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Abstract

We describe an efficient algorithm for estimat-
ing a mixture of two product distributions over
binary vectors.

1 Introduction

There are two major lines in research in Machine learn-
ing, supervised learning and unsupervised learning. Su-
pervised learning has been the more appealing to theo-
retical analysis, since the goal that it sets is very clear.
We have some unknown target function that labels the
examples, and we would like to build a good approxima-
tion for it. In unsupervised learning the goal is far less
clear. We are given examples, but there is no labeling.
The vague general goal is to find meaningful structure
in the data.

One way to find a structure in the data is to ap-
proximate the distribution that generates it. This is
the well studied problem of distribution estimation or
density estimation. This problem has a well-defined and
agreed upon goal and measure of performance. Given
a sample generated from some target distribution, the
goal is to output a distribution which is close to the
target distribution. The most common measures of per-
formance are the likelihood of the data given the model
and the Kullback-Leibler (KL) divergence between the
model and the true distribution.

Much of the research in distribution estimation is fo-
cused on mixture of simple distributions, e.g. mixture
of Gaussians. The motivation is that each component in
the mixture represents a “cluster” of similar instances.
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Given unlabeled data that is generated from this mix-
ture we have two related tasks, one is to estimate the
parameters of the mixture distribution, and the other,
usually referred to as “clustering”, is to identify each ex-
ample with the cluster (or clusters) that is most likely
to have generated it. Many algorithms for estimating
mixture distributions, including our algorithm, work by
alternating between the two tasks. Improving the model
estimate 1s used to improve the accuracy of the associ-
ation of each example with a cluster and improving the
accuracy of these associations is used to improve the
estimate of the parameters.

In this work our simple distributions are product
distribution over binary n-bit vectors. The target dis-
tribution is a mixture of two such product distributions.
Even this simple case turns our to be quite challenging,
especially when we want our algorithm to be efficient
for high dimensional data and the distance between the
mixture components is small. We design an algorithm
that given a large enough sample from the target dis-
tribution finds a mixture of two product distributions
which are close to the target distribution in terms of
the KL-divergence. Our algorithm is efficient both in
its sample complexity and its computational complex-
ity.

Our algorithm uses two novel ideas, which might also
be useful in other cases. The first idea is to have a held-
out set of attributes. We use one set of attributes to split
in the sample into two parts, with the goal that the parts
be very different from each other in terms of the ratio of
instances originating from the two mixture components.
If the components are sufficiently far from each other,
than each part will contain almost exclusively instances
from one component and the problem becomes trivial.
However, even if the split is far from perfect we show
how to estimate the distribution accurately. To do that
we use the held-out attributes. The advantage of using
the held-out attributes is that the marginal distribution
of these attributes i1s a mixture of two product distri-
butions for each part of the split sample. This is not
the case with the original attributes that were used to



split the sample. The second idea is that of a dimension
reduction. We are given data from an n dimensional
space and show how to reduce the n dimensional search
to a one dimensional search over a line, which greatly
reduces the computational complexity.

We do not attempt to give here a comprehensive re-
view on the work on distribution estimation, but rather
mention a few results whose main concern (as in this
work) is the computational complexity. The work of
Kearns et al. [KMR194] defines the computational set-
ting of learning distributions, and also gives a few exam-
ple of distributions which can be learn efficiently. The
work of Freund and Ron [FR95] studies a related prob-
lem of identifying biased coins from sequences.

There is a vast literature in statistics on distribution
estimation in general, and mixture models in particu-
lar. There 1s a necessary and sufficient condition for a
mixture to be identifiable [YS68]. Identifiability implies
that each mixture distribution has a unique represen-
tation. Note that identifiability is stronger than learn-
ability, since for learnability it is enough to output some
good model, and it might be that the true model is not
unique.

We are interested here in the possibility of learning
mixtures with similar components in a high dimensional
space and with relatively small samples. One source of
difficulty in this case 1s that the difference between the
components might be undetectable when considering
any small subset of the components. Thus any method
that relies on low order statistics, such as the moment
method for learning mixture distributions (described,
for example, in [TSM85]) will necessarily require very
large amounts of data. Another popular method for
learning mixtures 1s EM, and our algorithm can be seen
as a version of EM. However, while the analysis of EM
usually guarantees only asymptotic convergence, we are
interested here in designing an algorithm that can be
proven to converge within a single iteration.

The paper is organized as follows. In Section 2 we
define our notation and the learning model. In Section 3
we describe the algorithm. We prove its correctness in
Section 4.

2 Model and Notation

2.1 Notation

Given a vector x we denote its ith coordinate by z;.
For a set of attributes S C {1,---,n}, and a vector
q of length n, we denote by qs a vector that includes
only the coordinates in S. The inner product of two n-
dimensional vectors, a and b, is < a,b >= Z?Il a;b;.
For a set S of attributes then < a,b >s=< ag,bgs >=
Y ics @ibi. A random setS C {1,...,n} hasPr[i € S] =
1/2 independently for each i. The operation round(p, q)
receives a vector q € [+1, —1]" and returns a vector q’

such that, if ¢; < p then ¢} = p, if ¢; > 1 — p then
qi = 1 — p, otherwise ¢} = ¢;.

2.2 Product distributions

A product distribution over binary vectors in {—1, +1}"
is characterized by its expected value q € [—1,1]". A
random vector x from the distribution q is generated
by independently selecting each coordinate z; to be 1
with probability (1 + ¢;)/2 or ; = —1 with probability
(1 —¢;)/2. Tt is easy to verify that the expected value
of vectors selected in this way is indeed q, a fact which
Wwe express as
Exnqlx]=q

A mixture of two product distributions is character-
ized by a triplet (q(1), q(®), v) where ™, q® € [-1,1]”
are the component centers and v € [0,1/2] is the mix-
ture coefficient. To generate an example x from the
mixture distribution, we select the index b to be 1 or
2 with probabilities v or 1 — ~, respectively, and then
generate x according to the product distribution q(®).

2.3 Learning Algorithm

A learning algorithm A samples examples from a mix-
ture distribution (q(l),q(z),'y). It outputs a mixture
model (@M, q®,g), such that the KL-divergence be-

tween the models is small, where The KL-divergence
between two distributions P and @Q is KL(Q||P) =
Eqllog(@/ P)).

Formally, an algorithm A is a learning algorithm for
mixture of two product distributions if after sampling
m examples it outputs a model (1), q(?, g), such that
with probability 1 — 4,

KL[(q",a®, )@, a?,9)] < e

Algorithm A is an efficient algorithm if it runs in time
polynomial in 1/¢, log(1/d) and n.

3 The Algorithm

3.1 Overview

Consider the centers q(") and q(® as points in an n-
dimensional space. The crux of our algorithm is to re-
construct the line that connects q(!) to q(2). In order to
reconstruct a line we need only two points. The average
value of the mixture (q(*), q(*),~) is one point on the
line. Our main aim is to find another point on this line.
Once we have this second point we can reconstruct the
line and the perform a brute-force search on it.

Given access to a mixture distribution with the same
centers and different mixture coefficient, i.e., (q(l)7 q?, u,
it is easy to construct the second point. Simply take the
average of the distribution. Here is how we find such a
distribution.

We identify a subset of the examples such that the
fraction of examples from q(!) is # ~. The problem is



that after the split the attributes in the examples from
qV) are not independent. This is where we use the
idea of a held-out set of attributes. We ignore the held-
out set of attributes during the splitting process. After
the split, the distribution on the held-out attributes is a
mixture of the two product distributions with a different
mixture coefficient. Thus we can compute the average
of the new mixture and use it as the second point to
define the line.

Since we are not given the averages exactly, our al-
gorithm has to be numerically stable. For this reason
we need that |y — u| is non-negligible.

To complete the algorithm we search on this line for
the optimal pair of centers to maximize the likelihood of
the data. The main feature of this algorithm is that it
reduced an n-dimensional search into a one dimensional
search.

3.2 Description of the algorithm

The following is a high level sketch of the algorithm.
(The detailed algorithm is described in Figure 1.) The
main procedure (MAIN) receives as input a sample 7' of
size m and outputs a model for the distribution. It
works in the following way. First it computes the av-
erage of the entire sample and computes the likelihood
it generated the sample 7. Then it chooses a random
set S (which is used to partition the coordinates) and
calls the procedure Estimate_SET once with inputs S
and T and once with inputs S and 7. We would like a
split S to be such, that the difference between the cen-
ters would be significant both in coordinates in S and
in S. (In Section 4.1 we show that with probability 1/2
we have a good split.) The procedure Estimate SET
outputs a model for each call, and we combine the two
models, for S and S to get a global model, and test its
likelihood. The output of MAIN is the model with the
highest likelihood.

The procedure Estimate_SET receives the sets S and
T as input, and outputs a model for the distribution
restricted to S. Its operation consists of the following
steps.

1. Choose a random vector x* from the sample T of
size m. (Each x € T has probability 1/m.) We
like x* to have the property, that when restricted
to S, examples from different centers have differ-
ent expected value of inner product with x*. (In
Section 4.1 we lower bound this probability.)

2. Given x* we compute a threshold g, and spht T
to 7>, which includes all the examples for which
the inner product is more than 6 and T(S) which
includes the remaining examples. We set 0 to the
average value of the inner product of x* withy € T,
ie, (I/m)) e < X",y >s. (In Section 4.3 we

show that the fraction of examples in 7<) from any
of the two centers is different than v and 1 — v.)

3. Compute the average of examples in 7' on S (de-
noted by 61(;)) and the average of T(S) on S (de-

noted by flg)) (In Section 4.4 we show that there is
a non-negligible distance between the two vectors.)

(sz) (55) to a line, and define on it
points with a spacing of A, where A = (]ga) — (1(53)
and A is a parameter. We also discretize the value
of 4 with a spacing parameter A,. Given any pair
of discretized points p! and p? on the line and any
discretized value g for the mixture coefficient, we
compute the likelihood that the model (p!,p?,g)
generated T'. The model with the maximum like-
lihood is our estimator of the target mixture dis-
tribution on S. The number of models we consider
is at most (8/X)%(1/Ay), where 8 = 2/ max; {A;}.
(Tn Section 4.5 we show that there is a model which
we consider and is near the target model. In Sec-
tion 4.6 we show that it has a small KL. divergence

to the true model.)

4. We connect q;’ and q

4 Proof of learnability

In this section we show that our algorithms learns effi-
ciently a mixture of two product distributions. As a part
of the proofs we show how to determine the parameters
of the algorithm.

4.1 Splitting the attributes

Given two vectors q(V), q(?) € [-1,1]", we assume that
the distance between them is non-negligible, i.e. ||q(*) —
q?||2 is large. we like to show that with non-negligible
probability, if we choose a random set S, then both
Ties(al —af?)? and 3 5 (al — af?)? are not neg-
ligible.

Lemma 4.1 Let ay---a, be a set of non-negative
real numbers whose mazimal value s apax and whose
sum is L. Let S be a random subset of {1,...,n} which
includes each element with probability 1/2. Then with
probabulity at least 1/2 , we have both ), . ga; > (L —

amax)/4 and ZZQS a; Z (L — amax)/4‘

Proof: There is a set T C {1,...,n} such that
|(ZiET a;) — (ZigT a;)] < amax. Let ZieT ai = L.
For any subset S; C T either Ziesl a; > Li/2 or
EiET—Sl a; > Li/2. Similarly, let Y, 5 a; = L. For
any subset Sy C T either Zi652 a; > Ly/2 or ZieT—.‘_’ﬁ a;
> Ly/2.

Choosing a random set of coordinates S by picking
each coordinate independently at random is equivalent



to choosing S; at random from 7', Sy from T' and then
choosing with probability 1/4 one of the four combina-
tions: S1USy, S1USy, S1USs, and S1 U S5, Therefore,
the probability that the larger sum in S; i1s matched
with the smaller sum in Sy is 1/2. This guarantees
that the elements in S have a sum of at least L, /2 and
the elements in S have a sum of at least La/2. Since
Li+ Ly =L and |Ly — Ls| < amax, the lemma follows.
O

To apply this lemma to our problem we define the
distance between two centers, d, to be

4= lla = a3 — max{(g") — ¢}

4 bl
Setting a; = (ql(l) — q£2))2 we get the following corollary

directly from Lemma 4.1.

Corollary 4.2 Let qV), q(? be any two vectors in
[+1, —1]". With probability at least 1/2, a random set of

coordinates S has the property that both ||q(51) —q(52)||% >
d and |lq§’ — a3 > d.

4.2 Finding a Split

Let us review how we find a split: (1) we choose a
random vector x* from our sample, and a threshold 9.
(2) For each y € T we compute < x*,y >s. (3) If

< xX*,y >g is larger than 0 then y belongs to 7(>) and
otherwise y belongs to 7<), Our main aim will be to
show that the fraction of elements from q(*) in TS is
significantly different from ~.

We start by showing that there exists some 6 for
which the behavior of the two centers is different. As-
sume that x is distributed according to q(!) and y is
distributed according to q(2). Then,

Fyq®) yuqo [< X,y >s] =< qV, q?) >
In the case that y is chosen from q(!) we have
Ex~q<1>,y~q<1)[< X,y >s5] =< q(l),q(l) >s
We hope that there is a significant difference be-
tween the two expectations, so that it will influence
the split. However, the difference in the expectation
is < qM, (q() —q¥) >, which might be zero. (Recall
that we have no assumption on the norm of q(*) and
(2)
q?.)
We show that the difference can not be zero both in
the case that x is chosen from q(") and from q‘?. Let,
diff(x) = Ey(l)Nq(l)[< X,y(l) >S]

— By g [< %,y >5]
We have that,
E diff(x)]+ F diff(x)]

x~q(1)[ x~q(2) [

= < q,qV = q? g+ < q?,q? — q) >

1) _ (22
llas as I
This implies immediately the following lemma.

Lemma 4.3 FEither Ey_q0)[diff(x)] > d/2 or

By o [diff(x)] > d/2.

qu(2)

We say that a vector x € {—1,4+1}" is good if diff(x) >
d/4. The next lemma gives a lower bound on the prob-
ability of choosing a good vector.

Lemma 4.4 Letx be generated by (qV), q(?), ). The
probability that x is good is at least p = v min{d/32,1/2}.

Proof: Without loss of generality assume that
Exoqu[diff(x)] = n > d/2. The probability that x
is generated from q(!) is at least 4. Assume that x is
generated by q().

By definition, diff(x) = 2?21 Xj(qg»l)— ;2)), where

X; is +1 with probability (q;l) +1)/2 and otherwise —1.
We can now apply a Chernoff bound on diff(x),

Pr|diff(x) — | > n/2] < e™"/8 < /16,

For d > 16 this probability is less than 1/2. For d < 16
this probability is less than 1 — d/32. This implies
that the probability that diff(x) > d/2 is at least
min{1/2,d/32}. O

We expect that, with high probability, that a large
fraction of the examples in T" are good.

Corollary 4.5 Form > (8/p)log(1/6), with proba-
bility 1 — 4, at least pm/2 of the points in T' are good.

The above corollary guarantees that with high prob-
ability we have a sample such that the fraction of good
points is at least p/2.

4.3 Choosing the threshold 6
The next step is to choose the threshold parameter 9.
Given x let §(x) = F[< x,y >g], where y is distributed

according to the mixture distribution (q*), q(®), ). By
definition,

0(x) = YEymaqol<x,y® >4
+(1 =N Ey@mqe < x, 77 >5].
Let
R(x,0) = min{|Eymqml< x,y" >5]- 0],

|6 — Eyeing [< x, y(z) >s]|}-
Note that, R(x,6(x)) > ydiff(x). This implies that if
x is good then R(x,0(x)) > vd/4. Let,
- 1
f(x) = — .
(x) — Z < X,y >5
y€eT

The following lemma (whose proof is in the Appendix)
bounds the error in § = 6(x*).



Lemma 4.6 With probability 1 — § we have that for
each x € T, |0(x) — 0(x)| < ~vd/8, given that m >
c(n/(v*d?))log(1/d), for some constant c.

Note that if |§(x*) — 6(x*)| < yd/8 and x* is good
then |R(x*,0)| > vd/8. (Recall that § = 6(x*).)

4.4 Properties of the split

Let R = R(x*, é) We assume, without loss of gener-
ality, that Ey oo [< x*,y >5] > 0+ R and Ey_q@=[<
x*y >s] < § — R. We are interested in computing the
probabilities:

ﬂ(b) = Pr [ X*,yb >5 > é],
yirg®

for b € {1,2}. The probability that a vector x was gen-
erated from the component q(%), given that < x*|y >34
> 0is g =y /(v + (1 = 4)u?). We would like
to show that |u — ~| is large.

The simple case is if d = Q(y/nlogn). This implies
that R = Q(v/nlogn). In such a case we have that

p(l) =~ 1, and thus we have a perfect split, and we are
done. The more challenging case is when d is small,
and thus R is small, and this is the case we address
here. (The proof is given in the Appendix.)

Lemma 4.7 Fiz x and let Q = (q/V),q* ) be a
model of mizture of two product distributions, such that
ZjeS qj(»b) € [-1+ a,1 — a], for some constant a and
b e {1,2}. Let Q' be the distribution @ restricted to
vectors y such that < x,y >g> 0(x).

. . . 1) (2

Then QY is a Amm:ture distribution (q% ),q(g ), u) and

| — 7| > csR(x,0(x))v//n, for some constant cs.

Now we like to say that if x* is good, a similar claim
holds for it. Recall that 7(S) = {y € T :< x,y >5 <

é} For the analysis we need to split the set T' to a part

generated by q(!) and a part generated by q(?. Clearly
we do not have this split in the algorithm, but we use
it only for the analysis. Let 7 include the examples
in T' generated using q(®), for b € {1,2}. Let,

) |7®) N T(2)]
=

Using a standard Chernoff bound we have the fol-
lowing lemma.

Lemma 4.8 For m > 16A~%log(2/4), with proba-
bility 1 — 8/2, we have that |u® — a®)| < A/4.

4.5 Choosing the candidate models

Up to now we have computed some split using part of
the attributes, i.e. S. Now we will use the other part, S,
of the attributes to find candidate centers. We would
like to show that we can find two centers which are
very near the true centers, and thus would be a good
approximation. From now on we will consider only the
second part of the attributes, S.

Let q(;) = fyq(gl) +(1- Py)q(gz). Then q(s’l) = qgl) +
2)

(I—+)A and qg) = q{» —~yA, where A = qg) — q% .
Using our sample we compute an estimate of q(;), which
isdy) = (1/m) Cyervs: Let ca =dy) —ay’.

Now assume that we are given another sample of the
data distributed according to a different set of mixture
coeflicients. This is the effect that we get by using our
(51) with probability u (rather

than «). Let qg) = qu) +(1- N)q(§2)~ Similarly 51(5—5)

is the observed average, i.e. (1/|T(S))) > _yer(<) ¥s and
€5 18 the error. We have,

split, we sample form q

ai’ —q’

T H
We can estimate the direction of A using A =q@—gq®),
but since we do not know either v or p we can not
approximate A directly. The following lemma bound
the errors in the estimations.

Lemma 4.9 For m > 16A~%log(4n/d), with prob-
ability 1 — &, we have that ||q%a) - (]E;)HOO < X and
la§” = a5l < X

Proof: For each attribute, with probability 1—§/4n,

the error is at most A. This immediately implies that
with probability 1 —§/4 the error in all the estimations

A=

is at most A, l.e., ||q(5a) - (](Sfl)H00 < A

Proving the bound of ||q(53) - (?1(53)”00 < X is slightly
more delicate, since the split 1s define only after we have
the sample. First we argue that our sample has (approx-
imately) the correct ratio of the split. By Lemma 4.8,
| — fi| < A/4, with probability 1 — §/2. Using a Cher-
noff bound, the average in 7() N 7(<) differs from q(®)
by at most A/4, with probability at most 1 — §/2. The
total error is at most 3\/4 < A. |

We use (Al(fz) and (1(75) to create a line, and then dis-
cretize the line with a small spacing. The following
lemma bound the distance of the “true” centers to the
discrete points on this line.

Lemma 4.10 With probability 1 — ¢, for b € {1,2},
there exists an integer jp such that,
. (a Cyyala) (s 6
lag” = (@5 + oM@ = alew <




4.6 Maximum Likelihood

In this section we show that the maximum likelihood
would give us a good approximation of the target dis-
tribution.

Lemma 4.11 Let QQ be any distribution. Let P =
(p(l), p®, v') be a model of mizture of two product dis-
tributions, such that pg-l) € [p,1 — p]. With probability
1 —d,we have,

Fenal-log P@)] = — 3" —logP(y)
yeT
log(1/9)

< nlog(1/p) o

where y € T are i.i.d. sample from Q.

Proof: For any y we have —log P(y) < nlog1/p.
The lemma follows from a Chernoff bound. |

The above lemma states that we have a good esti-
mate of the log-loss of a distribution (and therefore of
the KL divergence). We need to show that if we have a
model which is near the true model then its log-loss is
small. (The proof is found in the Appendix.)

Lemma 4.12 Let Q = (qV,q?),5) be a model of
maxture of two product distributions. Let P = (p(l) pY,
v') be a model of mizture of two product distributions.

Also, |y —+'| < Ay and pg»b) € [p,1 —p]. Then,

KL(Q|P) = Eqllog(Q(z)/P())]
lIp® — @3
= 2p(1 —p)
Ip® — a3
—I—(l—’Y)W
+Aynlog(1/p)

The following corollary would be later used to show
that if d is small we can approximate the mixture by a
single product distribution.

Corollary 4.13 Let Q = (q",q?), ) be a model
of mizture of two product distributions and let q(®) =
ya® + (1 —7)a®, and o\” € [p,1— 4], for b€ {1,2}.
Then,

KLQla"™) = Eqllog(Q(z)/a'”(x))]

la®) — a3 - max{(a;” — )"}

3

- 2p(1 - p)

4.7 Putting it all together

We now group all the pieces to prove the correctness of
our algorithm.

Theorem 4.14 OQur algorithm, given access to ez-
amples from (q(l)_, q?, ¥), with probability 1 -4, outputs
a model (1Y), q), g) such that,

KL[(a",a®, @™, a®, 9] <e

and the running time and the sample size of our algo-
rithm is bounded by poly(n, e, log(1/8)) assuming that

q](-b) € [a,1—a] forbe {1,2} and for some constant «.

Proof: The proof is done in the following steps.
First we show (under some “optimistic” assumptions)
that one of the models that we will consider is near to
the true model, and thus our output model has a small
KL divergence. Second we show that with high prob-
ability, in some iteration, all our “optimistic” assump-
tions hold. Third, we compute the sample size. Fourth,
we compute the running time. Finally, we discuss the
case where d i1s very small.

We start by showing that, with high probability, one
of the models that we consider has a small KL diver-
gence. Since we are approximating well the log-loss it
implies that the model with the lowest log-loss has also
the smallest KL divergence.

Let us make the assumption that S is good, x* is
good, and R(x*,é(x*)) > vd/8. By Lemma 4.10, with
probability 1 — ¢, for b € {1,2}, there is an integer js,
such that

_ 6 c3v/mA
Iy — pl v2d

b ~(a . ~(a ~ (s
la? = (@ + jeA (@ — a)lo

where the last inequality is by Lemma 4.7. Let q(®¢) be
the vectors associated with j,, b € {1,2}.

Consider the model ((i(gl’e),qg’e),’y’), where 7 =
Ay[7/Ay|. Now by Lemma 4.12 the KL divergence be-

tween those two models is bounded by,

nA?
Aynlog(l/p) + n—————.
vnloa(l/e) + o
For
dy2\/p(T =
M<—S and A< Vel=p)
nlog(1/p) n

the model ((i(s}’e), 61(52’6), v') has KL divergence is at most
2e.

By Lemma 4.11 we have that the errors in our esti-
mation of the log-loss is at most €. This implies that the
observer error of (q(s}’e), q(;’e), v') is at most 3¢. There-
fore the model with the lowest observed log-loss would

have KL divergence of at most 4e.



The next step is to show that with high probability
all our assumptions hold. First we show the probability
that S is good. Consider the procedure MAIN. The prob-
ability that we choose a good S is at least 1/2 each time
in the loop, by Corollary 4.2. Therefore with probability
1 — 4 some set S we choose is good.

For each set S, in procedure Estimate SET runs N
times. The probability that x* is good is, by Lemma 4.4
and Corollary 4.5, at least p/2 = ymin{d/64,1/4}.
Given that x* is good, by Lemma 4.6, the probability
that R(x*, é(x)) > ~vd/8 is at least 1 —§. Therefore, for
N = (max{128/d,8} log(2/¢) the probability of success
is at least 1 — /2. This completes the correctness.

The running time is bounded by,

O(log(l/J)Nm(ﬂ/)\)z(1/)\7)71) = poly(log(1/4),n,¢).
The only parameter we still need to bound is

g = 2/max;{A;}. For A = (1(51) - (1(52), IA]|oo >
d*54%/n. This implies that 8 > 2n/d'®*y%. By our
assumption that qg»b) €
which is a constant.

The sample size required is,

[a,1 — a], we can set p = «,

1 n -
max{;log(l/é), Wlog(l/'ydd),
24 n2 )
m;g(log 1/p)(logw/é))}

— poly(log(1/d), m, <),

where w is the number of models we generate and test,
which is at most (8/A)?A,. Note that (ignoring loga-
rithmic factors) the behavior is n?/e?, which is a result
of the accuracy requirement on the log-loss.

Both the sample size and the running time are in-
versely proportional to d, which is a problem if d is very
small. We can replace in the bounds d by max{d, ep(1—
p)/4}, which solves the problem for small values of d.
This is done by showing that if d is very small we can ap-
proximate the mixture distribution by a single product
distribution. If d < ep(1 — p)/4 then by Corollary 4.13,

4d <
—<e¢
p(1—p) =
where q(®) = yq(") + (1 —4)q?). Since we test q(®) in
MAIN the model we output has an observed KL diver-

gence of at most 2¢, and thus a true KL divergence of
at most Je. o

KL[(q"W,q?,9)]lq'¥] <

5 Conclusion

In this paper we focused on a very specific case: a mix-
ture of two product distributions over binary vectors.
We have given a polynomial time algorithm that com-
putes a mixture distribution which is close to the target
distribution, from which we are sampling.

There are many extensions which would be very in-
teresting to pursue. One extension is to the case that
the distributions are not over binary vectors but over
the real valued vectors. For example, in each center
each attribute is distributed according to a Gaussian
distribution and the covariance matrix is diagonal. In
such a case it seems that our techniques would be able
to learn the mixture distribution.

A more challenging extension is to consider a mix-
ture of three or more distribution. In this case one needs
first to quantify when the mixture is non-redundant.
Namely, when can the target mixture be well approx-
imated by fewer centers. In the case of two centers
this is easily captured by the distance between the cen-
ters. However when we are considering more centers the
problem becomes non-trivial. Upcoming work by Das-
gupta [Das] uses random projections of the data in a
different and novel way in order to learn a mixture of
an arbitrary number of Gaussians.

On a different front, recent work by Qiang Li [Li99]
proves convergence rates on a greedy approach to learn-
ing mixture distributions. However, this work falls short
of providing an efficient algorithm because 1t 1s unknown
how to perform the greedy step in polynomial time with
respect to the number of dimensions.
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A Proofs

Proof of Lemma 4.6: We can think of the sum ZyET <
X,y >s as being generated in the following fashion. In
each of m independent trials we choose b to be 1 or 2
with probabilities v or 1 — v, respectively. Example y
generated according to q(®) are in T®). Let m; be the
size of T®). We rewrite é(x) as follows,

~ ml
0 = < >
(x) m | my Z X,Y>s
yeT (1)
A EDD
— | — <X,y >s5
m m yeT(2)
Recall that 0(x) is,
H(X) = 'yEy(l)Nq(l)[<X,y(1) >5]

+(1 = 7)Eyeraqa < x, y® >s].

With probability 1—d we have that [y—"1] <

€y. Now we bound the deviation in the estimation for
each center,

1
[— > <xy>s] — BEyoeqml<xy® >5]‘
b yer®
nlog(1/9)
< — =6
me

We can bound the total deviation by

my ma
— + —62 + eydiff(x)
m
B \/ml nlog(1/4) \/mz nlog(1/4)
log(l/é)diff(x) < 'ydlfhf(x)
m 2
for m > e(nlog(1/48))/(v*d?). O

Proof of Lemma 4.7: We are interested in bounding
first u®, for b € {1,2}. Recall that < x*,y® >g=

des ]y] The problem is that the expectation of y]

18 q](» ), and 1is different for different j’s. The following

lemma by Hoeffding [Hoe56] reduces this case to the
case where all the y? are 1.1.d.

Lemma A.1 Let X; be n binary random variables
which are independent. Let p = E[Y .., X;]. For an
nteger k < p— 1,

P’”[Zn: X; < K]
i=1

where Y; are i.i.d binary random variables with E[Y;] =
p/n.

< Pr[anYi < k]

i=1

This enables us to reduce our case, with y? of dif-
ferent distributions, to a simple case Where we have z?
1.1.d., and the expectation of z is n® Z s q] /'n
for b € {1,2}. We now like to bound Pr[zjesa: z >
6].

Since the 2% are i.i.d. random variables, the median
is exactly (up to rounding) the expected value. There-

fore,
Pr[z m*z}

JjES

Pr[z a:*z]2 <f-—

JES

0+ Rl >1/2

v

Similarly,
R} > 1/2

Also, for some constant c1, for R < c14/n,
Ao R
k1
Pr[jze;.t z; €(0,0+R)] > C2ﬁ’

for some constant cs. This implies,

. R
Zx zj 1>1/24 co—
Jjes a
Therefore,
pV = Pro[<ay>s >0
y~gqm
> Pr[Z,L*z]l >0]>1/2+ c2£.
Jj€s v
Similarly,
pB = Pr <zy>s >0
y~q?
< Pr Zm* 2 >0
j€Ss

1=Pr[> 2%z <0]<1/2.
jES



This implies that,

v
e W+ (=)@ 7
p) — p(2)
_ H
= (1= <1>+(1_ )
YR
> <
puy CS \/ﬁ’
which completes the proof. a

Proof of Lemma 4.10: We do the proof for b = 1,
the case of b = 2 is similar. Recall that qg) = q(S—a) +
(I —4)A. Let A" = ((?1(;) - (i(;))/('y — ). Note that,

A=A+ % The approximation error is,

Ias” + (1 =7)A) = (@§” = A0 = WA o
We can bound the error by,
" =4l + 1A = 1) = (=N
+HIA = Al
Lemma 4.9 bounds the first term by A. The dis-
cretization error in |j1 A(y—pu)—(1—7+)| is bounded by A.

We can bound ||Al|« by 2/|y — #]. Finally, ||A — A'||c,
using Lemma 4.9, is bounded by 2A/|y — pl. O

Proof of Lemma 4.12: Using a general lemma (see

[CTI1]) we have that
KL(va" + (1=7)a® (™ + (1 -7)p®)
< AKL@Y[pY) + (1 - ) EL(@®[]p!?).
We are interested in computing,
KL(vqW + (1 = 1)a®[ly'p" + (1 —)p®).

Assume that v < 4'. (The case v > 4’ would be similar.)
Rewrite the KL divergence as,

KL (v + (1=7)a®]
/ !
Wy (1Y m 127 e
(1 7)[1_71) TP ]
We can bound this KL divergence by,
yKL(aW[[p™) + (1 = 9)KL(a®|p®) +
(v =K L@ |]p")
Computing K L(q®||[p®), b € {1,2}, is rather simple,

since we have a product distribution.

~ Ip® — a3
KL(q®|p KL(q"p®)y < I2_—9 12
(b )

Finally, since p;”’ € [p,1 — p], we can bound (v’ —
YK L(@®[[p") by Aynlog(1/p). O




Procedure MAIN

Input: A training set 7' = {21,..., 2} where 2; € {—1,+1}".

Compute the likelihood that the model q(®) generated T', where (Al%a) = % ZyjeT(Yj)g.
Repeat for i = 1,2,...,log(2/9)

1. Choose a set S by including each index 1 < i < n in S with probability 1/2. Let S be the complement of S.

2. Call ESTIMATE SET(T, S) and ESTIMATE SET(T,S). Let (q"5) q(>%) g1) and (q("%), q(*%), g5) be the out-
puts.

3. Create eight models, (q(‘i’l’s)||q(b2’5)7 q(51’5)||q(52’5),gb3), where by, by, b3 € {1,2}, and b =3 — b.

4. Compute the likelihood that each model generated the sample T

Output: The model with the maximum likelihood to generate T

Figure 1: The algorithm for learning a mixture of two product distributions

Procedure ESTIMATE_SET
Input: A training set 7' = {z1,..., 2} where z; € {—=1,+1}", and aset S C {1,...,n}.
Repeat for i =1,2,..., N

1. Select a vector x* uniformly at random from the training set 7.

2. Set a threshold § = %ZyET <x*y >s.

3. Split the training set 7" into two parts:

T(S):{yET:<y,x>5§ é}, T(>):{yET:<y,x>5> é}

4. Calculate the average of each subset on the remaining coordinates:

5. Let A = (](58)—(1(;), and g = 2/ maxj{Aj}. Let F include the points q($)4jAA for integer j, —B/A<J < B/
Let T include the numbers A, for 0 <i < 1/A,.

6. For each pair p® and p® in F and g in T compute the likelihood that the model
(round(p, p(l))7 round(p, p(2)),g) generated T

Output: the model with the highest likelihood.

Figure 2: The procedure Estimate SET. The parameters A, A, and N are determined in the proofs.




