xs.e, T
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[M=r=r" [I=2p=p
[-{B|r|p}<{B|7r'|Dp'}
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(<) :: x:a > vy:{a | | 1} - Bool
sort :: ?2?? Qa?insert :: a > List {a| |1} - List a
sort xs = insert X Xxs =
match xs with match xs with
Nil - Nil Nil - Cons x Nil
Cons y ys - Cons y ys -
if x 2y

insert y (sort ys)
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example: insertion sort

(<) :: x:a > vy:{a | | 1} - Bool
sort :: ?2?? Qa?insert :: a > List {a| |1} - List a
sort xs = insert x xs =
match xs with match xs with
Nil -» Nil Nil - Cons x Nil
Cons y ys - Cons y ys -
insert y (sort ys) if x Ly
then Cons x xs

else Cons y (insert x ys)

how can we assign more potential
to the tail of list than the head?

40
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data QList a where idea: annotate the datatype
Nil :: QList a with distribution of potentiall
Cons :: a -~ et
. one maore unit or potentia
QList {a | | 1} -~ thanahag
QList a
1 2 3

5|18 |[2]|3] :: quist {Int | | 1}
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data QList a where idea: annotate the datatype
Nil :: QList a with distribution of potentiall
Cons :: a -~ et
. one maore unit or potentia
QList {a | | 1} -~ thanahag
QList a

1 2 3 4
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inductive potentials

data QList a where idea: annotate the datatype
Nil :: QList a with distribution of potentiall
Cons :: a -~ et
. one maore unit or potentia
QList {a | | 1} -~ thanahag
QList a

12 3 4 nn+ 1)
5118|123 :: Quist {Int | | 1} >
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checking sort

List a

!

sort xs =
match xs with
Nil -» Nil
cons y ys -
insert y
(sort ys)

Context:
insert: b » List {b||1} - List b

sort: QList {c||1} - List c
xs: QList {a| |1}
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sort: QList {c||1} - List c
1 xs: QList {a| |1}
sort Xs =
match xs :: QList {a||1} with
Nil - Nil
cons y ys -
insert y

(sort ys)



checking sort

Context:
List a insert: b » List {b||1} - List b
sort: QList {c||1} - List c
1 xs: QList {a| |1}
sort Xs =
match xs :: QList {a||1} with
Nil - Nil
cons y ys -
insert y .
data QList t where

(SOI"'t ys) Nil :: QList t
Cons :: t - QList {t||21} » QList t
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checking sort

Context:
List a insert: b » List {b||1} - List b
sort: QList {c||1} - List c
1 xs: QList {a| |1}
sort Xs =
matc.:h X5 QList {a||1} with — t = {a||1} so destructing yields
Nil = Nil y: {all1} ys: QList {al]2)
cons y ys - <
insert y .
data QList t where

(sort ys)

Nil :: QList t
Cons :: t - QList {t||21} » QList t
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checking sort

List a

!

sort xs =
match xs with
Nil - Nil
Cons y ys -
insert y
(sort ys)

Context:

insert: b » List {b||1} » List b
sort: QList {c||1} -» List c

ys: QList {al||2}

y: {al|1}
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checking sort

Context:

insert: b » List {b||1} » List b
sort: QList {c||1} -» List c

1 ys: QList {al||2}

yt{aHl}///

List a

sort Xs =
match xs with
Nil -» Nil
Ccons y ys -~
insert y

(sort (ys::QList{all|2}))



checking sort

Context:
List a insert: b - List {b||1} » List b
/sort: QList {c||1} - List c
ys: QList {a||2}
1 polymorphic y: {al[1}
recursion with
sort xs = c = {al||1}
match xs with
Nil -» Nil
Ccons y ys -~
insert y

((sort::QList{a| |2} » List {a||1}) (ys::QList{a||2}))
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checking sort

Context:
List a insert: b - List {b||1} » List b
/sort: QList {c||1} - List c
ys: QList {a||2}
1 polymorphic y: {al[1}
recursion with
sort xs = c = {al||1}
match xs with
Nil -» Nil
Ccons y ys -~
insert y

((sort ys) :: List {al||1})
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checking sort

Context:

List a insert: b - List {b||1} » List b
sort: QList {c||1} -» List c
ys: QList {a| |0}
y: {al|1}

sort xs = enough linear potential to
match xs with pa;;]forinser‘t
. . with b = a
Nil -» Nil

Cons y ys - /////
insert y

((sort ys) :: List {al||1})



quadratic insertion sort

ga? sort :: QList {a| |1} - List a Qa;insert 1 a - List {a|

sort xs = insert x xs =
match xs with match xs with
Nil -» Nil Nil » Cons x Nil
Cons y ys - Cons y ys -
insert y (sort ys) if x Ly

then Cons x xs

|1} > List a

else Cons y (insert x ys)

50
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this talk

1. liquid types + resource bounds

2. type checking

3. non-linear bounds

4. value-dependent bounds

57



insertion sort: fine-grained bound

sort :: QList {a| |1} - List a insert :: a - List {a| |1} » List a
sort xs = insert x xs =
match xs with match xs with
Nil -» Nil Nil » Cons x Nil
Cons y ys - Cons y ys -
insert y (sort ys) if x Ly

then Cons x xs
else Cons y (insert x ys)



insertion sort: fine-grained bound

sort :: QList {a| |1} - List a insert :: a - List {a| |1} » List a
sort xs = insert x xs =
match xs with match xs with
Nil -» Nil Nil » Cons x Nil
Cons y ys - Cons y ys -
insert y (sort ys) if x Ly

then Cons x xs
else Cons y (insert x ys)

makes one comparison
per element < X



insertion sort: fine-grained bound

sort :: QList {a| |1} - List a insert :: a - List {a| |1} » List a
sort xs = insert x xs =
match xs with match xs with
Nil -» Nil Nil » Cons x Nil
Cons y ys - Cons y ys -
insert y (sort ys) if x Ly

then Cons x xs
else Cons y (insert x ys)

makes one comparison per makes one comparison
decreasing pair of elements per element < X



insertion sort: fine-grained bound

sort :: ???
sort xs =
match xs with
Nil - Nil
Cons y ys -
insert y (sort ys)

makes one comparison per
decreasing pair of elements

insert :: ???
insert x xs =
match xs with
Nil » Cons x Nil
Cons y ys -
if x £y
then Cons X xs
else Cons y (insert x ys)

makes one comparison
per element < X
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value-dependent potential

{v:Int | 9 <v | 1}



value-dependent potential

{v:iInt | 9 <v | v}



value-dependent potential

{v:iInt | 9 <v | v}

T

nat with potential equal to its value
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insert: fine-grained bound

insert :: a - List {a | | 1} - List a

insert x xs =
match xs with

Nil - Cons x Nil makes one comparison
Cons y ys - per element < X
if x £y

then Cons x xs
else Cons y (insert x ys)



insert: fine-grained bound

insert :: {a||1} - List {al|ite (v < x) 1 8} - List a

insert x xs =
match xs with
Nil -» Cons x Nil
cons y ys -
if x £y
then Cons x xs
else Cons y (insert x ys)



insert: fine-grained bound

insert :: {a||1} - List {al|l|ite (v < x) 1 0}

insert x xs = T
match xs with only assign potential to
Nil » Cons x Nil elements < x
cons y ys -
if x £y

then Cons x xs
else Cons y (insert x ys)

-

List a
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checking insert

Context:
List a insert:{al[1}
> List {a||ite (v < x) 1 @} » List a
1 x: {al|1}
y: {a||ite (v < x) 1 o}
ys: List {a||ite (v < x) 1 @}
insert X Xs =

match xs with
Nil » Cons x Nil
Ccons y ys -~
if x £y
then Cons x xs
else Cons y (insert x ys)
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checking insert

Context:
List a insert:{al[1}
> List {a||ite (v < x) 1 @} » List a
1 _ x: {al |1}
y: {a||ite (v < x) 1 o}
ys: List {a||ite (v < x) 1 @}
insert X Xs =

match xs with
Nil - Cons X Ni pays for comparison
Cons y ys -
if x <y
then Cons x xs
else Cons y (insert x ys)

56



checking insert

List a

!

insert x Xs =
match xs with
Nil » Cons x Nil
Ccons y ys -~
if x Ly
then Cons X Xxs

Context:
insert:{al| |1}

x: {a||@}
y: {a||ite (v < x) 1 o}

/ys: List {a||ite (v < x) 1 0}

> List {a||ite (v < x) 1 @0} » List a

else Cons y (insert (x::{a||1}) ys)

57




checking insert

Context:
List a insert:{a| |1}
> List {a||ite (v < x) 1 @} » List a
x: {a||@}
y: {a||ite (v < x) 1 o}
ys: List {al||ite (v < x) 1 @}
insert x xs = y < X
match xs with
Nil » Cons x Nil
Cons y ys - equivalentto {a| |1}
if x <y in this branch

then Cons x xs
else Cons y (insert (x::{a||1}) ys)

57



insertion sort: fine-grained bound

sort :: ???
sort xs =
match xs with
Nil - Nil
Cons y ys -
insert y (sort ys)

insert :: {al||1} -
List {a||ite (v < x) 1 @} » List a

insert x xs =
match xs with
Nil » Cons x Nil
Cons y ys -
if x £y
then Cons X xs
else Cons y (insert x ys)



insertion sort: fine-grained bound

sort :: ???
sort xs =
match xs with
Nil - Nil
Cons y ys -
insert y (sort ys)

<

insert :: {al||1} -
List {a||ite (v < x) 1 @} » List a

insert x xs =
match xs with
Nil » Cons x Nil
Cons y ys -
if x £y
then Cons X xs
else Cons y (insert x ys)



sort: fine-grained bound

sort :: ISList {a||1} - List a

sort Xs =
match xs with
Nil - Nil
cons y ys -
insert y (sort ys)



sort: fine-grained bound

sort :: ISList {a||1} - List a

sort xs =
mat(.:h XS "."1th data ISList a where
Nil - Nil Nil :: ISList a
Cons y ys - Cons :: x:a -

ISList {a||ite (v < x) 1 0} -

insert y (sort ys) Telior o
1S
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sort: fine-grained bound

sort :: ISList {a||1} - List a

sort Xxs =
mat(.:h XS "."1th data ISList a where
Nil - Nil Nil :: ISList a
Cons y ys - Cons ::

insert y (sort ys)
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abstract potentials

data List a where
Nil :: List a
Cons :: h:a -
t:List a -
List a



abstract potentials

data List a where
Nil :: List a
Cons :: h:a -
t:List a -~
List a

idea: parameterize the datatype
by a potential function!
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abstract potentials

data List a <q: a » a » Int> where
Nil :: List a
Cons :: h:a -»
t:List a -
List a

idea: parameterize the datatype
by a potential function!

60



abstract potentials

data List a <g: a » a » Int> where
Nil :: List a <g>
Cons :: h:a -
t:List {al|lg h v} <g> -
List a <g>

idea: parameterize the datatype
by a potential function!
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insertion sort: fine-grained bound

sort xs = insert X xs =
match xs with match xs with
Nil - Nil Nil - Cons x Nil
Cons y ys - Cons y ys -
insert y (sort ys) if x <y

then Cons x xs
else Cons y (insert x ys)



insertion sort: fine-grained bound

insert :: {a| |1}
> List {a||ite (v < x) 1 @} <©>
- List a <©o>

sort xs = insert X xs =
match xs with match xs with
Nil - Nil Nil - Cons x Nil
Cons y ys - Cons y ys -
insert y (sort ys) if x <y

then Cons x xs
else Cons y (insert x ys)



insertion sort: fine-grained bound

sort :: insert :: {al||1}
List a <\x y.ite (x < y) 1 o> > List {a||ite (v < x) 1 0} <0>
» List a <o> » List a <o>
sort xs = insert x xs =
match xs with match xs with
Nil - Nil Nil - Cons x Nil
Cons y ys - Cons y ys -
insert y (sort ys) if x <y

then Cons x xs
else Cons y (insert x ys)



insertion sort: fine-grained bound

sort :: insert :: {al||1}
@ List a (\x y.ite (x <y) 10> & - List {a|lite (v < x) 1 @} <@>
» List a <o> » List a <o>
sort xs = insert x xs =
match xs with match xs with
Nil - Nil Nil - Cons x Nil
Cons y ys - Cons y ys -
insert y (sort ys) if x <y

then Cons x xs
else Cons y (insert x ys)
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liquid resource types

1. liquid types + resource bounds

2. type checking
3. non-linear bounds

4. value-dependent bounds
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