
Review Questions

Multiple Choice Questions for Review

In each case there is one correct answer (given at the end of the problem set). Try
to work the problem first without looking at the answer. Understand both why the
correct answer is correct and why the other answers are wrong.

1. Which of the following sequences is described, as far as it goes, by an explicit formula
(n ≥ 0) of the form gn = ⌊n

k ⌋?

(a) 0000111122222

(b) 001112223333

(c) 000111222333

(d) 0000011112222

(e) 0001122233444

2. Given that k > 1, which of the following sum or product representations is WRONG?

(a) (22 + 1)(32 + 1) · · · (k2 + 1) =
∏k

j=2[(j + 1)2 − 2j]

(b) (13 − 1) + (23 − 2) + · · · + (k3 − k) =
∑k−1

j=1 [(k − j)3 − (k − j)]

(c) (1− r)(1− r2)(1− r3) · · · (1− rk) =
∏k−1

j=0 (1− rk−j)

(d) 1
2!
+ 2

3!
+ 3

4!
+ · · · + k−1

k!
=
∑k

j=2
j−1
j!

(e) n+ (n− 1) + (n− 2) + · · · + (n− k) =
∑k+1

j=1 (n− j + 1)

3. Which of the following sums is gotten from
∑n−1

i=1
i

(n−i)2 by the change of variable

j = i+ 1?

(a)
∑n

j=2
j−1

(n−j+1)2

(b)
∑n

j=2
j−1

(n−j−1)2

(c)
∑n

j=2
j

(n−j+1)2

(d)
∑n

j=2
j

(n−j−1)2

(e)
∑n

j=2
j+1

(n−j+1)2

4. We are going to prove by induction that
∑n

i=1 Q(i) = n2(n+ 1). For which choice of
Q(i) will induction work?

(a) 3i2 − 2 (b) 2i2 (c) 3i3 − i (d) i(3i− 1) (e) 3i3 − 7i

5. The sum
∑n

k=1(1 + 2 + 3 + · · · + k) is a polynomial in n of degree

(a) 3 (b) 1 (c) 2 (d) 4 (e) 5

6. We are going to prove by induction that for all integers k ≥ 1,

√
k ≤

1
√
1
+

1
√
2
+ · · · +

1
√
k
.
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Clearly this is true for k = 1. Assume the Induction Hypothesis (IH) that
√
n ≤ 1√

1
+ 1√

2
+ · · · 1√

n
. Which is a correct way of concluding this proof by induction?

(a) By IH, 1√
1
+ 1√

2
+ · · · 1√

n+1
≥

√
n+ 1√

n+1
=

√
n+ 1 + 1 ≥

√
n+ 1.

(b) By IH, 1√
1
+ 1√

2
+ · · · 1√

n+1
≥

√
n+ 1 + 1√

n+1
≥

√
n+ 1.

(c) By IH, 1√
1
+ 1√

2
+ · · · 1√

n+1
≥

√
n+ 1 ≥

√
n+ 1.

(d) By IH, 1√
1
+ 1√

2
+ · · · 1√

n+1
≥

√
n+ 1√

n
≥

√
n
√
n+1√
n

≥ n+1√
n+1

=
√
n+ 1.

(e) By IH, 1√
1
+ 1√

2
+ · · · 1√

n+1
≥

√
n + 1√

n+1
=

√
n
√
n+1+1√
n+1

≥
√
n
√
n+1√

n+1
= n+1√

n+1
=

√
n+ 1.

7. Suppose b1, b2, b3, · · · is a sequence defined by b1 = 3, b2 = 6, bk = bk−2 + bk−1 for
k ≥ 3. Prove that bn is divisible by 3 for all integers n ≥ 1. Regarding the induction
hypothesis, which is true?

(a) Assuming this statement is true for k ≤ n is enough to show that it is true for
n+ 1 and no weaker assumption will do since this proof is an example of “strong
induction.”

(b) Assuming this statement is true for n and n− 1 is enough to show that it is true
for n+ 1.

(c) Assuming this statement is true for n, n−1, and n−3 is enough to show that it is
true for n+ 1 and no weaker assumption will do since you need three consecutive
integers to insure divisibility by 3.

(d) Assuming this statement is true for n is enough to show that it is true for n+ 1.

(e) Assuming this statement is true for n and n− 3 is enough to show that it is true
for n+ 1 since 3 divides n if and only if 3 divides n− 3.

8. Evaluate lim
n→∞

(−1)n
3

n3 + 1

2n3 + 3
.

(a) −∞ (b) +∞ (c) Does not exist. (d) + 1 (e) − 1

9. Evaluate lim
n→∞

log5(n)

log9(n)
.

(a) ln(9)/ ln(5) (b) ln(5)/ ln(9) (c) 5/9 (d) 9/5 (e) 0

10. Evaluate lim
n→∞

cos(n)

log2(n)
.

(a) Does not exist. (b) 0 (c) + 1 (d) − 1 (e) +∞

*11. The series
∞∑

n=1

(−1)n n500

(1.0001)n
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(a) converges absolutely.

(b) converges conditionally, but not absolutely.

(c) converges to +∞

(d) converges to −∞

(e) is bounded but divergent.

*12. The series
∞∑

n=1

(−1)n
√
n

(

1 +
1

n2

)

.

(a) is bounded but divergent.

(b) converges absolutely.

(c) converges to +∞

(d) converges to −∞

(e) converges conditionally, but not absolutely.

Answers: 1 (c), 2 (b), 3 (a), 4 (d), 5 (a), 6 (e), 7 (b), 8 (c), 9 (a), 10 (b), 11 (a),
12 (e).
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Notation Index

∆ (difference operator) IS-6

ℜ(z) (real part of z) IS-24
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Index

Subject Index

Absolute convergence IS-26

Algebraic rules for
sequences IS-16

Alternating series IS-24
Dirichlet’s Theorem IS-24
harmonic IS-23

Base case (induction) IS-1

Bounded sequence IS-16
monotone converge IS-17

Conditional convergence IS-27

Convergence
only tails matter IS-13
sequence IS-13
sequence — alternate

form IS-14
sequence — bounded

monotone IS-17
sequence to infinity IS-19
series IS-20
series — Abel’s Theorem IS-28
series — absolute IS-26
series — conditional IS-27
series — general harmonic IS-25
series — integral test IS-24

Decreasing sequence IS-17

Difference operator IS-6

Divergence
only tails matter IS-13
sequence IS-13
sequence to infinity IS-19
series IS-21
series to infinity IS-21

Exponential, rate of growth of IS-18

Geometric series IS-22

Harmonic series IS-22
alternating IS-23
general IS-25

Increasing sequence IS-17

Induction terminology IS-1

Inductive step IS-1

Infinite sequence
see Sequence

Infinite series
see Series

Integral test for series IS-24

Limit
of a sequence IS-13
sum of infinite series IS-20

Logarithm, rate of growth of IS-18

Monotone sequence IS-17

Polynomial, rate of growth of IS-18

Powers
sum of IS-5

Prime factorization IS-2

Prime number
how common? IS-28

Prime Number Theorem IS-28

Rate of growth IS-18
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Index

Sequence IS-12
algebraic rules for IS-16
bounded IS-16
convergent IS-13
convergent to infinity IS-19
decreasing IS-17
divergent IS-13
divergent to infinity IS-19
increasing IS-17
limit of IS-13
monotone IS-17
series and IS-20
tail of IS-12
term of IS-12

Series IS-20
Abel’s Theorem IS-28
absolute convergence IS-26
alternating IS-24
alternating harmonic IS-23
conditional convergence IS-27
convergent IS-20
convergent and small

terms IS-21
Dirichlet’s Theorem IS-24
divergent IS-21
general harmonic IS-25
geometric IS-22
harmonic IS-22
integral test for monotone IS-24
partial sums IS-20
sum is a limit IS-20
tail of IS-20

Sum of powers IS-5

Tail
and convergence IS-13
sequence IS-12
series IS-20

Term of a
sequence IS-12
series IS-20

Theorem
Abel’s IS-28
Prime Number IS-28
sequence convergence, see

Convergence
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