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Abstract. A central problem in the algorithmic study of lattices is the
closest vector problem: given a lattice L represented by some basis, and
a target point y, find the lattice point closest to y. Bounded Distance
Decoding is a variant of this problem in which the target is guaranteed
to be close to the lattice, relative to the minimum distance A;(L) of the
lattice. Specifically, in the a-Bounded Distance Decoding problem (a-
BDD), we are given a lattice £ and a vector y (within distance a- A1 (L)
from the lattice), and we are asked to find a lattice point « € £ within
distance « - A1(£) from the target. In coding theory, the lattice points
correspond to codewords, and the target points correspond to lattice
points being perturbed by noise vectors. Since in coding theory the lattice
is usually fixed, we may “pre-process” it before receiving any targets, to
make the subsequent decoding faster. This leads us to consider a-BDD
with pre-processing. We show how a recent technique of Aharonov and
Regev [2] can be used to solve a-BDD with pre-processing in polynomial

time for a = O («/(log n)/n) This improves upon the previously best

known algorithm due to Klein [13] which solved the problem for a =
O (1/n). We also establish hardness results for a-BDD and o-BDD
with pre-processing, as well as generalize our results to other £, norms.

1 Introduction

A lattice is the set of intersection points of a regular (but not necessarily orthog-
onal) n-dimensional grid. One of the most central problems in the algorithmic
study of lattices is the closest vector problem: given a lattice £ (typically repre-
sented by a basis, see Section 2 for details), and a target point y, find the lattice
point closest to y. Beside having numerous applications in theoretical computer
science, lattices are a central object in coding theory [1, 8]. In this setting, lattice
points represent codewords, and the target point y represents a perturbed code-
word (encoding a message being transmitted). In this scenario, the closest vector
problem corresponds exactly to the maximum likelyhood decoding problem for
white Gaussian noise channels. The closest vector problem is NP-hard to solve
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even approximately for any constant [5] and some sub-polynomial [9] approxi-
mation factors. On the positive side, the best general approximation algorithm
to solve the closest vector problem in (random) polynomial time achieves only
approximation factors almost exponential in the dimension of the lattice [3]. We
remark that there are two fundamental differences between the closest vector
problem as typically studied in complexity theory and coding theory:

1. In complexity theory, the lattice is considered as part of the input to the
problem, while in coding theory the lattice (defining the error correcting
code) is usually fixed once and for all.

2. In complexity theory the target point can be arbitrarily far from the lattice,
while in coding theory it is usually assumed that the distance of the target
from the lattice is less than half the minimum distance between lattice points.

The first issue has been recently addressed [15,11, 18, 4], considering a version
of the CVP with pre-processing (CVPP). In CVPP, the lattice is fixed and
can be arbitrarily preprocessed, and the complexity of the CVP algorithm is
measured without taking pre-processing time into account. In the sequence of
papers [15,11,18,4] it is shown that there are lattices such that CVPP is NP-
hard to solve exactly, or even approximate within any constant factor.!

The second issue is equally important, but has so far received far less atten-
tion. The relevance of the second issue stems from the fact that the amount of
error (i.e., the distance of the target from the lattice) depends on the properties
of the communication channel, and it is usually known to the code designer. This
allows the code designer to choose a lattice code whose minimum distance is, in
some respect, “large” compared to the maximum error.

The variant of the closest vector problem where the target is guaranteed to
be close to the lattice relative to the minimum distance, A;(L£), of the lattice
is called the Bounded Distance Decoding problem (BDD) [23]. Specifically, in
the a-Bounded Distance Decoding problem (a-BDD), we are given a lattice £
and a vector y (within distance o - A1(£) from the lattice), and are asked to
find a lattice point @ € £ within distance a - A;(£) from the target. Typically
a = 1/2, but other values of « can be interesting as well, as some decoding
algorithms may not work up to the unique decoding radius A; /2, while in other
cases even for a > 1/2 it may be possible to come up with a relatively short
(i.e., polynomially long) list of candidate lattice points. (The latter is called the
“list decoding problem”, and it has received an great deal of attention lately in
the context of codes over finite fields. We are not aware of any result of the same
kind for lattice codes, but the problem is certainly very interesting and natural.)

Our contribution. In this paper we investigate the bounded distance decoding
problem a-BDD (with pre-processing), and prove both algorithmic and com-
putational hardness results about this problem. On the algorithmic side, we

! The factor achieved by a CVP approximation algorithm is defined as the ratio
between the distance (from the target) of lattice point output by the algorithm, over
the distance of the optimal solution.
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Fig. 1. Complexity of a-BDD with pre-processing for various [/, norms

show that o«-BDD with pre-processing can be solved in polynomial time for
a = O(y/logn/n). Previously, the problem was known to be polynomial time
solvable only for factors O(1/n) [6,13]. On the computational hardness side, we
show (under standard complexity assumptions) that the a-BDD problem cannot
be solved in polynomial time (even in its pre-processing variant) for any constant
factor a > 1/+/2. Specifically, for the a-BDD problem with pre-processing, any
polynomial time solution would imply that NP is contained in P/poly. We also
adapt some of our results to other £, norms (see figure 1).

Related work. Our work is closely related, and builds upon, previous work of
Aharonov and Regev [2] (for the algorithmic results) and Micciancio [16] (for
the hardness results), as well as previous algorithms [6,13] and NP-hardness
results [4] for the CVP problem with pre-processing.

The well known nearest plane algorithm [6] (together with the bounds in
[14]) yields a polynomial time solution to a-BDD with pre-processing for a =
2/n. That solution had been subsequently improved to any a = O(1/n) in [13],
which was still the best general solution prior to our work. Our algorithm uses a
technique developed by Aharonov and Regev [2], and it is closely related to their
work. In [2], Aharonov and Regev show how to compute (with pre-processing) a
function f(x) which approximates the distance of a target point « from a lattice
within a factor of O(y/n/logn). Unfortunately, being able to approximate the
distance of a target point from the lattice does not, in general, allow us to find
lattice points which are close to the target.? So, the Aharonov and Regev’s CVP
pre-processing algorithm does not directly yield a solution to a-BDD. In this
paper we observe that, for a certain region of R™ close to the lattice, the function
f of Aharonov and Regev allows us to distinguish which of two points in R" is

% Technically, there is no known approximation preserving reduction from the problem
of approximating CVP in its search version (i.e., finding an approximately closest
lattice point), to approximating CVP in its decision or distance estimation version
(i.e., determining if a target point is close or far away from a lattice). (See [17,
Chapter 3].) Such a reduction trivially exists for the exact versions of CVP and for
small (subpolynomial) approximation factors by NP-hardness [5, 9], but finding such
a reduction for polynomial approximation factors is an open problem.



closer to the lattice. So, by adding a noise vector to our target point, we can
generate a nearby point which is closer to the lattice and verify that it actually
is closer. Our a-BDD algorithm performs a “guided” walk starting from the
target and moving closer and closer to the lattice, until we get within distance
O(\1/n) from it, at which point some other known algorithm for a-BDD (i.e.
[6,13]) can be used.

On the complexity front, no hardness result was known prior to our work
because, interestingly, all known NP-hardness results for CVP (with or without
pre-processing) [5,9,15,11,18,4] employed lattices with very small minimum
distance. We prove our hardness results using a technique of Micciancio [16] to
embed a lattice £ and target y into a higher dimensional space in such a way
that the minimum distance of the lattice increases, without at the same time
substantially increasing the distance of the target from the lattice. The hardness
results for £, norms for p > 2 are obtained by an application of a recent technique
of Regev and Rosen [19] to our result for the ¢ norm.

Questions regarding the complexity of a-BDD (and related problems) had
been previously considered in the setting of linear codes over finite fields. For
example, Vardy [23] conjectured the problem to be NP-hard for a = 1/2, and for
the closely related relatively near codeword problem (RNC) NP-hardness results
for any a > 1/2 were proven by Dumer, Micciancio and Sudan [10], and later
adapted by Regev [18] to the pre-processing variant of the problem.

2 Preliminaries

2.1 Lattices

The set of all integer combinations of vectors B = (by,...,b,) defines a lattice
L(B) in R™. B is said to form a basis of £(B) (when the basis is clear from
context, we may write £ instead of £(B)). For any basis by, ..., b,, the Gram-
Schmidt basis is denoted by b7, ..., b} where b} is the component of b; which is
orthogonal to the vector space formed by by, ...,b;_1. We denote by A1 (L) the
length of the shortest vector of £ (equivalently, the minimum distance of £).

Lemma 1. For every n-dimensional lattice L, there exists a basis by,..., by,
such that min; ||b}]] > A (L) /n.

Lattice Problems Given a lattice basis B, vector  and a real ¢, the decisional
version of the closest vector problem (CVP) asks whether dist(L(B),z) < t.
The approximate version of decisional CVP can be formulated as a promise
problem GapCVP,_ . Given a lattice basis B, vector  and a real ¢, an algo-
rithm for GapCVP,, should answer “YES” if dist(£(B),z) < t and “NO” if
dist(L(B),x) > ~t. For all values in between, any answer is acceptable.

An algorithm that solves GapCVP,, with pre-processing works in two steps.
First, it is given a basis B. The algorithm then outputs an advice string A.
The time that the algorithm expends in obtaining A does not count towards



its running time. Then, it is given a vector  and a real ¢. With the ability
to use the advice string A, it should answer “YES” if dist(L(B),z) < t and
“NO” if dist(L(B),x) > ~yt. For all values in between, any answer is acceptable.
Alekhnovich, et. al. [4] showed that the GapCVP, with pre-processing problem
is NP-hard for any constant . Aharonov and Regev [2] showed a polynomial

algorithm for this problem for v = O (\/n/ log n)

In the alpha-Bounded Distance Decoding problem (a-BDD), we are given a
lattice basis B and a vector & and are asked to find a lattice vector y € £L(B)
such that dist(x,y) < a-A1(L£(B)) (if such a vector exists). In Section 4 we
show that this problem is NP-hard for a > 1/+/2.

As for GapCVP,, with pre-processing, an algorithm for a-BDD with pre-
processing works in two steps. First, it is given a basis B. The algorithm then
outputs an advice string A. The time that the algorithm expends in obtaining
A does not count towards its running time. Then, it is given a vector . With
the ability to use the advice string A, it should find a lattice vector y € £(B)
(if one exists) such that dist(x,y) < a - A1(£(B)). In Section 3, we provide a
polynomial algorithm for values of @ = O (\/log n/n) and in Section 4, we show
that if a polynomial algorithm exists for a > 1/4/2, then NP C P/poly.

We define one last lattice problem. This problem will be useful in Section
4 to prove the hardness results. Given a full rank n-dimensional lattice basis
B, vector  and a real ¢, an algorithm for GapCVP'W should answer “YES” if
Jdz € {0,1}"™ such that dist(Bz,z) <t and “NO” if dist(L(B), sx) > ~t for all
s € Z\ {0}. In all other cases, any answer is acceptable. Arora, et. al. [5] showed
this problem to be NP-hard for all constants v > 1.

2.2 Gaussian Functions on Lattices
In [2], Aharonov and Regev considered the following function f on any x € R”,
Zy€£ e~ mlz—yl?

f(il:) = Zyeﬁ eyl

and showed that with polynomial advice, one can estimate its value on expo-
nentially many points in the quotient group R™/L.

Lemma 2. ([2, Lemma 1.3]) Let L be an n-dimensional lattice. For any set S
consisting of 2P°W) points in the group R™/L and any constant ¢ > 0, there
exists an advice string of size poly(n) that allows one to evaluate the function f
in polynomial time with error at most n=¢ on every point in S.

A property of the function f is that if x € R™ has only one lattice point close
to it, then the value of f will almost be entirely determined by the distance of
x from this point.

Lemma 3. Let L be an n-dimensional lattice whose shortest vector has length
greater than /5= and & € R™. If all points in L other than y' are at a distance

more than /5% from x, then f(x) = e~mlle—v'I* 1 9-2(n)



The next lemma shows that the function f is very sensitive at a distance less
than y/logn away from the lattice when the length of the shortest vector of the
lattice is greater than \/% Thus, if we are at a point & € R™ and move closer
to the lattice, there will be a noticeable change in the value of the function.

Lemma 4. Let £ be an n-dimensional lattice whose shortest vector has length
greater than /3%, and let y € L. Suppose x,x' € R™ are points such that

le—y|l =D, ||z’ —y|| < (D+n"*)/1— L where L <D < \/logn, and for all
y € L\ {y}, e —y'llllz' — y'll > VE. Then f(x') — f(z) > n~55.
The below lemma, is a partial converse of lemma 4.

Lemma 5. Let L be an n-dimensional lattice whose shortest vector has length
greater than /5=, and let y € L. Suppose x,x' € R™ are points such that

lz —yll, l" =yl < Viogn, and for ally" € L\{y}, |z —y'[], |’ = y'| > /5%,
and f(x') — f(x) > n~"" Then |la’ —y|l < /1 —1/nfllz —yl.

3 Finding the Closest Lattice Vector

The following theorem was proved by Klein in [13]:

Theorem 1. There is an algorithm that, when given an n-dimensional lattice
L represented by basis vectors by, ..., by, and a target x € R™ that’g at distan2ce
D away from L, will find the closest lattice vector to x, in time n /™ 1717

Combining Theorem 1 with Lemma 1, implies that whenever the target point
is within O(\1(£)/n) of the lattice, there is a basis that can be used as advice
to find the nearest lattice point in polynomial time.

Without loss of generality, we may assume that our lattice is scaled such that
A1(L) > /n. If the target that we’re given is within distance 1/4/n of the lattice
(and thus within distance A;(£)/n of the lattice), we can just find the closest
vector by applying Theorem 1. If the target point is not that close to the lattice
but is still within /logn of it, we will find another point closer to the lattice
that is also close to the target point. We will proceed in like manner by finding
points closer to the lattice until we get within 1/4/n of the lattice at which time
we will apply the algorithm in Theorem 1.

Theorem 2. Let L be a lattice with shortest vector at least /n and let A be the
polynomial size advice string as in Lemma 2 that allows us to approzimate the
function f with error at most n=8. Then there is a polynomial time algorithm
using advice A that, when given a point x € R™ that is within distance v/logn
of a lattice point y € L, will find a point ' that is within distance 1//n of y.

Proof. Let f4 be the function that uses advice A and approximates f to within
n~% on exponentially many points (as in Lemma 2). To be precise, we would need
to put a grid on R™ everywhere within /logn of the lattice, and only be able to

approximate the function f at the intersection points of the grid. Since both f



and f4 are symmetric with respect to the lattice, it will suffice to consider only
grid points within distance v/logn of the origin. Within this region we can make
the grid very fine (i.e the diagonal of a grid square can be n~¢ for any constant
¢), which is good enough for our purposes. For simplicity, we will assume that for
all x € R", where x is within /logn of the lattice, |fa(z) — f(x)| < n~%. Con-
sider the following algorithm: (in the algorithm wu; is the i* standard unit vector)

GetCloser(z, f4)
while(fa(z) < (e ™/ +n~8))

compute Dy = M

construct set S = {x — j(Da/v/n)u; :i€{1,...,n},j € {-1,1}}
set & < argmax fa(x')
x'cS

return a

First we will show that at each iteration of the while loop, D4 is very close
to the correct distance D between x and the lattice point y. Then we will show
that one of the 2n elements of the set S is a vector that is within distance
(D +n=%)/1 —1/n of the lattice. This will imply that the element x' € S

for which the value fa(z') is the largest is within distance D+/1 — 1/n® of the
lattice. And by continuing to loop, we will eventually get within 1/4/n of the
lattice point.

Lemma 6. At every step of the algorithm, |D4 — ||z — y||| < n™%.

Lemma 7. Let  and y be points in R™ such that ||z —y|| = D and n > 6. For
any c>0and Dy € [D —¢,D + ¢, the set

S={x—jDa/Vn)u; :ie€{l,...,n},je{-1,1}}
contains a vector &' such that ||z’ —y|| < (D +¢)y/1—1/n.
Proof. Without loss of generality, assume that y = 0. Then D? = |jz||* =
>, 27 > (D —¢)?. Thus, there must exist an i, such that |z;| > (D —¢)/y/n. Let

j € {—1,1} have the same as the sign of x;. Then the vector ' = x — jD—\/%ui is
in S and

2
DA

||:l?l||2 = ||(1‘1,...,.’B,’_1,,’L'i —jD—\/%,xi+1,...,xn)||2 = _D2 — 2|$1|D7\/% + n

Since |z;| > (D —¢)/y/n and (D —¢) < D4 < (D + ¢), we have

la'|[? < D? —2PZe5 4 (PEE < (D + (1~ 1/m)
where the last inequality holds for n > 6.

Lemma, 6 says that the value of D4 that we calculate using f4 is within n=*

of the actual distance D. Lemma 7 says that the set S contains a point that is



a distance at most (D +n~%),/1 — 1/n away from the lattice. By Lemma 4, we
know that if ||z’ — y|| < (||z — y|| + n~%)\/1 — 1/n, then f(z') — f(z) > n %5,
which by the triangular inequality implies that fa(z')— fa(z) > n > —2n"8 >
n~7. Thus, there is a point ' € S such that fa(z') — fa(x) > n~". By the
triangular inequality, this implies that f(z') — f(z) > n=" —2n=% > p=74
which by Lemma 5 means that ||’ —y|| < 1/1 — 1/n8||z —y||. So at every step,
we are guaranteed to be getting closer to the lattice by a factor of /1 — 1/n?.
The loop ends once fa(x) > (e~™/™ + n~8), which means that f(x) > e~7/".
Since at every step of the loop we made sure we were getting closer to the lattice,
it must be that the point x is within distance /logn of the lattice, and thus
by Lemma 3, f(x) = e—mlle—v'll 4 9-2(n)  Gince f(x) > e ™/", it must be that
|z — yl| < 1/y/n + 272, To calculate the running time of the algorithm,
we note that at every step of the loop, the value of the function f4 increases
by n~7 with constant probability. Since the starting value of f4 is greater than
e~™lo8n _n=8 ~ n~7 the running time of the algorithm will be O(n®) multiplied
by the time it takes to get a closer point ' (which is O(n)), multiplied by the
time it takes to evaluate fa (which is poly(n)).

3.1 Other £, Norms

Our algorithm can be adapted to solve a-BDD for the ¢; norm, with a =
logn/n. (The naive approach, using the ¢5 algorithm to solve the problem, works
for @ = y/logn/n.) We believe our algorithm should also work for ¢, norms,
1 < p < 2, with @ = {/logn/n; but we are unable to give a rigorous proof in
this case. When p > 2, however, the algorithm no longer works, and new ideas
are probably necessary.

First, we recall how the technique of Aharonov and Regev [2] works. For
any lattice £, we define a periodic function F(z) = > .. f(z — y). F(=)

can be written in terms of its Fourier coefficients F(w), w € L£*, as follows:
F(z) = Y yer- F(w)e?™ @) Note that F(w) = (1/det(£))f(w), where f
is the Fourier transform of f. Provided that the Fourier coefficients are non-
negative, we can view them as a probability distribution over the dual lattice;
and given some “advice” consisting of points in the dual lattice sampled accord-
ing to this distribution, we can approximately compute F'(x).

For general £, norms, it is natural to use the function f(x) = e~I®IZ. Note
that f is a product of one-dimensional functions, f(x) = g(z1)--- g(z,), where
g(z) = e71*I” Hence its Fourier transform is f(k) = §(k1) - - - §(kn). In order to
use the technique of Aharonov and Regev, we would like to show that f (k) > 0;
functions f with this property are called “positive definite” [22].

In addition, both our work and [2] make use of a technical lemma due to
Banaszczyk [7] (see also [21]). We need to prove a generalization of this result
for £, norms. (It is this step that determines the ratio a = {/logn/n.) It turns
out that this requires us to show that f(k) is a non-increasing function of ||k]|.



Algorithm for the £, norm. In this case, g(z) = e~1*l, and g(k) = 2/(1+ (27k)?).
So it is easy to see that f(k) > 0 and is a decreasing function of ||k||. Our
algorithm then works with minor modifications.

Algorithm for the €, norms with 1 < p < 2. It is known that g(k) > 0 [20].
Numerical investigation suggests that §(k) is a decreasing function of |k|, but
we have not been able to prove this analytically. If this is true, then f (k) has
the required properties, and our algorithm works.

What goes wrong for £, norms with p > 2. In this case, it is not true that g(k) > 0
[20]. Hence f(k) can be negative for some k. We can still interpret |F'(w)]| as
a probability distribution; however, note that F(0) < >, |F'(w)|. Heuristic
arguments suggest that when we normalize the probability distribution, F(0)
will be exponentially small, so our algorithm breaks down. (For instance, it is
easy to see that f(0) =272 [ | f(k)|dk.)

4 Hardness Results

In this section we prove the hardness of the a-BDD and a-BDD with pre-
processing problems. The proofs are by reduction from a version of the closest
vector problem GapCVPfy, and are based on techniques developed by Miccian-
cio [16] to prove that the shortest vector problem is NP-hard to approximate
within any constant factor smaller than v/2. In fact, the a > 1 / V2 requirement
in our proof comes from exactly the same limiting factor that makes Micciancio’s
proof [16] work only for approximation ratios bounded by v/2. It is an interesting
open question whether employing techniques used in the proof of stronger in-
approximability results for SVP [12] it is possible to improve our NP-harduness
result for a-BDD to a = 1/2 or maybe even a = {2(1) or a = o(1).

Theorem 3. For any {, norm (p > 1) and a > 1//2 and v > 1/3/1 — a2 /2,
there is a probabilistic polynomial time reduction from GapCVPfY to a-BDD.
Moreover, the reduction has the following two additional properties:

1. On input GapCVPfY instance (B,y,t), the reduction makes a single call to
the a-BDD oracle on a lattice that depends only on B and t (but not y).

2. Randomness is only used in the construction of the a-BDD lattice, and with
high probability the constructed lattice is good for all target points y.

In particular, there is a probabilistic polynomial time reduction from GapCVP'V
with pre-processing, to a-BDD with pre-processing such that randomness is only
used during the pre-processing stage (and therefore can be equivalently be replaced
by a non-uniform advice).

Proof: Throughout the proof, || - || always denotes the £, norm. Let (B,y,t)
be a GapCVP'W instance. We want to determine if y is close or far from the
lattice. The idea is to use the a-BDD oracle to find a lattice vector close to



y. If the oracle fails or returns a vector far away from the target y, we would
like to conclude that y is indeed far from the lattice. The problem is that thea-
BDD oracle is guaranteed to work only when the distance of y is small, relative
to the minimum distance of the lattice A;(B). Following [16], we address this
problem by embedding B and y in a higher dimensional space, with the effect of
increasing the minimum distance of the lattice, without substantially increasing
the distance of the target from the lattice. The proof in [16] is based on the
construction of a lattice basis L with some very special properties as described
in the following lemma.

Lemma 8. For any {, norm (p > 1) and any constant o € [1,{/2) there exists
a (probabilistic) algorithm that on input k € 7T outputs, in KON time, two
positive integers m,r € ZT, a lattice basis L € Z(mTYX™ g yector s € Z™t1,
and a linear integer transformation T € Z**™ such that

1. ML(L)) >0,
2. with probability at least 1 —1/n®® for all & € {0,1}* there exists a z € Z™
such that Tz = x and ||Lz — s|| < r.

Informally the lemma states that lattice £(L) contains an unusually dense
cluster of lattice points around the center s.

Our reduction first invokes Lemma 8 with 0 = 1/(af/1 —~v~P) and k = n
to obtain L, s and r. (Notice that under the assumptions a > 1//2 and v >
1/%/1—a?/2, we get 0 < {/2 as required by Lemma 8.) Then, it combines
(B,vy) and (L, s) to define a a-BDD instance

oo ol |2
o o) 5]

where (3 is an appropriate normalization factor to be chosen. Finally, the a-BDD
oracle is invoked on input (B',y’). The GapCVP'V instance is accepted if and
only if the a-BDD oracle returns a lattice point v = [(BTz2)?, (Lz)7, (Bor)-2]*
(where z € Z™ and z € Z) such that BTz is within distance ¢ from target y.

We now prove that the reduction is correct. Notice that if the reduction
accepts, then there is a lattice vector BTz within distance ¢ from the target
y, so (B,y,t) is certainly not a No instance of GapCVP., and YES is a valid
answer for the reduction. (Remember that when an instance does not satisfy the
promise, any answer is acceptable.) All that remains to be shown is that when
(B,y,t) is a YES instance, then the reduction is guaranteed to accept (provided
Lemma 8 was invoked successfully). So, assume the input to the reduction is a
YES instance, i.e., there exists a binary vector € {0, 1}* such that | Bz—y]|| < t.
First of all, we bound the minimum distance of the lattice B’, so we can argue
that the target is within the decoding radius of the a-BDD oracle. Considering
only the second block of coordinates, we see that any lattice vector that is not a
multiple of the last column has norm at least SA; (L) > Bor. It follows that the
last column in the basis matrix is the (unique, up to sign change) shortest vector



in the lattice and A\ (B) = for. Now, consider the distance of y' from the lattice
B’. We know from Lemma 8 that there exists an integer vector z € Z™ such
that Tz = z and ||Lz — s|| < 7. Multiplying the basis matrix B’ by [2T, 0], we
get a lattice vector within distance

VIB(Tz) —yllP + B7||Lz — s||P < /tr + prre
from the target y'. So, the a-BDD promise dist(B’,y’) < aA;(B’) = afor is

satisfied whenever
/tp + prre < afor. (1)

Moreover, if (1) is satisfied, then the a-BDD oracle returns a vector v =
[(BTz)T, (Lz)T, (Bor) - 2] within distance a);(B’) < afBor from the target.
Since the distance of v from y is at least ||BTz — y||, we conclude that the
reduction accepts, provided conditions (1) and

afor <yt (2)

are satisfied. Both (1) and (2) are easily verified setting § = ty/aor and substi-

tuting o/(a /1 —~—P). O

Since the GapCVPfY problem is NP-hard for all constants v > 1, we imme-
diately get the following corollary:

Corollary 1. For all o > 1/{’/5, a-BDD in the £, norm is NP-hard.

In addition, the reduction in the proof of Theorem 3 only depends on B
and ¢, and not on the actual vector y. Thus it should be possible to use the
hardness result of Alekhnovich, et. al. [4] to show the hardness of a-BDD
with pre-processing. Two minor details arise, though. First, the reduction in [4],
proves the hardness of GapCVP, with pre-processing, not GapCVP'W with
pre-processing. But it can be extracted from the proof in [4] that the special ver-
sion GapCVP; with pre-processing is NP-hard as well. Another point is that
in the proof of [4], the algorithm is allowed to pre-process only the basis B, while
in our reduction, the algorithm would get both B and ¢ for pre-processing before
getting the vector y. This problem can be solved by observing that in [4] the
NP-hardness of GapCVP,_ is proved by a reduction from the coding problem
NCPP. As a result, there are only polynomially many values for ¢, and thus the
advice string for GapCVP,, can contain advice for all possible values of .

Corollary 2. For any constant o > 1/%/2, if there exists a polynomial time
algorithm that can solve a-BDD with pre-processing in the £, norm , then NP C
P/poly.

In [19], Regev and Rosen showed reductions from problems in the £; norm to
problems in the £, norm by using the fact that for any p, there exist embedding
functions f : R® — R™ (where m is poly(n)) such that for any « € R" ||z||s =~
| f(2)]|,- Using the same idea, we can obtain the following corollary:

Corollary 3. For any p > 2 and constant o > 1/+/2, if there exists a polynomial
time algorithm that can solve a-BDD with pre-processing in the £, norm, then
NP C P/poly.
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