






Definition 3.1. Let G ¼ ðV ; EÞbe a graph and P : V ! IN be a

pulse assignment (where IN is the set of natural numbers). We

say that the configuration ðG; PÞ is legal for link ðu; vÞ,
denoted legalðu; vÞ, if jPðuÞ � PðvÞj � 1. The configuration is

said to be legal for a node v if it is legal for all its incident

links. The configuration is said to be legal if it is legal for all

e 2 E.

The idea behind Definition 3.1 is explained as follows: In

the synchronous setting, all messages sent at pulse i are

received by pulse i þ 1. When we simulate executions of

synchronous protocols on an asynchronous network, we do

not have a global pulse-producing clock. Rather, we want to

maintain the validity of the messages sent. This can be done

by ensuring that a node sends pulse i þ 1 messages only

after it has received all the pulse i messages from its

neighbors. Since message delivery is not simultaneous,

there can be a skew of the pulse counters at neighbors, but

this skew is allowed to be at most 1: if the pulse numbers at

two adjacent nodes differ by more than 1, then necessarily,

the node with the higher pulse number has advanced

without receiving all messages of prior pulses. This notion

of legal configuration gives rise to the following simple

synchronization rule, which is implicit in the � synchroni-

zer in [4] (we note that self-stabilization is not a concern in

[4]; however, similar rules are used in papers that did

ensure self-stabilization [11], [31], [30], [17], [34]).

Rule 1 (Min Plus One).

PðvÞ  min
u2N ðvÞ

f PðuÞg þ1:

The idea is that just before the pulse number is changed, the

node sends out all the messages of previous rounds, which

have not been sent yet. Note, that since v 2 N ðvÞ, we have

minu2N ðvÞf PðuÞg � PðvÞand, hence, PðvÞcannot increase by

more than 1 in a single application of Rule 1. This has the

nice consequence that each node goes through all pulse

numbers, as expected.

Stabilization issues. As is well known, Rule 1 is stable; that is,
if the configuration is legal (as in Definition 3.1), then
applying the rule arbitrarily can yield only a legal configura-
tion. Notice, however, that if the state is not legal, then
applying Rule 1 may cause pulse numbers to drop. This is
something to worry about, since the regular course of the
algorithm requires pulse numbers only to grow. Thus, it is
conceivable that actions taken in legal neighborhoods are
adversely affected by the actions taken in illegal neighbor-
hoods. This intuition is captured by the following theorem.

Theorem 3.1. Rule 1 is not self-stabilizing.

Proof. The proof is by a counterexample. Consider the pulse
configuration of a 10-node ring, as depicted in Fig. 1a.
The vertical edges represent illegal links. Consider now
the execution described in Figs. 1a, 1b, 1c, 1d, 1e, 1f, 1g,
1h, and 1i, obtained by the repeated application of
Rule 1. It is readily seen that the last configuration
(Fig. 1i) is, basically, identical to the configuration in
Fig. 1a, with all the pulse numbers incremented by 1, and
rotated one step counterclockwise. Repeating this sche-
dule results in an infinite execution, in which each
processor takes infinitely many steps, but none of the
configurations is legal. tu

Let us make a short digression here. The above leads also
to an interesting observation for clock synchronization: One of
the popular schemes for clock synchronization [40] is
“repeated averaging.” Roughly speaking, under the re-
peated averaging rule, each node sets its value to be the
average value of its neighbors but advances the clock if this
average is close enough to its own value.

Observation 3.2. Repeated averaging does not stabilize.

Proof sketch. The scenario in the proof of Theorem 3.1
shows that averaging with rounding down does not work.
A similar scenario can be constructed for averaging with
rounding up.

Time complexity issues. Consider Fig. 1a. Note, that the
illegal state manifests in the fact that the nodes with the
minimum clock values have value gaps with their neigh-
bors (1 versus 3). Intuitively, one would hope that the illegal
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Fig. 1. An execution using Rule 1. The node that moved in each step is marked.



state is resolved by the fact that the nodes with the
minimum value increment their clocks and catch up with
the others. Looking at Fig. 1i, the nodes with the minimum
values indeed incremented their clocks. However, other
nodes decreased the values of their clocks and became the
new minima. Moreover, the illegal state in Fig. 1 (Fig. 1i)
manifests again in the gap in the values between these
minimum nodes and their neighbors (2 versus 4).

One idea that can pop into mind in trying to repair the
flaw exposed by the proof on the previous page is never
letting pulse numbers go down. A similar rule appears in
[28] (except for the case of a wraparound of the bounded
clock). In [31] (Section 5), such a rule is suggested as a
modification that makes the rule in [26] self-stabilizing.
Formally, the rule is the following:

Rule 2 (Monotone Min Plus One).

PðvÞ  max PðvÞ; min
u2N ðvÞ

f PðuÞg þ1

� �
:

Rule 2 can be proven to be self-stabilizing. However, it
suffers from a serious drawback regarding its stabilization
time. Consider the configuration depicted in Fig. 2.

A quick thought should suffice to convince the reader
that the stabilization time for this configuration using Rule 2
is about 1,000,000 time units, which seems to be unsatisfac-
tory for such a small network. This example demonstrates
an important property that we shall require from any self-
stabilizing protocol: The stabilization time must not depend
on the initial state; rather, it should be bounded by a
function of the network topology. A clear lower bound on
the stabilization time is the diameter of the network. In the
example above, using Rule 2, the stabilization time depends
linearly on the value of the pulses, thus implying that the
stabilization time can be arbitrarily large.

Asynchrony issues. The next idea is to have a combination
of rules: Certainly, if the neighborhood is legal, then the
problem specification requires that Rule 1 is applied.
However, if the neighborhood is not legal, then another
rule can be used. The first idea that we consider is the
following Maximum rule for the case that a node detects
locally that the network is not stable. A similar rule is used
in [31], [11], [20] in the context of synchronous networks.

Rule 3 (Maximum).

PðvÞ  
minu2N ðvÞf PðuÞg þ1; if legalðvÞ
maxu2N ðvÞf PðuÞ; PðvÞg; otherwise:

�

It is straightforward to show that if an atomic action consists
of a node reading its neighbors and setting its own value (in
particular, no neighbor changes its value in the meantime),
then Rule 3 above converges to a legal configuration.
Unfortunately, this model, traditionally called the central
daemon [19], [14], requires tight synchronization between

nodes, which is not considered realistic usually. As shown in
[31], [11], a similar rule suffices even without such an atomic
action, but assuming a synchronous network. Unfortunately,
Rule 3 does not work in asynchronous networks without a
central daemon.

Theorem 3.3. Rule 3 is not self-stabilizing in an asynchronous
system.

Proof. A scenario where the system does not self-stabilize is
given in Fig. 3. The move from the configuration in
Fig. 3c to that in Fig. 3d may seem surprising. However,
in an asynchronous environment, the message that the
left node increased its clock value from 2 to 4 (moving
from Fig. 3a to Fig. 3b) may be slower than messages
from the node on the right. In this case, the estimation at
the middle node of the value of the left node in the
configuration in Fig. 3c is 2. The middle node then
applies the correcting part of Rule 3, resulting in yet
another illegal configuration (Fig. 3d). Since the config-
uration in Fig. 3e is equivalent to the configuration in
Fig. 3a, with pulse numbers incremented by 2, we
conclude that repeating this schedule results in an
execution with infinitely many illegal states. tu
Locality and simplicity issues. Finally, we would like to

address two properties that are somewhat harder to capture
formally: locality and simplicity. It seems, however, that these
properties are of the highest importance in practice. The
rules discussed above exhibit these properties, even though
each such rule had other disadvantages. In mending the
above rules, we should not spoil the locality and simplicity
that they exhibit.

By locality we mean that it is much preferable that a
processor will be able to operate while introducing only the
minimal possible interference with other nodes in the
network. In other words, invoking a global operation is
considered costly, and we would like to avoid it as much as
possible. One way to capture this intuition approximately in
our case is to require that the only state information at the
nodes is the pulse number and that protocols should
operate by applying local rules as above.

As an illustrative exercise, contrast this approach with
the following solution: Whenever an illegal state is detected,
reset the whole system. This solution, although it may be
unavoidable in some cases, does not seem particularly
appealing as a routinely activated procedure. Consider, for
example, the common situation in which a new node joins
the system (perhaps, it was down for some time). We would
like the protocols to feature graceful joining in this case, that
is, that other nodes would be affected only if necessary (for
example, the neighbors). Note, that a rule that reduces the
value of a clock always to the minimum among the
neighbors will not handle such a join gracefully, even if
no reset is used. That is, the joining node may have a zero
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Fig. 2. A pulse assignment for Rule 2.

Fig. 3. An execution using Rule 3 in a truly distributed system. The node
that sends or receives in each step is marked.



value for its pulse. A rule such as Rule 1 can cause all the
nodes in the network to reduce the values of their clocks
significantly.

The last property that we require from distributed
protocols is even harder to define precisely. Essentially,
we would like to have the protocols conceptually simple.
This will make the protocols easy to understand and,
therefore, easy to implement and maintain. This require-
ment is one of the main obstacles for many sophisticated
protocols that are not used in practice.

4 AN OPTIMAL SELF-STABILIZING RULE

In this section, we give a simple self-stabilizing optimal rule
of synchronization and analyze its stabilization time.
Specifically, our synchronization scheme is based on the
following rule.

Rule 4 (Max Minus One).

PðvÞ  
minu2N ðvÞf PðuÞg þ1; if legalðvÞ
maxu2N ðvÞf PðuÞ � 1; PðvÞg; otherwise:

�

In words, Rule 4 requires applying a “minimum-plus-
one” rule (Rule 1) when the neighborhood seems to be in a
legal configuration and if the neighborhood seems to be
illegal to apply a “maximum-minus-one” rule (but never
decrease the pulse number). The similarity to the “max-
imum” rule (Rule 3) is obvious. The intuition behind the
modification is that if nodes change their pulse numbers to
be the maximum of their neighbors, then “race conditions”
might evolve, where nodes with high pulse numbers can
“run away” from nodes with low pulse numbers. Since the
correction action takes the pulse number to be 1 less than
the maximum, nodes with high pulse number are “locked,”
in the sense that they cannot increment their pulse counters
until all in their neighborhood have reached their pulse
number. This “locking” spreads automatically in all the
“infected” area of the network. Formally, the way Rule 4

corrects any initial state is analyzed in detail in the proof of
Theorem 4.1.

Theorem 4.1. Let G ¼ ðV ; EÞbe a graph with diameter d and

P : V ! IN be a pulse assignment. Then, applying Rule 4

above results in a legal configuration in at most d time units.

In order to prove Theorem 4.1, we develop some tools to

analyze the behavior of the synchronization scheme. The

basic concept that we use is a certain potential value that we

associate with every node, described in the following

definition.

Definition 4.1. Let v be a node in the graph. For any node u, the

wave height of u over v is

DvðuÞ ¼PðuÞ � PðvÞ � distðu; vÞ:

The potential of v, denoted �ðvÞ, is

�ðvÞ ¼max
u2V

f DvðuÞg:

Intuitively, DvðuÞ measures by how much the pulse

number of v is lagging behind the pulse number of u, after

allowing for a correction due to the distance between them.

The potential �ðvÞ is a measure of the largest distance-

adjusted skew in the synchronization of v. Graphically, one

can think that every node u is a point on a plane, where the

x-coordinate represents the distance of u from v, and the

y-coordinate represents the pulse numbers (see Fig. 4 for an

example). In this representation, v is at the origin (and it is

the only node on the line x ¼ 0), DvðuÞ is the vertical

distance between u and the 45-degree line from the origin,

and �ðvÞis the maximal vertical distance DðuÞof any point

(that is, node u) above the 45-degree line yðxÞ ¼PðvÞ þ x.
Let us start with a few simple properties of �.

Lemma 4.2. For all nodes v 2 V , �ðvÞ � 0.

Proof. By definition, �ðvÞ � DvðvÞ ¼0. tu
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Fig. 4. (a) An example of a graph with pulse assignment. Geometrical representations of this configuration are shown in (b) and (c). (b) The plane
corresponding to node c is shown, and (c) the plane corresponding to node b is shown. As can be readily seen, �ðcÞ ¼1 and �ðbÞ ¼4. Also, �ðcÞ ¼1

and �ðbÞ ¼1 (see Definition 4.2).







based only on the value of the clocks of a node and its

neighbors) must use Rule 1 in cases where the clock values

are legal. Since this is the rule used in [11], there exist

graphs where the size of the clock is bounded from below

by �ðnÞ for “local” schemes (as shown in [16], there exist

smaller clocks in many graphs). Does this lower bound

apply to local schemes for a self-stabilizing synchronizer?

What is the minimum size of a clock if the algorithm is not

required to be local (in the sense mentioned above)? It

seems likely that such a nonlocal algorithm may consume

more time between pulses. Is there a time-rate trade-off?

Moreover, our time optimal algorithm is not space optimal.

Does there exist an algorithm that is optimal in all the

parameters?
Several papers deal with models that allow additional

kinds of faults such as crash faults, napping faults, and
Byzantine faults. For example, see [24], [25], [20], [46]. One
can ask what the optimal stabilization time in these models
is. Is it inherently larger than the model of self-stabilization?
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please visit our Digital Library at www.computer.org/publications/dlib.
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