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Abstract

This paper studies the problem of active learning where the labeler can not only return an incorrect
label but also abstain from labeling. Different noise and abstention models of the labeler are considered
and the amount of queries to the labeler required to learn a good classifier is analyzed. An adaptive
algorithm which automatically requests less queries with a more informative labeler is provided and is
proved to have nearly optimal query complexity. The analysis also shows the gains of allowing a labeler
to abstain from labeling by quantifying the reduction in the number of queries.

1 Introduction

In active learning, the learner is given an input space X, a label space £, and a hypothesis class H such that
one of the hypotheses in the class generates ground truth labels. Additionally, the learner has at its disposal
a labeler to which it can pose interactive queries about the labels of examples in the input space. Note that
the labeler may output a noisy version of the ground truth label (flipped label). The goal of the learner is
to learn a hypothesis in H which is close to the hypothesis that generates the ground truth labels.

There has been a significant amount of literature on active learning, both theoretical and practical.
Previous theoretical work on active learning has mostly focused on the above basic setting [2] 4, [7], [10] 22]
and has developed algorithms under a number of different models of label noise. A handful of exceptions
include [3] which allows class conditional queries, [5] which allows requesting counterexamples to current
version spaces, and [23] where the learner has access to a strong labeler and a weak labeler.

In this paper, we consider a more general setting where, in addition to a label, the labeler can sometimes
abstain from prediction. This scenario arises naturally in difficult labeling tasks and has been considered
in computer vision by [I1} [I5]. Our goal in this paper is to investigate this problem from a foundational
perspective, and explore what kind of assumptions are needed, and how an abstaining labeler can affect
properties such as consistency and convergence rates of active learning algorithms.

The setting of active learning with an abstaining noisy labeler was first considered by [2I], who looked
at learning binary threshold classifiers based on queries to an labeler whose abstention rate is higher closer
to the decision boundary. They primarily looked at the case when the abstention rate at a distance A from
the decision boundary is less than 1 — ©(A®), and the rate of label flips at the same distance is less than
% — ©(A®); under these conditions, they provided an active learning algorithm that given parameters o
and [, outputs a classifier with error e using O(e_a_% ) queries to the labeler. However, there are several
limitations to this work. The primary limitation is that parameters « and  need to be known to the
algorithm, which is not usually the case in practice. A second major limitation is that even if the labeler
has nice properties, such as, the abstention rates increase sharply close to the boundary, their algorithm is
unable to exploit these properties to reduce the number of queries. A third and final limitation is that their
analysis only applies to one dimensional thresholds, and not to more general decision boundaries.

In this work, we provide an algorithm which is completely adaptive in the sense that it does not need to
know any parameters of the labeler’s noise and abstention models. Additionally, we show that this algorithm
is able to exploit nice properties of the labeler. Our algorithm is statistically consistent under very mild
conditions — when the abstention rate is non-decreasing as we get closer to the decision boundary. Under the



conditions of [21], we give the same rate of convergence. However, if the abstention rate of the labeler increases
strictly monotonically close to the decision boundary — a condition that we call the c-growth property — then
our algorithm adapts and does substantially better. It simply exploits the increasing abstention rate close
to the decision boundary, and does not even have to rely on the noisy labels! Specifically, when applied to
the case where the noise rate is at most 3 — ©(A”) and the abstention rate is 1 — ©(A®) at distance A
from the decision boundary, our algorithm can output a classifier with error € based on only O(e~%) queries.
An important property of this algorithm is that all this is achieved in a completely adaptive manner; unlike
previous work [21]], our algorithm needs no information whatsoever on the abstention rates or rates of label
noise. Thus our result also strengthens existing results on active learning from (non-abstaining) noisy labelers
by providing an adaptive algorithm that achieves that same performance as [6] without knowledge of noise
parameters.

We extend our algorithm so that it applies to any smooth d-dimensional decision boundary, not just
one-dimensional thresholds, and we complement it with lower bounds on the number of queries that need
to be made to any labeler. Our lower bounds generalize the lower bounds in [2I], and shows that our upper
bounds are nearly optimal. We also present an example that shows that at least a relaxed version of the
monotonicity property is necessary to achieve this performance gain; if the abstention rate plateaus around
the decision boundary, then our algorithm needs to query and rely on the noisy labels (resulting in higher
query complexity) in order to find a hypothesis close to the one generating the ground truth labels.

1.1 Related work

There has been a considerable amount of work on active learning, most of which involves labelers that are
not allowed to abstain. Theoretical work on this topic largely falls under two categories — the membership
query model [6l 13| 17, 18], where the learner can request label of any example in the instance space, and
the PAC model, where the learner is given a large set of unlabeled examples from an underlying unlabeled
data distribution, and can request labels of a subset of these examples. Our work and also that of [2I] builds
on the membership query model.

There has also been a lot of work on active learning under different noise models. The problem is
relatively easy when the labeler always provides the ground truth labels — see [8 [@ 12] for work in this
setting in the PAC model, and [13] for the membership query model. Perhaps the simplest setting of label
noise is random classification noise, where each label is flipped with a probability that is independent of the
unlabeled instance. [I4] shows how to address this kind of noise in the PAC model by repeatedly querying
an example until the learner is confident of its label; [I7, [I8] provide more sophisticated algorithms with
better query complexities in the membership query model. A second setting is when the noise rate increases
closer to the decision boundary; this setting has been studied under the membership query model by [6]
and in the PAC model by [10, 4 22]. A final setting is agnostic PAC learning — when a fixed but arbitrary
fraction of labels may disagree with the label assigned by the optimal hypothesis in the hypothesis class.
Active learning is known to be particularly difficult in this setting; however, algorithms and associated label
complexity bounds have been provided by [II 2] 4, [I0] 12} 22] among others.

Our work expands on the membership query model, and our abstention and noise models are related
to a variant of the Tsybakov noise condition. A setting similar to ours was considered by [6 2I]. [6]
considers a non-abstaining labeler, and provides a near-optimal binary search style active learning algorithm;
however, their algorithm is non-adaptive. [21I] gives a nearly matching lower and upper query complexity
bounds for active learning with abstention feedback, but they only give a non-adaptive algorithm for learning
one dimensional thresholds, and only study the situation where the abstention rate is upper-bounded by a
polynomial function. Besides [21] , [11} [15] study active learning with abstention feedback in computer vision
applications. However, these works are based on heuristics and do not provide any theoretical guarantees.



2 Settings

Notation 1 [A]is the indicator function: 1 [A] = 1 if A is true, and 0 otherwise. For & = (z1,...,24) € R?
(d > 1), denote (z1,...,24-1) by & Define Inz = log, z, logx = logs x, [nln], (z) = Inlnmax{z,e}. We

use O and O to hide logarithmic factors in %, %, and d.

Definition 1. Suppose v > 1. A function g : [0,1]¢"! — R is (K, ~)-Hdlder smooth, if it is continuously
differentiable up to |7]-th order, and for any =,y € [0,1]971, |g(y) — ZTL,ZJ:() %(y —x)"| < K|y —x|.
We denote this class of functions by (K, 7).

Definition 2. A function f : [0,1] — [0, 1] satisfies the c-growth property (0 < ¢ < 1) if f is nondecreasing

andforany0<a§1and0§b§%a, J{EZ% <1l-ec

Note. The c-growth property prevents f from being too flat. For example, f(z) = 1 does not satisfy the c-
growth property for any 0 < ¢ < 1, while f(z) = * (o > 0) satisfies the c-growth property with ¢ = 1— (%)a

Note that if f satisfies the c-growth property, then f(0) = 0 by letting k¥ — oo in f ((%)k) <(1- c)k.

We consider active learning for binary classification. We are given an instance space X = [0,1]¢ and a
label space £ = {0,1}. Each instance x € X is assigned to a label | € {0,1} by an underlying function
h* : X — {0,1} in a hypothesis space of interest unknown to the learning algorithm. The learning algorithm
has access to any z € X', but no access to their labels. Instead, it can only obtain label information through
interactions with a labeler, whose relation to h* is to be specified later. The objective of the algorithm is to
output some classifier i that is close to h* while making as few interactions with the labeler as possible.

We assume that the hypothesis space of interest is the smooth boundary fragment class H = {hy(x) =
L[zg > g(@)] | g:[0,1]¢1 — [0,1] is (K,v)-Hélder smooth}. In other words, the decision boundaries of
classifiers in this class are epigraph of smooth functions (see Figure [1| for example). We assume h*(x) =
1[zq > g*(&)] € H. Observe that when d = 1, our hypothesis space becomes the space of threshold functions
H=A_{hg(z)=1[z>0]:0€]0,1]}.

The performance of a classifier h(x) = 1[z4 > g(&)] is evaluated by the volume of disagreement region
which is the set of points that k and h* assign different labels to. Mathematically, this is equal to the L'
distance between the decision boundaries ||g — ¢*|| = f[o,ud—l lg(z) — g*(Z)| d.

The learning algorithm can only obtain label information by querying a labeler who is allowed to abstain
from labeling or return an incorrect label (flipping between 0 and 1). For each query x € [0, 1]¢, the labeler
L will return y € Y = {0,1, L} (L means that the labeler abstains from providing a 0/1 label) according
to some distribution Pr(Y =y | X = ). When it is clear from the context, we will drop the subscript of
Pr(Y | X). Note that while the labeler can declare its indecision by outputting L, we do not allow classifiers
in our hypothesis space to output L.

In our active learning setting, our goal is to output a boundary g such that g is close to g* while making
as few interactive queries to the labeler as possible. In particular, we want to find an algorithm with low
query complexity A(e, 0, A, L, g*), which is defined as the minimum number N such that if the ground truth
is g*, then with probability at least 1 — J, the algorithm A can output a classifier h(x) = 1 [x4 > ¢g(&)] such
that ||g — ¢*|| = f[O,l]d71 |g(Z) — g*(Z)| dZ < €, and the number of queries to the labeler L is at most N.

2.1 Assumptions
In this subsection, we introduce some assumptions on the response of the labeler.

Assumption 1. The response distribution of the labeler P(Y | X) satisfies:

e (abstention) For any & € [0,1]97L, x4,/ € [0,1], if |xq — g*(&)| > |2/, — g*(&)| then P(L| (&,x4)) <
P(L[(Z,2q));

e (noise) For any x € [0,1]4, P(Y # 1[zq > g*(&)] | @, Y #1) < 5.
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Figure 1: A classifier with
boundary g(%) = (z — 0.4)2+0.1 Figure 2: The distributions Figure 3: Distributions above
for d = 2. Label 1 is assigned to above satisfy Assumptions satisfy Assumptions 2 and

the region above, 0 to the below and [2, but the abstention feed- Bl
(red region) back is useless since P(L| x) is

flat between x = 0.2 and 0.4

In other words, we assume that the closer @ is to the decision boundary (&, ¢*(&)), the more likely the
labeler will abstain from labeling; and the 0/1 labels can be flipped with probability as large as % (note that

when it is 1, P(0| ) = P(1 | @) so the 0/1 labels are completely uninformative).

Assumption 2. When queried on a point x € [0,1]¢, the labeler returns y € Y such that:
o (abstention) P(L|x) <1— f(|lxq — g*(&)]),
o (noise) P(Y # 1lxq > g*(&)] | @, Y #1) < 4 (1 — Cs|zg — g*(ic)|’8>

Here C3, 8 are non-negative constants, and f is nondecreasing.

Assumption [2] gives upper bounds for the probabilities that the labeler returns abstentions or flipped
labels, and these upper bounds decrease as x gets further away from the decision boundary. The assumption
on the noise is a variant of the Tsybakov noise condition.

Assumption 3. When queried on a point = € [0,1]¢, the labeler returns y € Y such that P(L| x) =
1= f(Jza — g*(Z)|) where f satisfies the c-growth property for some constant 0 < ¢ < 1.

Assumption [3[ requires the abstention probability P(L |(Z,x4)) not to be too flat with respect to x4
(Figure [3)).

We will show that there is a labeler (see Figure [2] for example) that satisfies Assumption [2| but the
abstention feedback cannot be exploited to improve the query complexity, while under Assumption [3] the
abstention feedback is always very useful.

Note that here ¢, f, C3, 8 are unknown parameters that characterizes the complexity of the learning task.
We want to design an algorithm that does not require knowledge of these parameters but still achieves nearly
optimal query complexity.

3 Learning one-dimensional thresholds

In this section, we start with the one dimensional case (d = 1) to demonstrate the main idea. We will
generalize these results to multidimensional instance space in the next section.

When d = 1, the decision boundary ¢g* becomes a point in [0,1], and the corresponding classifier is a
threshold function over [0,1]. In other words the hypothesis space becomes H = {fyp(x) = L[z > 0] : § €
[0,1]}). We denote the ground truth decision boundary by 6* € [0,1]. We want to find a 6 € [0,1] such that
|0 — 6*| is small while making as few queries as possible.



3.1 Algorithm

The proposed algorithm is a binary search style algorithm shown as Algorithm [1} (For the sake of simplicity,
we assume log 2% is an integer.) Algorithm |1| takes a desired precision e and confidence level § as its input,
and returns an estimation # of the decision boundary #*. The algorithm maintains an interval [Ly, Ry]
in which #* is believed to lie, and shrinks this interval iteratively. To find the subinterval that contains
6*, Algorithm [I| relies on two auxiliary functions (marked in Procedure [2|) to conduct adaptive sequential
hypothesis tests regarding subintervals of interval [Ly, Ry].

Algorithm 1 The active learning algorithm for learning thresholds

1: Input: 6, €
2: [Lo,RQ] — [0, 1]
3: fork:0,1,2,...,logifl do

4: Define three quartiles: Uy < %, My, %, Vi ¢ W
5: AW Alm) A@) B BO) « Empty Array
6: forn=1,2,... do
7: Query at Uy, My, Vi, and receive labels x® xm x®
8: for w € {u,m,v} do
9: > We record whether X(®) =1 in A(®) and the 0/1 label (as -1/1) in B™) if X(®) £
10: if X() 21 then
11: A AW append(1) , B™) < B™) append(21 [X(“’) = 1} -1)
12: else
13: A« A append(0)
14: end if
15: end for
16: > Check if the differences of abstention feedbacks are statistically significant
n
17: if CHECKSIGNIFICANT—VAR({Agu) - Agm)}‘ R ﬁ) then
1= 2e
18: [Lk+1, Riy1] < [Uk, Ry]; break
19: else if CHECKSIGNIFICANT—VAR({AZ(-U) - Agm)}‘ K ﬁ) then
= 2¢
20: [Lk+1a Rk+1] — [Lk, Vk], break
21: end if
22: > Check if the differences between 0 and 1 labels are statistically significant
B length
23: if CHECKSIGNIFICANT({—BZ-(U)} - Ty ) then
i=1 08 3¢
24: [Lk+1, Rk+1] — [U']€7 Rk}, break
(v) B(“>.1ength
25: else if CHECKSIGNIFICANT({ B, , 7= ) then
v i=1 4log 5=
26: [Lk:-‘rlv Rk+1] — [Lk-, Vk]; break
27: end if
28: end for
29: end for

30: Output: 6= (Llogi + Rlogi) /2

Suppose 0* € [Ly, Ri]. Algorithm (1] tries to shrink this interval to a % of its length in each iteration by
repetitively querying on quartiles Uy = %, My = %, Vi = W. To determine which specific
subinterval to choose, the algorithm uses 0/1 labels and abstention feedbacks simultaneously. Since the
ground truth labels are determined by 1 [x > 0*], one can infer that if the number of queries that return
label 0 at Uy (V) is statistically significantly more (less) than label 1, then 6* should be on the right (left)
side of Uy (V). Similarly, from Assumption (1} if the number of non-abstention feedbacks at Uy (Vy) is

statistically significantly more than non-abstention feedbacks at My, then 6* should be closer to M} than



Procedure 2 Adaptive sequential testing
1: > Do, Dy are absolute constants defined in Proposition [3] and Proposition [4]
2: > {X,} are i.i.d. random variables bounded by 1. § is the confidence level. Detect if EX > 0
3: function CHECKSIGNIFICANT({X;};", ,0)
4: p(n, ) < Dy (1—!—111%—&—\/4n([ln1n}+4n+ln%)>
5. Return ). | X; > p(n,d)
6: end function
7. function CHECKSIGNIFICANT-VAR({X;}" | ,0)

8. Calculate the empirical variance Var = —= (2?21 X2-rxn, Xi)z)

9: q(n, Var,0) <+ Dy (1 + ln% + \/(Var + 1n% + 1) ([lnln]+ (Var + ln% + 1) + ln%))

1.  Returnn >1In3 AND Y7 | X; > ¢(n, Var, §)
11: end function

Uk (Vi)

Algorithm [T relies on the ability to shrink the search interval via statistically comparing the numbers of
obtained labels at locations Uy, My, V. As a result, a main building block of Algorithm [1}is to test whether
i.i.d. bounded random variables Y; are greater in expectation than i.i.d. bounded random variables Z; with
statistical significance. In Procedure 2] we have two test functions CheckSignificant and CheckSignificant-
Var that take i.i.d. random variables {X; =Y; — Z;} (|X;| < 1) and confidence level § as their input, and
output whether it is statistically significant to conclude EX; > 0.

CheckSignificant is based on the following uniform concentration result regarding the empirical mean:

Proposition 3. Suppose X1, Xs,... are a sequence of i.i.d. random variables with X; € [—2,2], EX; = 0.
Take any 0 < § < 1. Then there is an absolute constant Dy such that with probability at least 1 — &, for all

n Simultaneously7
< D() 1 + 111 + 4 111 hl 4 + ].Il
5 " n 5

In Algorithm [I} we use CheckSignificant to detect whether the expected number of queries that return
label 0 at location Uy (V}) is more/less than the expected number of label 1 with a statistical significance.
CheckSignificant-Var is based on the following uniform concentration result which further utilizes the

empirical variance V;, = "5 (Z?:l Yi-L1 (3o, Yi)2>:

n

> X

i=1

Proposition 4. Take any § > 0. Then there is an absolute constant D1 such that with probability at least
1—-46, for alln > 1n% simultaneously,

1 1 1 1
<D <1+ln6+\/(1+1n5+Vn) ([lnlnh(l—&—lné—&—Vn)—l—lnd))

The use of variance results in a tighter bound when Var(X;) is small.

In Algorithm [I] we use CheckSignificant-Var to detect the statistical significance of the relative order
of the number of queries that return non-abstention feedbacks at U (Vi) compared to the number of non-
abstention feedbacks at Mj. This results in a better query complexity than using CheckSignificant under
Assumption [3] since the variance of difference in the abstention feedback approaches 0 when the interval
[Li, Ry] zooms in on G*H

n

> X

i=1

IWe do not apply CheckSignificant-Var to 0/1 labels because unlike the difference of numbers between non-abstention
feedback at Uy (V%) and My, the variance of the difference of numbers between 0 and 1 labels stays above a positive constant.



3.2 Analysis
For Algorithm [T] to be statistically consistent, we only need Assumption

Theorem 5. Let 0* be the ground truth. If the labeler L satisfies Assumption[1] and Algorithm [1] stops to

output é, then |0* — 9’ < € with probability at least 1 — g.

Under additional Assumptions [2] and [8] we can derive upper bounds of the query complexity for our
algorithm.

Theorem 6. Let 8% be the ground truth, and 0 be the output of Algorithm . Under Assumptz’ons and@
with probability at least 1 — 0, Algom'thm makes at most O (Jc(lg)e*w) queries.
2

Theorem 7. Let 8% be the ground truth, and 6 be the output of Algorithm . Under Assumptz'ons and@
with probability at least 1 — 0, Algorz'thm makes at most O (ﬁ) queries.
2

The query complexity given by Theorem [7] is independent of 3 that decides the flipping rate, and con-
sequently smaller than the bound in Theorem [f] This improvement is due to the use of L labels, which
become much more informative under Assumption [3}

3.3 Lower Bounds

In this subsection, we give lower bounds of query complexity in the one-dimensional case and establish near
optimality of Algorithm We will give corresponding lower bounds for the high-dimensional case in the
next section.

The lower bound in [2I] can be easily generalized to Assumption

Theorem 8. ([21]) There is a universal constant oy € (0,1) and a labeler L satisfying Assumptions (1] and
@, for any active learning algorithm A, there is a 0* € [0, 1], such that for small enough €, A(e, do, A, L, 0*) >

9 (7t5).

Our query complexity (Theorem @ for the algorithm is also almost tight under Assumptions [1| and
with a polynomial abstention rate.

Theorem 9. There is a universal constant &y € (0,1) and a labeler L satisfying Assumptions @, and
Assumption [q with f(z) = Coz® (Co > 0 and 0 < a < 2 are constants), for any active learning algorithm
A, there is a 0* € [0,1], such that for small enough €, A(e,do, A, L,0*) > Q (e7%).

3.4 Remarks

Our results confirm the intuition that learning from abstention is easier than learning from noisy labels. This
is true because a noisy label might mislead the learning algorithm, but an abstention response never does.
Our analysis shows, in particular, that if the labeler never abstains, and outputs completely noisy labels
with probability bounded by 1 — |z —6*" (i.e., P(Y # L[z > 6*] | #) < 5 (1 — |z —6*|7)), then the near
optimal query complexity of O (6’27) is significantly larger than the near optimal O (e77) query complexity
associated with a labeler who only abstains with probability P(Y =1| z) < 1 — |z — 6*|” and never flips
a label. More precisely, while in both cases the labeler outputs the same amount of corrupted labels, the
query complexity of the abstention-only case is significantly smaller than the noise-only case.

Note that the query complexity of Algorithm [I] consists of two kinds of queries: queries which return
0/1 labels and are used by function CheckSignificant, and queries which return abstention and are used by
function CheckSignificant-Var. Algorithm [T] will stop querying when the responses of one of the two kinds of
query are statistically significant. Under Assumption [2] our proof actually shows that the optimal number
of queries is dominated by the number of queries used by CheckSignificant function. In other words, a



simplified variant of Algorithm [I] which excludes use of abstention feedback is near optimal. Similarly, under
Assumption [3] the optimal query complexity is dominated by the number of queries used by CheckSignificant-
Var function. Hence the variant of Algorithm [1| which disregards 0/1 labels would be near optimal.

4 The multidimensional case

We will follow [6] to generalize the results from one-dimensional thresholds to the d-dimensional (d > 1)
smooth boundary fragment class (K, 7).

4.1 Lower bounds

Theorem 10. There are universal constants do € (0,1), co > 0, and a labeler L satisfying Assump-
tions and@ for any active learning algorithm A, there is a g* € L(K,7), such that for small enough

_og_d—1
& A€o, A, Lig") 2 0 (k5275

Theorem 11. There is a universal constant 6o € (0,1) and a labeler L satisfying Assumptions @ and
Assumption [q with f(z) = Cox® (Cy > 0 and 0 < o < 2 are constants), for any active learning algorithm

d—1

A, there is a g* € X(K,7), such that for small enough €, A(e, b0, A, L,g*) > Q (E—a—%)

4.2 Algorithm and Analysis

Recall the decision boundary of the smooth boundary fragment class can be seen as the epigraph of a
smooth function [0,1]"~! — [0,1]. For d > 1, we can reduce the problem to the one-dimensional problem
by discretizing the first d — 1 dimensions of the instance space and then perform a polynomial interpolation.
The algorithm is shown as Algorithm [3] For the sake of simplicity, we assume 7, M/~ in Algorithm [3| are
integers.

Algorithm 3 The active learning algorithm for the smooth boundary fragment class
1: Input: 6, €, 7y
1))/ 0 1 M—1\4-1
QMP(_)((E)) £<—{M’M” M }
3: For each I € L, apply Algorithmwith parameter (e, §/M%1) to learn a threshold g; that approximates

g (1) -
4: Partition the instance space into cells {I,} indexed by ¢ € {0, 1,..., M _ 1} , Where

ol

oo | (1 + 1)y gi—17 (ga—1+ 1)y
LA SV v OO S VAR M

5: For each cell I, perform a polynomial interpolation: g4(Z) = Zlelqﬂﬁ 91Qq.1(%), where

d—1 o

N\ x; — (vq: +j)/M
Qua(@) = 11 li—(vai +35)/M

%

1j=0,j#Mli=vq:

6: Output: g(&) = qu{()’l””’%_l}d—l gq(Z)1L [T € ¢

We have similar consistency guarantee and upper bounds as in the one-dimensional case.

Theorem 12. Let g* be the ground truth, and g be the output of Algorithm [3 If the labeler L satisfies
Assumption then ||g* — g|| < € with probability at least 1 — %.



Theorem 13. Let g* be the ground truth, and g be the output of Algorithm[3 Under Assumptions[]] and[,
—92 d—1

with probability at least 1 — §, Algorithm |5 makes at most o} <f(6/2) ﬁﬁT) queries.

Theorem 14. Let g* be the ground truth, and g be the output of Algorithm[3 Under Assumptions[]] and[3,

with probability at least 1 — &, Algorithm |4 makes at most O (f(e/2) T) queries.
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A Proof of query complexities

A.1 Properties of adaptive sequential testing in Procedure

Lemma 15. Suppose {X;}.o, is a sequence of i.i.d. random variables such that EX; < 0, |X;| < 1. Let

§ > 0. Then with probability at least 1 — &, for all n € N simultaneously CheckSignificant({X;};_,,d) in
Procedure [ returns false.

Proof. This is immediate by applying Proposition 2] to X; — EX. O

Lemma 16. Suppose {X;};2, is a sequence of i.i.d. random variables such that EX; > ¢ >0, | X;| < 1. Let
§€[0,3], N> 5 In 3[Inln]; % (€ is an absolute constant specified in the proof). Then with probability at

least 1 — 0, CheckSzgmﬁcant({Xi}i:l , ) n Procedure returns true.

Proof. Let Sy = Ziil X;. CheckSignificant ({Xl}f\il 76) returns false if and only if
Sw < Do (1+Ind + /N (ol N +1n1)).

Pr (SN < Dy <1+1n(15+ \/N ([lnln]+N+ln(1S)>>
<Pr (SN < Dy <1+ln(15+\/N[lnln]+N+1/Nln(15>>

Pr (SNNIEX,; < Dy (14’111;+\/N[1H1H]+N+\/N1H(1S> Ne)

Suppose N = Cg In $[Inln]; £ for constant ¢ > 1 and & ¢ is set to be sufficiently large, such that (1)

€ > 4D32; (2) %JrDo (3 +/1 1n1n}+§) +Dy—E/2 < f\/g; (3) f(z) = Doy/[Inln]sz — /7 /2 is decreasing
when z > £. Here (2) is satisfiable since & + Do/[Inln] 1€ — /€/2 = —o0 as & — o0, (3) is satisfiable since

f'(z) = —o0 as & — oo. (2) and (3) together 1mphes 0 + Dy (3 + /[Inln];c ) + Do — /c£/2 < \/>

1 1 1
= (DO (1+1n5+¢m+\/]fné> _N€>

[Inln]; ( In 4[InIn]; )
11,1 Do Ini
5[11’1 ln] +e 1 5 )

In -

]

1 Doe(1+1
oe(1 +In5) ¥ Dy — /e€[nn], -
n

Doe(1+In %) < 2Dg

\/cg[lnln]+%ln% = Ve

Since [Inln]4 1 c,Int > 1 and € < 1, we have
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Since [Inln] 2z > 1 if z > 1, we have [Inln]

\/[1n1n]+(i§1n(1;[1n1n]+1> - \/ {

< s fesn Do v, ]
(o
y

% < %, and thus

+

In {max

an, —|—lnc§—|—lnlng + In[lnln] 1}]
€

e,9In — lncglnln] ;}}

1
3+ [Inln]; — + [Inln] ¢ + In[lnln]; —
€

(%) V3 + [Inln];c€ + \/[lnln]_,_l + \/ln[lnln]+

where (a) follows by a + b+ ¢ < 3abe if a,b,¢ > 1, and (b) follows by />, x; < >, /@ if x; > 0.
Thus, we have

\/% (DO <1+1n(15+\/N[lnln]+N+\/N1n(1S> —Ne)

1 (2D, V3 + [Inln];c€ + \/[lnln]Jr% + \/1n[lnln]+%
lng + Dy + Do — 4/ c€[Inln] 4 —
Ve ln%

2\ (22 + o 3+ VIR 4 00 - Vi)
(d) 1

(c) follows by {/In 1 > max{l ln[lnln]_,_%}, Do > 1, and 4/[Inln] 1 < Do \/E) < Dy — JeE <
—/c€/2 if c€ > 4D3. (d) follows by our choose of €.

b

Therefore,
1 / 1
Pr (SN—NEXiSDO <l—|—ln6—|—\/N[lnln]+N—|— Nln6> —Ne)
/ 1
PI‘(SN—NEXZ'S— N1n5/2>
which is at most ¢ by Hoeffding Bound. O

Lemma 17. Suppose {X;};2, is a sequence of i.i.d. random variables such that EX; < 0, |X;] < 1. Let
§ > 0. Then with probability at least 1 — &, for all n simultaneously CheckSignificant-Var({X;}!_,,d) in
Procedure [9 returns false.

Proof. DefineY; = X;—EX;. It is easy to check (22;1 V- (T, 1@)2) = (ZL X2 -y Xi)Z).
The result is immediate from Proposition [ O
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Lemma 18. Suppose {X;};2, is a sequence of i.i.d. random variables such that EX; > 1e, |X;| < 1,
Var(X;) <2c where 0 <e<1,7>0. Let§ <1, N = %ln% (€ is a constant specified in the proof). Then

with probability at least 1 — 9§, CheckSignificant- Var({Xi}i]\il ,5) mn Pmcedure returns true.

Proof. Let Y; = X; — EX;, n be the constant 7 in Lemma Set ¢ = max(n, & + %)
CheckSigniﬁcant—VarﬁXi}f\il ,6) returns false if and only if Zf\il X; < q(N,Var,§/2).

By applying Lemma [29] to X, (’(N’ijw — EX; < —7¢/2 with probability at least 1 — §/2.
Applying Bernstein’s inequality to Y;, we have

1 & N (—7¢)? /4
Pr(N;Y;‘<—7'6/2> < exp<—46_~_7_€/3
Eln =
- (i)
< §/2

Thus, by a union bound,

N
Pr (Z X; < q(N, Var,5)>

i=1
<Pr (q(NVM _EX, > TE/Q>
N
N
q(N, Var, §) 1 q(N, Var, ¢)
EASM ISt e < — o D T T
+Pr< N EX; < —7¢/2 and I E: X; < ~

<6/2+Pr (q([\f,]\\?ar,é) —EX; < —7¢/2 and

N
Z q(n, Var d) IEXZ)

2 \

N
1
<0/2+Pr (N ; Y; < —Te/2>

<4

A.2 The one-dimensional case

Proof of Theorem[5 Since 0= (Llog% + Ry QA) /2 and Rlog% — Llog% = 2, ’é e
0" ¢ [Llogzileog %]. We have
> e)

> € is equivalent to

pr (|o - o Pr(0° & [Liog 2+ Fiog 2]

= Pr (3/{3 10" € [Lk,Rk} and 6* ¢ [Lk+1,Rk+1])

< Pr (9* € [Lk,Rk] and 0* ¢ [Lk+1,Rk+1])
k=0

For any k = 0,...,10g% — 1, define Qp, = {(p,q) :p,q€QN0,1] and g —p = (%)k} where Q is the set
of rational numbers. Note that Ly, Ri € Qk, and Q is countable. So we have
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Pr (9* € [Lk,Rk] and 0* ¢ [Lk+17Rk+l])
= > Pr(Lp=pRi=qand 0" ¢ [Lys1, Riya))

(r,q) €Qx:p<O*<gq

= > Pr (0" ¢ [Lyt1, Re1]| Ly = p, Ry = q) Pr(Ly, = p, Rk = q)

(r,q) €Qr:p<O*<gq

Define event Ej ,, , to be the event L; = p, R, = q. To show Pr (‘é — 0% > 6) < ‘5, it suffices to show
Pr(0* ¢ [Lit1, Rk+1]|Erpq) < 21 +— for any k=0,...,log &= — 1, (p,q) € Qy and p < * < q.
Conditioning on event Ey, , 4, cvcnt 0* & [Liy1, Rk+1] happens only if some calls of CheckSignificant and

CheckSignificant-Var between Line [I6] and [27] of Algorithm [T return true incorrectly. In other words, at least
one of following events happens for some n:

° Oklz)J q 0* € [Ly, Ux] and CheckSignificant-Var( {A(u (m }1 i 410‘; 215) returns true;

J O,(fz))q € [Vi, Ri] and CheckSignificant-Var( {A(") A(m)}_ ’ﬁ) returns true;

o Okgz)) 4 0" €Lk, Uy] and CheckSigniﬁcant({—Bgu)}1;1 ) @) returns true;
O,(f; 4 0" € [V, Rig] and CheckSigniﬁcant({Bz(v)}:;1 , @) returns true;

Note that since [Ug, Vi] C [Lg41, Rr41] for any k by our construction, if 6* € [Uy, V%] then 6* € [Lp41, Rp41]-
Besides, event 6* € [Ly, U] and event 6* € [V}, Ry] are mutually exclusive.
Conditioning on event Ej, , 4, suppose for now 6* € [Ly, Uy].

1)
Pr (Ol(c D,q | Ek,p,q)
5
<E|n CheckSignificant-Var( { Dl m)}

' Tlog ) returns true | 0* € [Lk,Uk],Ek,p,q)
=1

On event 0* € [Ly, Ug] and Ey p 4, the sequences {A(-u)} and {A(.m)} are i.i.d., and E[Agu) —A™ g% e

2e

[Li, Ukl, Ex p, q} < 0. By Lemma |17} the probability above is at most ; Tos T
Likewise,

Pr (O,(f’p N qu)

—Pr(3n: CheckSigniﬁcant({_ Bi(m}n | 1
i=1" 4log o

) returns true | 0 € [Ly, Uk},E;w,,q)

On event 0* € [L, Ui] and Ej, , 4, the sequence {B(u)} isiid., and E [—Bi(u) | 6* € [Lg, Uk},Ek,p)q} <0.
By Lemma the probability above is at most log
2e
Thus, Pr (0* ¢ [Lk+1, Ri+1] | Erkpq) < o Tlog LT when 0* € [Ly, Ug]. Similarly, when 6* € [V}, Ri], we can

— 2log
(4) 5
|Ek7p74) + Pr (Okpq | Ekp?) — 2log 5 °

show Pr (0% ¢ [Lis1, Ris1] | Erpq) < Pr (0,& 1{ ,
Therefore, Pr (0" ¢ [Lyy1, Rit1] | Expq) < m, and thus Pr (’0 — 0% > e) <d/2. O
2e
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Proof of Theorem[f Define T} to be the number of iterations of the loop at LIHGH T= Zlog 2 Tk. For
any numbers my,ma, ..., My, Loq, We have:

log -1
Pr(T>m) < (‘0 9*>e>+Pr ’9 0*| <eand T > Z mg
5 log——l
< f—i—Pr T> Z my, and ‘9 0* (1)
logi—l
< é—i— Z Pr(Tk>mkand ‘é—G* <6)
< 3 >
k=0
5 logifl
< §+ Pr (T > my and 0" € [Ly, Ri))
k=0

The first and the third inequality follows by union bounds. The second follows by Theorem [5} The
last follows since ’é - 9*’ < € is equivalent to 6" € [L),, 1, R,y L], which implies 6 € [Ly, Ry] for all

k=0,.. log 5= — 1.
We deﬁne Qk as in the previous proof. For all k = 0,...,log 2% -1,

Pr (T, > my and 0" € [Ly, Ri))
= Z Pr(Ty > my, Ly, = p, R, = q)

(p,q)€Qr:p<0*<gq
= > Pr (Ty > my|Ly = p, Ry, = q) Pr (L. = p, Ry, = q)

(r,q)€Qx:p<0*<gq

Thus, in order to prove the query complexity of Algorithm |1}is O ( logOQE -t mk), it suffices to show that

P(Tk>mk|Lk—p,Rk—Q)_21 r for any k=0,...,log 5 — 1, (p,q) € Q and p < 0% < q.

For each k, p, q, define event Ek%q to be the event Ly = p, Ry = q. Define [y, = q¢—p = (%)k, N, to be
€} ( T 7D Z_ZB) The logarithm factor of Ni is to be specified later. Define ST(Lu) and ST(LU) to be the size of

array B and B® before Line [16| respectively.
To show Pr(Ty > Ni | B pq) < Tog J Tog L it suffices to show that on event Ej , 4, with probability at least

1— 21 Tog L if n = N}, then at least one of the two calls to CheckSignificant between Line [22[ and Line [27| will

return true
Onevent Ey, ,, 4, if 0* € [Ly, M} (note that on event Ey ,, 4, L, and M}, are deterministic), then |Vi, — 6*| >

Zk We will show

S(”)

p1 = Pr (CheckSigniﬁcant ({B(v)} > returns false | Ek,p»‘]) < 0

41g2 72logi

To prove this, we will first show that 51(\72, the length of the array B("), is large with high probability,
and then apply Lemma |16[to show that CheckSignificant will return true if S](\qu is large.
By definition, S](\}}) SN AWM. By Assumption E [AE“) | Ek%q} =Pr(Y #L| X =Uyi,Erpq) >

f (%)
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On event Ey 4, {Az(-v)} is a sequence of i.i.d. random variables. By the multiplicative Chernoff bound,

Pr(S§) < 3Nuf (%) | Bupa) < exp (=Nif (%) /5)-

Now,

(v)

. 5

p1 <Pr <CheckSigniﬁcant ({B( )} 41> returns false, Siy) > Nkf( ) IEk,p,q>
0g 5

+Pr <S§$3< Nf( >|Ek,p,q)

By Assumption and |V, — 0" > & E [Bi(v) | Ekypyq} > Oy (%)6. On event Ej p g, {Bgv)} is a se-

quence of iid. random variables. Thus, On event Ej,,, by Lemma @ with probability at least 1 —

Tog L CheckSignificant will return true if 3Ny, f (l") =0 (l%ﬁl In 1/5 [Inln]4 Zﬁ) We have already proved
k

41
Pr (S§V”k <IN (%) | Brpa) < exp (=Nif (%) /8). By setting Ny = © (k550> n ™/ n] lw)

we can ensure p; is at most 6/2 log 3.
Now we have proved on event Ej, , o, if 0* € [Ly, My], then

s
) )
CheckSignificant {B(v)} 7 | returns true | By pq | > 11— T
"4log 5. . 2log &

Likewise, on event Ej, , o, if 0* € [M}, Ry], then

” 1) 1
Pr | CheckSignificant { B( )} returns true | E pq | > 1 — T
"4 log - 2log 5-
Therefore, we have shown Pr (T, > Ny | Ej p.q) < 21 for any k,p,q. By (1 , with probability at least

1 — 4, the number of samples queried is at most

% (i A )

— 1 1 1 1
=0 In—(ln=+1Inln- ) [Inln], -
(f(6/2) ne(né—knne)[nn]_,_e)
O
Proof of Theorem[7 For each k in Algorlthmat Llne Let Iy = Ry — L. Let Ny _nf(l e 1n4105gz%7

where 7 is a constant to be specified later. As with the previous proof, it suffices to show Pr (Ty, > Ny | Ej p.q) <

ﬁ where event I}, , is defined to be Ly = p, R, = g, T}, is the number of iterations at the loop at Line
2e

On event Fy , 4, we will show that the loop at Line |§| will terminate after n = Nj with probability at

least 1 — @.

Suppose for now 0* € [My, Ry]. Let Z; = Agu) - Agm), ¢ =6* — M. Clearly, |Z;] < 1. On event Ej; 4,

sequence {Z;} is i.i.d.. By the c-growth property, E[Z; | Ex 4] = f(C + %) —fQ) > ef(C+ lz") since ¢ <
u m (a) u m

%(C+%) Var [Z;| Ey p,q] = Var [AE ) | Ek,p,q} + Var |:A7( ) | Ek,p,q} <E [Av( ) | Ek,p,q} +E |:A7( ) | Ek,p,q} =

®)
FC+ %)+ f(¢) < 2f(¢C+ %) where (a) follows by A; € {0,1} and (b) follows by the monotonicity of
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f . Thus, on event Ej, 4, by Lemma if we set n sufficiently large (independent of I, €,d), then with

probability at least 1 — ﬁ CheckSigniﬁcant—Var({Zi}f\i“l g T
2e 2e€
Similarly, we can show that on event Ej p 4, if 6* € [Ly, My], by Lemma with probability at least
Ni
1——96 _ CheckSigniﬁcant—Var({AEU) - Agm)} *

4log2%’

) in Procedure |2| returns true.

—=—— | returns true.
i—1 4log o=

_ 6
Thog & on event

i
E} p.q- Therefore, with probability at least 1—4, the number of samples queried is at most ZLOEOQ‘ ! L 1

Therefore, the loop at Line |§| will terminate after n = Nj with probability at least 1 —

O (sdmnt (Int+Inlnl)). 0

A.3 The d-dimensional case

To prove the d-dimensional case, we only need to use a union bound to show that with high probability all
calls of Algorithm [I]succeed, and consequently the output boundary g produced by polynomial interpolation
is close to the true underlying boundary due to the smoothness assumption of g*.

d—1
Proof of Theorem[I3. For q € {O, 1,..., % — 1} , define the “polynomial interpolation” version of g* as

5@ =Y g ()Qu&)

lel,NL

Recall that we choose M = O (6_1/7).
By Theorem each run of Algorithmat the lineof Algorithmwill return a g; such that ‘ 9 —g; (l)‘ <
¢ with probability at least 1 — §/2M 91

lg — g
= > (94 — g") I{@ € I}

q€{0,....M/y—1}d-1

< > (90 — 93) 1{& € I} + || (95 — 9*) 1{& € 1}
q€{0,...,M/y—1}d-1

(g5 — ") & € L}

Il
S—

0< /I M7d53>
= O(M;_d“)

The second equality follows from Lemma 3 of [6] that |g,(Z) — ¢*(&)] = O (M ~7) since g* is y-Holder
smooth.

(90 — 9;) 1{Z € 1}
= 3 o - g (0] 1Quul

leT,NL

< D ellQql

leI,Ne
=O(eM 1)
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d-1
Therefore, overall we have ||g — ¢*[| < O (M 7741 4 eM—4F1) (%) = O(e). O

Proof of Theorem[13 By Theorem [6] each run of Algorithm [I] at the line [3] of Algorithm [3] will make
o} (%6_26) queries with probability at least 1 — §/M9~1, thus by a union bound, the total number

of queries made is O (%67257%) with probability at least 1 — §. O

Proof of Theorem[I]} The proof is similar to the previous proof. O

B Proof of lower bounds

First, we introduce some notations for this section. Given a labeler L and an active learning algorithm A,
denote by Py 4 the distribution of n samples {(X;, Y;)}i, where Y; is drawn from distribution Pr(Y]X;)

and X; is drawn by the active learning algorithm based solely on the knowledge of {(X}, Y])};;ll We will
drop the subscripts of P74 and P, (Y|X) when it is clear from the context. For a sequence {X;}72; denote

by X" the subsequence {X1,..., X,}.

Definition 19. For any distributions P, @ on a countable support, define KL-divergence as dxi, (P, Q) =

> P(z)In ggg . For two random variables X, Y, define the mutual information as I(X;Y) = dky, (P(X,Y) || P(X)P(Y)).

We will use Fano’s method shown as below to prove the lower bounds.

Lemma 20. Let © be a class of parameters, and {Py : 6 € O} be a class of probability distributions indexed
by © over some sample space X . Let d: © x © — R be a semi-metric. Let V = {01,...,0p} C O such that
Vi # j, d(0;,0;) >2s>0. Let P = ﬁ Y oey Po. If dir, (Pg I ]5) < for any 0 € V, then for any algorithm
6 that given a sample X drawn from Py outputs é(X), the following inequality holds:

6+1n2
In M

sgpPa (d(G,é(X)) > s) >1-

Proof. For any algorithm 0, define a test function ¥ : X — {1,..., M} such that \i/(X) = argmin;eqy .. ary d(é(X), 0;).
We have

) >s) > ) >s) > (¥ j
sup Py (d(6,6(X)) > 5) > max Py (d(0,0(X)) > 5) > _max Py, ($(X) # 1)
Let V be a random variable uniformly taking values from V, and X be drawn from P,. By Fano’s

Inequality, for any test function ¥ : X — {1,..., M}

) I(V;X)+1n2
Py (I(X >1-——
ie{rlI}.E.l.),(M} 0, (P(X) #1) 2 In M

The desired result follows by the fact that I(V; X) = 57 Y gcy dxi (Po || P). O

B.1 The one dimensional case

Proof of Theorem[9 Without lose of generality, let C5 = 1in Assumption Lete < i min { (%) /8 , (%)l/a , %}
We will prove the desired result using Lemma

First, we construct V and Py. For any k € {0,1,2,3}, let Pr, (Y | X) be the distribution of the labeler
Ly’s response with the ground truth 6 = ke:

2 Actually we can use Le Cam’s method to prove this one dimensional case (which only needs to construct 2 distributions
instead of 4 here), but this proof can be generalized to the multidimensional case more easily.
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PLR(Y:J_|LC) = 1—|x %_ke

P, (Y =0lz) = (2 =5k (1= (e =5 k)" ) /2 o> § +he
k (rhe—a)" (14 (ko)) 2 v tke

P, (Y =1Jz) = (2= 5~k (14 (@5 -h)") /2 o> F+ke
k (k=) (1= (3+ke—0)") 2 o< d ke

Clearly, P;, complies with Assumptions and

Define P} to be the distribution of n samples {(X;,Y;)}!_, where Y; is drawn from distribution P, (Y|X;)
and X; is drawn by the active learning algorithm based solely on the knowledge of {(X}, YJ)};;ll

Define Pp, = 1 >.; Pr; and pr=1 >_; Pyi'. We take © to be [0,1], and d(61,62) = |61 — 62| in Lemma
To use Lemma we need to bound dky, (P} || P") for k € {0,1,2,3}.

For any k € {0,1,2,3},

der, (P || Fo')

B e ({(X.,Y))
=hry (1“ Pr (%, 1)
(

}?—1)>
tict)
Py (V1 | Xl)lf;? (X2 | X1>Y1)"'1f;? (Yn | X1>Y17~-~>Xn))
P (Y7 | Xq) P ( Xy | X1,Y1) - PP (Y, | X1,Y1,...,X,)
©g . (1 G, P, (V3] X5) 2)
g 7, Pr (Yi]Xa)
- P, (Y| X;
:Z]EP" Epn lnM|X”
— " k Pr, (Y| X;)

<n max d (P, (Y | 2) [| PL(Y | x))

(a) follows by the fact that P]?’ (Xi-i-l |X1,Y17...Xi7}/i) = pn (Xi-i-l ‘ X17Y1,...7Xi,Y;) since Xi+1
is drawn by the same active learning algorithm based solely on the knowledge of {(Xj,Yj)};zl regard-
less of the labeler’s response distribution, and the fact that P (Y; | X1,Y41,...,X;) = P, (Y;]X;) and
P (Y; | X1, Y1, ...,X;) = Pr, (Yi|X;) by definition.

For any k € {1,2,3},z € [0, 1],

Pry(-|#) + Pr,(- | %)

Pu(- ) > ;

For any k € {0,1,2,3},z € [0,1], y € {1,-1, L}
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(Pr,(Y =y |a) = Pr,(Y =y | 2)) + (P, (Y =y | x) = P, (Y =y | 2))

< %Z(PL]‘(Y:y | x) — Pr,(Y =y x))2+5(PLO(Y:y |2) = P, (Y =y | 2))?
>0
<63 (Pr,(Y =y |2) - P (Y =y | x)) 0

3>0

2
where the first inequality follows by (Z?:o ai) <5 Z?:o a? by lettinga; = 2 (P, (Y =y | z) — P, (Y =y | z))

for j=0,...,3and ay = P,(Y =y | ®) — P, (Y =y | x), and noting that ag = 0 under this setting.
Thus,

dxr, (P, (Y | ) || PL(Y | x))
1

L mw=ye Pl =vlD - R =y]2)

1 2
2 BT e e Ty T =)
<0(e?)

The first inequality follows from Lemma The second inequality follows by and . The last
inequality follows by applying Lemma to Pr,(- | ) and Pr,(- | x) and the assumption o < 2.

Therefore, we have dkr, (P{ || Pi) = nO(e®). By setting n = e~%, we get dky, (P{ || P¢') < O(1) , and
thus by Lemma 20}
O(1)+1n2

sup 7y (a00.0x) = 2(9) 21 - === =0(1)

B.2 The d-dimensional case

Again, we will use Lemma [20| to prove the lower bounds for d-dimensional cases. We first construct {Pp :
6 € O} using a similar idea with [6], and then use Lemma [27] to select a subset © C © to apply Lemma

Proof of Theorem[I0} Recall that for © = (z1,...,74) € R?, we have defined & to be (z1,...,24-1). Define
1 m—11d—1 . _ - _ -
m= () £ = {04y @) = 0 exp (ke ) 1l < 3 (@) = KmoTh(m( -
l)— %) where | € L. It is easy to check ¢;(&) is (K,~)-Holder smooth and has bounded support [l1,l; + =] x
e X [lg—1,lg—1 + %], which implies that for different I1,ls € £, the support of ¢;, and ¢;, do not intersect.
Let Q = {0, l}md_l. For any w € (2, define g, (%) = >, , widi(®). For each w € €, define the conditional
distribution of labeler L,,’s response as follows:
For 2 < A, Po(y =1 [2) = 1~ f(A), Proy # (e > gu(@)le,y #1) = 3 (1= Cs e — 0 (@)°):

For zq > A, Pp_(y =1 &) =1— f(zq), Pr,(y # l(zq > 9,(Z))|x,y #1) = 1 (1 - ngg).

Here, A = cmax ¢(&) = e for some constants ¢, ¢'.

It can be easily verified that Pr_ satisfies Assumptions |1| and Note that g, (&) can be seen as the
underlying decision boundary for labeler Pr, .
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Define P to be the distribution of n samples {(X;,Y;)};—, where Y; is drawn from distribution Pr_ (Y'|X;)
. . . . i—1

and X, is drawn by the active learning algorithm based solely on the knowledge of {(X}, }’J)};:l

By Lemma when € is small enough so that m?~! is large enough, there is a subset {w(l), e ,w(M)} -
Q such that Hw(i) — w(j)HO >md=1/12forany 0 <i < j < M and M > om?~1/48 yafine PP = Pg(i)7]5" =
1 M n
M Zi:l P ) )

Next, we will apply Lemma to {w(l), ... ,w(M)} with d(w®, W) = ||gu0) — guw . We will lower-
bound d(w®,w) and upper-bound dky, (P || P7).

Forany 1<i<j< M,

9w = G |l

D R TR el
le{l,...,m}d-1

>m® /12« Km ™7~ |||

=Km™7 ||n]| /12

=0 (¢)

By the convexity of KL-divergence, dxr, (Pj* || P") < +; Z;Vil dgL (P || PI"), so it suffices to upper-
bound dxy, (P} || P}") for any i, j.
Forany 1 <1%,j <M ,

dxr, (Pin | Pjn)

<n max dc, (P, (V] ) | PE, (Y | @)

(v Ll @)dict, (PE, (Y |2, Y £1) | P, (Y |2, #1))

=n max P
mG[O,l]d Lw(l)

The inequality follows as in the proof of Theorem [9] The equality follows since Py, (y =L |z) is the

same for all w € Q.

Ifz4 > A, then wa(i) Y |x,Y #£1) = wa(j) (Y |2, Y #£1), sodky, (P}jwm (Y |2, Y #£L1)]| Pz‘w(j) Y |z, Y ;éj_)) =
0. If zqg < A, then P} o (Y #1] ) = f(A). Therefore,

dia (P || ) <mf(4) mas dua (P, (Y [@.Y £0) | PR (Y [2.Y £1))

Apply Lemma [25( to P}fw(i) Y|,V #1) and P}fw(i) (Y| x,Y #1), and noting they are bounded above

by a constant, we have maxg¢o 1)« dx1L, (P}f o Y |2z, Y #£L) || P . Y|z Y #L)) = 0 (A?P). Thus,

dxr (PP || P}') < nf(A)O (A%F) = nf(cd'e)O(e*)

By setting n = f(i,e)efz'g*dw;l, we get dxr, (P || Pj”) <0 (67%) The desired results follows by
Lemma 201 0

The proof of Theorem [11] follows the same structure.

Proof of Theorem[I1} As in the proof of Theorem [10} define m = (%)1/7. £={o0,=L, . m }d_l, hz) =

‘m? m

M=} exp ( L ) 1{|a;| < 1}, ou(&) = Km ™ h(m(& — 1) — 1) where I € £. Let Q@ = {0,1}™" ", For any

- 174112
w € Q, define g, (&) = % + > 1es wi¢n(x), which can be seen as a decision boundary. A = max¢(&) = c’e
for some constants c’.
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Let g1(Z) = g(1,1,..1)(Z) = D 1c D(@), 9- (&) = g(0,0,...0) () = 0. In other words, g, is the “highest”
boundary, and g_ is the “lowest” boundary.
For each w € (), define the conditional distribution of labeler L,,’s response as follows:

Pr(y=Llz)=1-Cslrq - g.(Z)"

Pru(y#1a > gu@)e,y #1) = 3 (1= Cslra — 0 @)

It can be easily verified that Pr_ satisfies Assumptions and Without lose of generality, let
Cy=C5=1.

Let P—‘r(' | CC) = PL(1,1 ..... 1)
x €[0,1]4, any w € Q, Pr_(- | =) equals either Py (- | x) or P_(- | x).

Define P! to be the distribution of n samples {(X;,Y;)},—, where Y; is drawn from distribution PLw (Y|X;)
and X, is drawn by the active learning algorithm based solely on the knowledge of {(X}, ])}j;l.

(lx), P-(- | ®) = Pry,. (| ). By the construction of g, for any

,,,,,,

By Lemma when € is small enough so that m?~! is large enough,, there is a subset ' = {w(l), e ,w(M)} -
Q such that (i) (well-separated) ||w( — w@|| | >m?=1/12 for any 0 <i < j < M, M > 2m*71/48, and (ii)
(well-balanced) for any j = 1,...,me"1, L < LM w§-i) <3

124 =M =24
Define P = P, P" = &; Zz]\i1 P Define Pr, = Pr_, PL = wal PL By the well-balanced
property, for any x € [0,1]%, P(- | z) is between 5Py (- | @) + ZP_(- | @) and ZP (- | =) + 2 P_(- | z).
Therefore 1
Pr(-[2) = 57 (P(- [ @) + P-(- | @) ()
Moreover, since Py, (- | ) can only take Py (- | ) or P_(- | ) for any x,
|Pr,(- | @) = Pe(- | 2)| < [Py(- [ 2) = P-(-| @) (6)

Next, we will apply Lemma 0to {w®, ..., w™} with d(w®, W) = ||g 0 — guw . We already know

from the proof of Theorem [10] w@) I || = Q (e). B
For any 0 < i < M , dkr, P" | P7) < nmaxgeo e dxr (Pr, (Y | @) || PL(Y | )). For any « € [0,1]¢,

dkr, (Pr, (Y |z) || PL(Y | z))

X oy P =vl®) A =yl @)

24 )
SZp+@|:c)+13,(y|gc) (PrY =y|®) - P(Y =y|x))

—ylw)

<0(A%)

The first inequality follows from Lemma The second inequality follows by and (6). The last
inequality follows by applying Lemma [26|to Py (- | ) and P_(- | ), setting the ¢ in Lemma [26| to be g, (&),
and using g, (Z) < A and the assumption «a < 2.

Therefore, we have

dgr, (P || Pg') < nO (A%) = nO(e")
d—1
By setting n =€ *" 7, we get dxr, (P || P}') <O ( ) Thus by Lemma
€ %1) +In2
e_%/48

, from which the desired result follows. O

sup Py (d(6,0(X)) = 2(e)) =1 - o =0(1)
6
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C Technical lemmas

C.1 Concentration bounds

In this subsection, we define Y7,Y5,... to be a sequence of i.i.d. random variables. Assume Y; € [-2,2],
EYy =0, Var(Y1) = 0 < 4. Define V,, = 25 (Z?Zl vi-1(3on, 3’;)2). It is easy to check EV,, = no?.
We need following two results from [20]

Lemma 21. ([20], Theorem 2) Take any 0 < 6 < 1. Then there is an absolute constant Dy such that with
probability at least 1 — 5, for all n simultaneously,

Sy,
i=1

Lemma 22. ([20], Lemma 3) Take any 0 < 6 < 1. Then there is an absolute constant Ky such that with
probability at least 1 — 9, for all n simultaneously,

1 n
2<Kol|l14+In= Y2
no- < o<+n6+;l

1 1
< Dy (1 +1n 5 + \/7102 [Inln], (no?) +no?In 5)

We note that Proposition [3|is immediate from Lemma since Var(Y;) < 4.

Lemma 23. Take any § > 0. Then there is an absolute constant K3 such that with probability at least 1 — 6,
for alln > ln% simultaneously,

no? < K <1+1n(15+Vn>

Proof. By Lemma, with probability at least 1 — /2,

2
~ 2 n—1 1 (& 2
2 < K, Y2+ln=+1| =K 4+ = Y; In=+1
no? < o<§ C s+ 0 nv+n §1 +lns+

=1

By Theorem with probability at least 1 — 4/2,

(E) < e )

D3 2\ ? 2
= =0 (1 +1n ) + D3o? [Inln] (no?) + Djo*In <

n ) 1)

2) \/02 [Inln], (no?) 4+ o02In
)

+2D3 (1 +In=
n

1
< K <1 + lng + [Inln], (n02)>

for some absolute constant K;. The last inequality follows by n > In %.

Thus, by a union bound, with probability at least 1—6, no? < KoV, +Ko(K1+2)In 4+ KoK [In In], (no?)+
Ko(K: + 3).

Let K5 > 0 be an absolute constant such that Vo > Ky, KoK; [In ln]+ r< 3.

Now if no? > Ky, then no? < KoV, + Ko(K1 +2)In } + %‘2 + Ko(K1 + 3), and thus
1
no? < 2KoV, + 2Ko(K; +2)In 5+ 2Ko(K1 +3) + K» (7)

If no? < K, clearly (7)) holds. This concludes the proof. O
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We note that Proposition |4]is immediate by applying above lemma to Lemma

Lemma 24. Take any 6 > 0. Then with probability at least 1 — 6,

1
V, < 4n02—|—81ng

Proof. Applying Bernstein’s Inequality to Y;?, and noting that Var(Y;?) < 40? since |Y;| < 2, we have with

probability at least 1 — 4,
= 4. 1 / 1
;Yf < §ln5 + no® + y/8no? 1ng

1
< 4lng + 2no?

The last inequality follows by the fact that v4ab < a + b.
The desired result follows by noting that V,, = -2~ (Z" vi-L1(on, Yl)Q) <23 " Y2 O

i=1 14
C.2 Bounds of distances among probability distributions
Lemma 25. If P,Q are two probability distributions on a countable support X, then
(P(z) — Q(x))*
dkr, (P < — =
kL (P Q)_; Q)

Proof.

P(x
Ik (P Q) = ;Pu)an(gg

(
< Y@ (g )

(P(x) - Q())”
2 Q(x)

x

The first inequality follows by Inz < 2z — 1. The second equality follows by > P(x) (P (@) _ 1) =

Q(x)
3, (BP9 _ pa) 4 Q) = ¥, g, .
Define
1(1/,
Ry (Y =Llg) = 1|z~
01— @-1")2 21
R P D (i
E-2)"(1+(G-2))/2 =<3
(14 (e=H%) 2 2> 1
Py (Y =1Jz) = (x 2)a (‘T Q)ﬁ/ o
(z-2)" (1-(z-2)")/2 <3
and
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P (Y =L|z) = 1_37—6—5

P (Y =0lz) = (w—e-"(1-(@-e-1")/2 z>et!

1 (i) (14 +3-a) 2 wset

Py~ JEme ) (o)) /2w e

! n B [e3
(e+i—2)(1—(c+1-2)")/2 w<e+!

Lemma 26. Let Py, Py be the distributions defined above. If x € [0,1], € < min{(%)l/ﬁ , (%)Ua , i}, then

(Py(Y = ylo) — Py (Y = y|a))?
L RV =yl T AT =) Ol

€+ €%) (8)

Proof. By symmetry, it suffices to show for 0 < z < 1'2"6. Let t = % +e—zx.

We first show (8] holds for s <t<e(ie % <z< 1‘2"5).

We claim min, (Py(Y = y|X =¢) + P (Y =y|X =t)) > 2 (§)”. This is because:

e P(Y =L | X =t)+P(Y =L |X=t)=1—(e—t)" +1 -t >2—2 > 1 (&) where the last
/e,

7

inequality follows by € < (1)
¢ 2(R(Y=0[X=t)+ (Y =0|X =t)) = (e —1)" (1 (e—t)B) F 1o (1417) >t (1+5) > (§)™.
Therefore, Po(Y =0|X =)+ P(Y =0[X =1t) > 1 (§)".
e Similarly, Py(Y =1 X =t)+ (Y =1|X =¢) > % (%)
Besides,

Y (R =ylX =1) - A(Y =y|X =1))°

— (% — (e~ D)™+ i (t"‘ (1= %) = (e — 1) (1 + (.s—1f)5))2
(t"‘ (1+17) = (e—1)° (1 - (e—t)6>)2

= (e— 1))+ i (t‘”‘ —(e—t)* =P — (e — t)"“’)2

] =

_|_

<t~ (e~ ")+ % (1 = (e— 1)) + % (747 + (e - ’f)aw)z
+ % t* — (e— 1)) + % (t“+ﬂ + (e — t)“*ﬁ)2

2
—2(1% — (e — £)*)? + (ta+ﬂ +(e— t)a”)
§2€2a +462a+2ﬁ

S662a

where (a) follows by the inequality (a + b)? < 2a? + 2b? for any a, b.
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(Po(Y=y|z)—P1 (Y=y|z))? _ Z,(Po(Y=y|z)=Pi(Y=y|z))* o a 1 1+e
PV =yo) 1 P (V=ylz) = min, (Po(Y =ylo) + PL(Y =y[z)) < 12%2% when 5 <z < 5.

. . =y|xr)— =yY|T 2
Next, We show holds for e < ¢ < % +e(le 0<a< %) We will show (};)O(X,:ZJIQH%(K/Z%Q)) =
0] (ea + 62) for Y =1,1,0.
For Y =1, for the denominator,

Therefore, we get 3,

P(Y=L|X=0)+P(Y=L|X=t)=2-t"—(t—¢)">2— (i)a_(;y

For the numerator,

(Y =L X =)= Pi(Y =L |X =) = (1" = (t - )*)* = > (1- (1 - E)“)2

By Lemma if2oz > 1, 2« (1 — (1 — %)OL)2 < 2o (a%)z = a2 (ae)2 =0 (62). Ifo < a <1,
120 (1 . (1 . %)a) < f2a (;)2 — {20722 < 20

Thus, we have (i’o(g,iﬂg)jr];fgf:ﬂ%y =0 (62> + €%).
For Y =1, for the denominator,

2(Py(Y = 1|X =) + P (Y = 1|X = 1))

|
~~
Q
—
—_
I
~
=)

%
~~
Q
—
—_
I
~
=

vV

~

Q
VR

—

|
7/ N
1w
N———
™
~—

For the numerator,

(P(Y =1|X =1) - P(Y = 1|X =1))?

e - (-
S% (t* = (=)™ + % (taﬂf —(t— E)a+ﬂ)2

:%tm (1 - (1= %)“)2 + %tr"a“ﬁ (1 —(1- g)a+ﬂ)2
S%tm (1 —(1— %)&)2 + %tza (1 (- E)aw)z

Ifa > 1, by Lemma %tzo‘ (1 -(1- %)“)2+%t2°‘ (1 —(1- %)”‘Jrﬁ)2 < %t%‘ (a§)2+%t2“ ((a +0) %)2 =

(%aQ + 3 (a+ ﬁ)2> t29=2¢2. Thus, (lj;)o(g/ilflx;);];l(g/::ll@))z < (%az + 3 (a+ ﬁ)2> to—2e2/ (1 - (%)ﬁ) which
is O(e?) if @ > 2 and O (e?) if a < 2.

Ifa<1and a+ g > 1, by Lemma %tga (1 —-(1- %)"‘)2 + %tQa (1 —(1- E)0""5)2 < %tm (5)2 +
1
2

t t
%tQO‘ ((OéJrﬁ) %)2 _ (% I % (OZJFﬂ)Q) 2022 < ( +1 (a+5)2) 20=2¢2 Thuys, (Po(Y=1]z)— P (Y=1]z))?

2 Po(Y=1[z)+P1 (Y =1]z)
(3+i@+p?) e/ (1- (1)) =0,
It <1 a6 < 1, by Lemmafg] £ (1— (1~ £)%) 4302 (1 (1= §)2%9)" < 32 (5) 4412 (5)" =

1
a— Po(Y=1|z)— P, (Y=1|z))? a— B a
t22=2¢2. Thus, (1;’0((Y=11‘|92)+1§1((Y=11||33)) <te2e2) (1 - (%) ) =0 ().
(Po(Y=1|z) =P (Y=1]2))* _ a4 2
Po(V=1[2)1 P (Y =117) - O (e +¢). )
: : (Po(Y=0|z)—P1 (Y=0[z))" _ a (Po(Y=y|z)—P1 (Y=y|z))
Likewise, we can get “po—gop g = O (¢* +¢€?). So we prove 35, 5 n=tp v i3

O (e* + €) when 2 < 1. This concludes the proof. O

Therefore, we have
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C.3 Other lemmas

Lemma 27. ([19], Lemma 4) For suﬂ%ciently large d > 0, there is a subset M C {0, 1}d with following
pmpertzes (i) | M| > 2448 (i) ||v —'||, > L for any two distinct v,v' € M; (iii) for any i = 1,....d,
31 S 27 Lven Vi < 5y

Lemma 28. I[fx <1, >1, then (1—2)" >1—rx and 1 — (1 —2z)" <rzx.

Ifo<xz<1,0<r<1, then (1—2z)" > 1f;fm and 1 — (1 —2)" <

1— (1 r)a:gx

Inequalities above are know as Bernoulli’s inequalities. One proof can be found in [I6].

Lemma 29. Suppose €, T are positive numbers and o § . Suppose {Z;};2 is a sequence of i.5.d random
variables bounded by 1, EZ; > T¢, and Var(Z;) = 0* < 2e. Define V,, = -2~ (Zi:l Zi— L0 Z) ),

Gn = q(n,Vy,0) as Procedure . Ifn > %ln% for some sufficiently large number n (to be specified in the
proof), then with probability at least 1 —§ , i+ —EZ; < —7¢/2.

Proof. By Lemma with probability at least 1 — 4§, V,, < 4no? + 8ln %, which implies

Gn < Dy (1—}—111(1S + \/<4n02—|—91n(15 + 1) <[lnln]+ (4no? +9ln% +1) +1n(1s>>

We denote the RHS by gq.
On this event, we have

q—"—IEZi < 9 7e
n n
= TE(L—l)
nre

(a) oD, Dy [on. 1 op . 1 1
< = s (o), (P ) flns) -1
B Te( Z +771n(13\/ 5 (il (i) +in s
2D, 9 op 1. 9
- D, i), (X)) + 2> 1
Te( n %Tlné[nn]*(f S )

where (a) follows from £ being monotonically decreasing with respect to n. By choosing 1 sufficiently
large, we have 2D1 + Dy \/ lnln] (i"ln%)—i—n%—lg—%,andthus%"—IEZig—Te/Z. O
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