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Abstract

Canwedetectlow dimensionalstructure in high dimen-
sional data setsof imagesand video?Theproblemof di-
mensionalityreductionarisesoftenin computervisionand
patternrecognition. In this paper, we proposea new solu-
tion to this problembasedon semide�niteprogramming.
Our algorithm can be usedto analyzehigh dimensional
data that lies on or near a low dimensionalmanifold. It
overcomescertain limitations of previous work in mani-
fold learning, such asIsomapandlocally linear embedding.
We illustratethealgorithmoneasilyvisualizedexamplesof
curvesand surfaces,as well as on actual imagesof faces,
handwrittendigits,andsolidobjects.

1. Intr oduction

Many datasetsof imagesandvideoarecharacterizedby
far fewerdegreesof freedomthantheactualnumberof pix-
els per image.The problemof dimensionalityreductionis
to understandand analyzetheseimagesin termsof their
basicmodesof variability—for example,the poseandex-
pressionof a humanface,or the rotationandscalingof a
solid object.Mathematically, we can view an imageas a
point in a high dimensionalvectorspacewhosedimension-
ality is equalto thenumberof pixels in the image[3, 20].
If the imagesin a datasetareeffectively parameterizedby
a small numberof continuousvariables,thenthey will lie
on or neara low dimensionalmanifoldin this high dimen-
sionalspace[12]. Thispaperis concernedwith theunsuper-
visedlearningof suchimagemanifolds.

Beyond its applicationsin computervision, manifold
learningis bestdescribedasa problemat the intersection
of statistics,geometry, andcomputation.Theproblemis il-
lustratedin Fig. 1. Given high dimensionaldatasampled
from a low dimensionalmanifold, how canwe ef�ciently
computea faithful (nonlinear)embedding?In the last few

years,researchershave uncovereda large family of algo-
rithms for computingsuch embeddingsfrom the top or
bottom eigenvectorsof an appropriatelyconstructedma-
trix. Thesealgorithms—includingIsomap[19], locally lin-
earembedding(LLE) [14, 15], hessianLLE [8], Laplacian
eigenmaps[1], andothers[5]—canreveallow dimensional
manifoldsthatarenot detectedby classicallinearmethods,
suchasprincipalcomponentanalysis(PCA) [11].

Our main contribution in this paperis a new algorithm
for manifold learningbasedon semide�niteprogramming.
Like Isomapand LLE, it relies on ef�cient and tractable

Figure 1. The problem of manif old learning,
illustrated for N = 800 data points sampled
from a “Swiss roll”. (1). A discretiz ed man-
ifold is revealed by connecting each data
point and its k = 6 nearest neighbor s (2).
An unsuper vised learning algorithm unf olds
the Swiss roll while preser ving the local ge-
ometr y of nearb y data points (3). Finall y, the
data points are projected onto the two dimen-
sional subspace that maximiz es their vari-
ance, yielding a faithful embed ding of the
original manif old (4).



optimizationsthat arenot plaguedby spuriouslocal min-
ima.Interestingly, though,ouralgorithmis basedonacom-
pletelydifferentgeometricintuition (andoptimization),and
it overcomescertainlimitationsof previouswork.

2. Dimensionality Reduction

We studydimensionalityreductionasa problemin un-
supervisedlearning. Given N high dimensional inputs
~X i 2 R D (wherei = 1; 2; : : : ; N ), theproblemis to com-
pute outputs~Yi 2 R d in one-to-onecorrespondencewith
the inputs that provide a faithful embeddingin d < D di-
mensions.By “f aithful”, we meanthat nearbypoints re-
main nearby and that distant points remain distant; we
shallmake this intuition moreprecisein whatfollows. Ide-
ally, an unsupervisedlearning algorithm should also
estimatetheintrinsicdimensionalityd of themanifoldsam-
pledby theinputs ~X i .

Our algorithmfor manifold learningbuilds on classical
linear methodsfor dimensionalityreduction.We therefore
begin by brie�y reviewing principal componentanalysis
(PCA)[11] andmetricmultidimensionalscaling(MDS) [6].
The generalizationfrom subspacesto manifolds is then
madeby introducingtheideaof local isometry.

2.1. Linear Methods

PCAandMDS arebasedonsimplegeometricintuitions.
In PCA,theinputsareprojectedinto thelowerdimensional
subspacethat maximizesthe projectedvariance;the basis
vectorsof thissubspacearegivenby thetopeigenvectorsof
theD � D covariancematrix,C = 1

N

P
i

~X i ~X T
i . (Hereand

in what follows,we assumewithout lossof generalitythat
theinputsarecenteredon theorigin:

P
i

~X i = ~0.)
In MDS with classicalscaling,the inputsareprojected

into thesubspacethatbestpreservestheir pairwisesquared
distancesj ~X i � ~X j j2 or, asdonein practice,their dot prod-
ucts ~X i � ~X j . The outputsof MDS arecomputedfrom the
top eigenvectorsof theN � N Grammatrix with elements
Gij = ~X i � ~X j . Notethata setof vectorsis determinedup to
rotationby its Grammatrix of dotproducts.

Though basedon different geometricintuitions, PCA
andMDS yield the sameresults—essentiallya rotationof
the inputsfollowedby a projectioninto the subspacewith
the highestvariance.The correlationmatrix of PCA and
theGrammatrix of MDS have thesamerankandnonzero
eigenvaluesup to aconstantfactor. Bothmatricesaresemi-
positive de�nite, andgapsin their eigenvaluespectraindi-
catethatthehighdimensionalinputsX i 2 R D lie to agood
approximationin a lower dimensionalsubspaceof dimen-
sionality d, whered is the numberof appreciablypositive
eigenvalues.Theselinear methodsfor dimensionalityre-
ductiongeneratefaithful embeddingswhen the inputsare

mainlycon�nedto alow dimensionalsubspace;in thiscase,
their eigenvaluesalsoreveal thecorrectunderlyingdimen-
sionality. They do not generallysucceed,however, in the
casethattheinputslie ona low dimensionalmanifold.

2.2. From Subspacesto Manif olds

We will referto any methodthatcomputesa low dimen-
sionalembeddingfrom theeigenvectorsof anappropriately
constructedmatrix as a methodin spectral embedding. If
PCA andMDS arelinear methodsin spectralembedding,
whataretheirnonlinearcounterparts?In fact,therearesev-
eral,mostof themdiffering in thegeometricintuition they
take asstartingpointsand in the generalizationsof linear
transformationsthatthey attemptto discover.

Thenonlinearmethodwe proposein this paperis based
fundamentallyon the notion of isometry. (For the sake of
exposition,we defer a discussionof competingnonlinear
methodsbasedon isometries[8, 19] to section5.) For-
mally, two Riemannianmanifoldsaresaidto be isometric
if there is a diffeomorphismsuch that the metric on one
pulls backto themetric on the other. Informally, an isom-
etry is a smoothinvertible mappingthat looks locally like
a rotationplus translation,thuspreservingdistancesalong
themanifold.Intuitively, for two dimensionalsurfaces,the
classof isometriesincludeswhatever physicaltransforma-
tions one can perform on a sheetof paperwithout intro-
ducingholes,tears,or self-intersections.Many interesting
imagemanifoldsareisometricto connectedsubsetsof Eu-
clideanspace[7].

Isometryis a relationbetweenmanifolds,but wecanex-
tendthenotion in a naturalway to datasets.Considertwo
datasetsX = f ~X i gN

i =1 andY = f ~Yi gN
i =1 that are in one-

to-onecorrespondence.Let theN � N binary matrix � in-
dicatea neighborhoodrelationon X andY, suchthat we
regard ~X j asa neighborof ~X i if andonly if � ij = 1 (and
similarly, for ~Yj and ~Yi ). We will saythat thedata setsX
and Y are locally isometricunderthe neighborhoodrela-
tion � if for every point ~X i , there existsa rotation, re�ec-
tion and/ortranslationthatmaps~X i andits neighborspre-
ciselyonto ~Yi andits neighbors.

We cantranslatetheabovede�nition into varioussetsof
equalityconstraintsonX andY. To begin, notethatthelo-
calmappingbetweenneighborhoodswill exist if andonly if
thedistancesandanglesbetweenpointsandtheirneighbors
arepreserved.Thus,whenever both ~X j and ~X k areneigh-
borsof ~X i (that is, � ij � ik = 1), for local isometrywe must
havethat:

�
~Yi � ~Yj

�
�
�

~Yi � ~Yk

�
=

�
~X i � ~X j

�
�
�

~X i � ~X k

�
: (1)

Eq. (1) is suf�cient for local isometrybecausethe triangle
formedby any point andits neighborsis determinedup to
rotation,re�ection andtranslationby specifyingthelengths



of two sidesandtheanglebetweenthem.In fact,sucha tri-
angleis similarly determinedby specifyingthe lengthsof
all its sides.Thus,we can also say that X and Y are lo-
cally isometricunder� if whenever ~X i and ~X j are them-
selvesneighbors(that is, � ij = 1) or are commonneigh-
borsof anotherpoint in the dataset(that is, [� T � ]ij > 0),
wehave:

�
�
� ~Yi � ~Yj

�
�
�
2

=
�
�
� ~X i � ~X j

�
�
�
2

: (2)

This is an equivalentcharacterizationof local isometryas
eq. (1), but expressedonly in termsof pairwisedistances.
Finally, we canexpresstheseconstraintspurelyin termsof
dotproducts.Let Gij = ~X i � ~X j andK ij = ~Yi � ~Yj denotethe
Grammatricesof the inputsandoutputs,respectively. We
canrewrite eq.(2) as:

K ii + K j j � K ij � K j i = Gii + Gj j � Gij � Gj i : (3)

Eq. (3) expressesthe conditionsfor local isometrypurely
in termsof Grammatrices;it is in factthis formulationthat
will form thebasisof our algorithmfor manifoldlearning.

3. Semide�nite Embedding

We cannow formulatethe problemof manifold learn-
ing moreprecisely, takingasa startingpoint the notion of
local isometry. In particular, givenN inputs ~X i 2 R D and
a prescriptionfor identifying “neighboring” inputs,canwe
�nd N outputs~Yi 2 R d, whered < D, suchthat the in-
putsandoutputsare locally isometric,or at leastapproxi-
matelyso?Alternatively, we canstatetheproblemin terms
of Grammatrices:canwe �nd a Grammatrix K ij thatsat-
is�es theconstraintsin eq.(3), andfor which thevectors~Yi

(which aredeterminedup to a rotationby the elementsof
theGrammatrix) lie in asubspaceof dimensionalityd< D,
or at leastapproximatelylie in suchasubspace?In thissec-
tion, we show how this canbedoneby a constrainedopti-
mizationover theconeof semide�nitematrices.

LikePCAandMDS, thealgorithmweproposefor man-
ifold learning is basedon a simple geometricintuition.
Imagine each input ~X i as a steel ball that is connected
to its k nearestneighborsby rigid rods.The effect of the
rigid rods is to �x the distancesandanglesbetweennear-
est neighbors,no matterwhat other forcesare appliedto
the inputs. Now imaginethat the inputs are pulled apart,
maximizing their total variancesubjectto the constraints
imposedby the rigid rods.Fig. 1 shows theunraveling ef-
fectof thistransformationoninputssampledfrom theSwiss
roll. Thegoalof thissectionis to formalizethestepsof this
transformation—inparticular, the constraintsthat mustbe
satis�ed by the �nal solution,and the natureof the opti-
mizationthatmustbeperformed.

3.1. Constraints

Theconstraintsthatwe needto imposefor local isome-
try arenaturallyrepresentedby a graphwith N nodes,one
for eachinput. Considerthe graphformed by connecting
eachinput to its k nearestneighbors,wherek is a freepa-
rameterof thealgorithm.For simplicity, weassumethatthe
graphformedin thiswayis connected;if not,theneachcon-
nectedcomponentshouldbeanalyzedseparately. Thecon-
straintsfor local isometryunderthis neighborhoodrelation
aresimply to preservethelengthsof theedgesin thisgraph,
aswell as the anglesbetweenedgesat the samenode.In
practice,it is easierto deal only with constraintson dis-
tances,asopposedto angles.To thisend,let usfurthercon-
nect the graphby addingedgesbetweenthe neighborsof
eachnode(if they do not alreadyexist). Now by preserv-
ing thedistancesof all edgesin thisnew graph,wepreserve
boththedistancesof edgesandtheanglesbetweenedgesin
theoriginalgraph—becauseif all sidesof atrianglearepre-
served,soareits angles.

In addition to imposingthe constraintsrepresentedby
the“neighborhoodgraph”,we alsoconstraintheoutputs~Yi

to becenteredon theorigin:
X

i
~Yi = ~0: (4)

Eq. (4) simply removesa translationaldegreeof freedom
from the�nal solution.Thecenteringconstraintcanbeex-
pressedin termsof theGrammatrixK ij asfollows:

0 =
�
�
�
X

i
~Yi

�
�
�
2

=
X

ij

~Yi � ~Yj =
X

ij

K ij : (5)

Note that eq. (5) is a linear equalityconstrainton the ele-
mentsof theoutputGrammatrix, just likeeq.(3).

Becausethegeometricconstraintson theoutputs~Yi are
sonaturallyexpressedin termsof theGrammatrixK ij (and
becausethe outputsaredeterminedup to rotationby their
Gram matrix), we may view manifold learningas an op-
timization over GrammatricesK ij ratherthanvectors~Yi .
Not all matrices,however, canbe interpretedasGramma-
trices:only symmetricmatriceswith nonnegativeeigenval-
uescanbe interpretedin this way. Thus,we must further
constrainthe optimizationto the coneof semide�nitema-
trices[21].

In sum,therearethreetypesof constraintson theGram
matrix K ij , arising from local isometry, centering,and
semide�niteness.The�rst two involve linearequalitycon-
straints;the lastoneis not linear, but importantlyit is con-
vex. Wewill exploit thispropertyin whatfollows.Notethat
thereareO(N k2) constraintson O(N 2) matrix elements,
and that the constraintsarenot incompatible,sinceat the
very leastthey aresatis�ed by the input Grammatrix Gij

(assuming,asbefore,thattheinputs ~X i arecenteredon the
origin).



3.2. Optimization

What function of the Grammatrix can we optimize to
“unfold” a manifold,asin Fig. 1? As motivation,consider
the endsof a pieceof string,or the cornersof a �ag. Any
slack in the string serves to decreasethe (Euclidean)dis-
tancebetweenits two ends;likewise,any furling of the�ag
servesto bring its cornersclosertogether. More generally,
we observe thatany “fold” betweentwo pointson a mani-
fold servesto decreasetheEuclideandistancebetweenthe
points.This suggestsan optimizationthat we canperform
to computethe outputs~Yi that unfold a manifold sampled
by inputs ~X i . In particular, weproposeto maximizethesum
of pairwisesquareddistancesbetweenoutputs:

T (Y ) =
1

2N

X

ij

�
�
� ~Yi � ~Yj

�
�
�
2

: (6)

By maximizingeq. (6), we pull the outputsasfar apartas
possible,subjectto theconstraintsin theprevioussection.

Beforeexpressingthis objective functionin termsof the
Grammatrix K ij , let us verify that it is indeedbounded,
meaningthatwecannotpull theoutputsin�nitely far apart.
Intuitively, the constraintsto preserve local distances(and
theassumptionthat thegraphis connected)preventsucha
divergence.More formally, let � ij = 1 if ~X j is oneof the
k nearestneighborsof ~X i , andzerootherwise,andlet � be
themaximaldistancebetweenany two suchneighbors:

� = max
ij

h
� ij

�
�
� ~X i � ~X j

�
�
�
i

: (7)

Assumingthe graph is connected,then the longestpath
throughthe graphhasa distanceof at most N � . We ob-
serve furthermorethatgiventwo nodes,thedistanceof the
paththroughthegraphprovidesanupperboundontheirEu-
clideandistance.Thus,for all outputs~Yi and ~Yj , we must
havej~Yi � ~Yj j < N � . Usingthis to provideanupperbound
on theobjective functionin eq.(6), we obtain:

T (Y ) �
1

2N

X

ij

(N � )2 =
N 3� 2

2
: (8)

Thus,theobjective functioncannotincreasewithout bound
if we enforcetheconstraintsto preserve localdistances.

We canexpresstheobjective functionin eq.(6) directly
in termsof theGrammatrixK ij of theoutputs~Yi . Expand-
ing thetermson theright handside,andenforcingthecon-
straint that the outputsarecenteredon the origin, we ob-
tain:

T (Y ) =
X

i

�
�
� ~Yi

�
�
�
2

=
X

i

K ii = Tr(K ): (9)

Thus,wecaninterprettheobjectivefunctionfor theoutputs
in severalways:asasumoverpairwisedistancesin eq.(6),

asa measureof variancein eq. (9), or asthe traceof their
Grammatrix in eq. (9). The secondinterpretationis remi-
niscentof PCA, but whereasin PCA we computethe lin-
ear projectionthat maximizesvariance,herewe compute
the locally isometricembedding.Put anotherway, the ob-
jective functionfor maximizingvarianceremainsthesame;
we have merely changedthe allowed form of the dimen-
sionality reduction.We alsoemphasizethat in eq. (9), we
aremaximizingthe trace,not minimizing it. While a stan-
dardrelaxationto minimizing therank[9] of a semide�nite
matrix is to minimize its trace,the intuition hereis just the
opposite:we will obtaina low dimensionalembeddingby
maximizingthetraceof theGrammatrix.

Let usnow collect thecostsandconstraintsof this opti-
mization.The problemis to maximizethe varianceof the
outputsf ~Yi gN

i =1 subjectto theconstraintsthatthey arecen-
tered on the origin and locally isometric to the inputs
f ~X i gN

i =1 . In termsof theinputGrammatrix Gij = ~X i � ~X j ,
the output Gram matrix K ij = ~Yi � ~Yj and the adja-
cency matrix � ij indicating nearestneighbors,the opti-
mizationcanbewrittenas:

Maximize Tr(K ) subject to K � 0,
P

ij K ij = 0,

and 8ij suchthat � ij = 1 or [� T � ]ij = 1,

K ii + K j j � K ij � K j i = Gii + Gj j � Gij � Gj i :

This problemis an instanceof semide�nite programming
(SDP)[21]: thedomainis theconeof semide�nitematrices
intersectedwith hyperplanes(representedby equalitycon-
straints),andthe objective function is linear in the matrix
elements.Theoptimizationis boundedabove by eq.(8); it
is alsoconvex, thuseliminatingthepossibility of spurious
local maxima.Thereexists a large literatureon ef�ciently
solvingSDPs,aswell asa numberof general-purposetool-
boxes.Theresultsin thispaperwereobtainedusingtheSe-
DuMi andCSDP4.7toolboxes[4, 18] in MATLAB.

3.3. SpectralEmbedding

FromtheGrammatrix learnedby semide�niteprogram-
ming,we canrecover theoutputs~Yi by matrixdiagonaliza-
tion. Let V�i denotethe i th elementof the � th eigenvec-
tor, with eigenvalue� � . ThentheGrammatrix canbewrit-
tenas:

K ij =
NX

� =1

� � V�i V�j : (10)

An N -dimensionalembeddingthat is locally isometricto
theinputs ~X i is obtainedby identifying the� th elementof
theoutput~Yi as:

Y�i =
p

� � V�i : (11)



The eigenvaluesof K are guaranteedto be nonnegative.
Thus, from eq. (11), a large gap in the eigenvalue spec-
trum betweenthe dth and(d + 1)th eigenvaluesindicates
that the inputs lie on or neara manifold of dimensional-
ity d. In this case,a low dimensionalembeddingthatis ap-
proximatelylocally isometricis givenby truncatingtheel-
ementsof ~Yi . This amountsto projectingthe outputsinto
the subspaceof maximalvariance,assumingthe eigenval-
uesaresortedfrom largestto smallest.The quality of the
approximationis determinedby the size of the truncated
eigenvalues;thereis noapproximationerrorfor zeroeigen-
values.The situationis analogousto PCA and MDS, but
heretheeigenvaluespectrumre�ects theunderlyingdimen-
sionalityof a manifold,asopposedto merelya subspace.

Thethreestepsof thealgorithm,whichwecall Semidef-
inite Embedding(SDE),aresummarizedin Table1. In its
simplestformulation,the only free parameterof the algo-
rithm is thenumberof nearestneighborsin the�rst step.

(I)
Nearest

Neighbors

Computethe k nearestneighborsof each
input. Form the graphthat connectseach
input to its neighborsandeachneighborto
otherneighborsof thesameinput.

(II)
Semide�nite
Programming

Computethe Gram matrix of the maxi-
mumvarianceembedding,centeredonthe
origin, that preserves the distancesof all
edgesin theneighborhoodgraph.

(III)
Spectral

Embedding

Extract a low dimensional embedding
from the dominant eigenvectors of the
Grammatrix learnedby semide�nitepro-
gramming.

Table 1. Steps of Semide�nite Embed ding.

4. Results

Weusedseveraldatasetsof curves,surfaces,andimages
to evaluatethealgorithmin Table1 for low dimensionalem-
beddingof highdimensionalinputs.

Fig. 1 shows N = 800 inputs sampledoff a “Swiss
roll” [19]. The inputs to the algorithm had D = 8 dimen-
sions,consistingof the threedimensionsshown in the �g-
ure, plus � ve extra dimensions1 �lled with low variance
Gaussiannoise.Thebottomplot of the�gure showstheun-
folded Swissroll extractedfrom the Grammatrix learned

1 For K = 6 nearestneighbors,the noisein extra dimensionshelpsto
preventthemanifoldfrom ªlockingupºwhenit is unfoldedsubjectto
theequalityconstraintsin eqs.(1–3).Alternatively, theconstraintsin
theSDPcanbeslightly relaxedby introducingslackvariables.

by semide�nite programming.The top threeeigenvectors
areplotted,but thevariancein the third dimension(shown
to scale)is negligible.Theeigenvaluespectrumin Fig.7 re-
vealstwo dominanteigenvalues—amajoreigenvalue,rep-
resentingthe unwrappedlength of the Swiss roll, and a
minor eigenvalue,representingits width. (The unwrapped
Swissroll is muchlongerthanit is wide.)Theothereigen-
valuesarenearlyzero,indicatingthat SDEhasdiscovered
thetrueunderlyingdimensionality(d= 2) of theseinputs.

Fig. 2 showsanothereasilyvisualizedexample.Theleft
plot shows N = 539 inputssampledfrom a trefoil knot in
D = 3 dimensions;the right plot shows the d = 2 embed-
dingdiscoveredby SDEusingk = 4 nearestneighbors.The
color coding reveals that local neighborhoodshave been
preserved. In this case,the underlyingmanifold is a one-
dimensionalcurve,but dueto thecycle,it canonly berepre-
sentedin Euclideanspaceby a circle.Theeigenvaluespec-
trum in Fig. 7 revealstwo dominanteigenvalues;the rest
areessentiallyzero, indicating the underlying(global) di-
mensionality(d= 2) of thecircle.

Figure 2. Left: N = 539 inputs sampled along
a tref oil knot in D = 3 dimensions. Right: d= 2
embed ding computed by SDE using k = 4
nearest neighbor s. The color coding sho ws
that local neighborhoods are preser ved.

Fig. 3 shows the resultsof SDE appliedto color im-
agesof a threedimensionalsolid object.The imageswere
createdby viewing a teapotfrom different anglesin the
plane.The imageshave 76 � 101 pixels, with threebyte
colordepth,giving riseto inputsof D = 23028dimensions.
Thoughvery high dimensional,the imagesin this dataset
areeffectively parameterizedby onedegreeof freedom—
theangleof rotation.SDEwasappliedto N = 400images
spanning360degreesof rotation,with k = 4 nearestneigh-
borsusedto generatea connectedgraph.The two dimen-
sionalembeddingdiscoveredby SDE representsthe rotat-
ing objectasa circle—anintuitive resultanalogousto the
embeddingdiscoveredfor the trefoil knot. The eigenvalue
spectrumof the Grammatrix learnedby semide�nitepro-
grammingis shown in Fig. 7; all but the�rst two eigenval-
uesarepracticallyzero,indicatingthe underlying(global)
dimensionality(d= 2) of thecircle.



Figure 3. Two dimensional embed ding of
N = 400 images of a rotating teapot, obtained
by SDE using k = 4 nearest neighbor s. For
this experiment, the teapot was rotated 360
degrees; the low dimensional embed ding is
a full cir cle. A representative sample of im-
ages are superimposed on top of the embed-
ding.

Fig. 4 wasgeneratedfrom thesamedatasetof images;
however, for this experiment,only N = 200 imageswere
used,sampledover180degreesof rotation.In thiscase,the
eigenvaluespectrumfrom SDE detectsthat the imageslie
on a onedimensionalcurve (seeFig. 7), andthed = 1 em-
beddingin Fig. 4 ordersthe imagesby their angleof rota-
tion.

Fig.5 showstheresultsof SDEonadatasetof N = 1000
imagesof faces.The imagescontaindifferent views and
expressionsof the sameface.The imageshave 28 � 20
grayscalepixels, giving rise to inputs with D = 560 di-
mensions.Theplot in Fig. 5 showsthe�rst two dimensions
of theembeddingdiscoveredby SDE,usingk = 4 nearest
neighbors.Interestingly, the eigenvaluespectrumin Fig. 7
indicatesthat mostof the varianceof the spectralembed-
ding is containedin the�rst threedimensions.

Fig. 6 shows theresultsof SDEappliedto anotherdata
setof images.In this experiment,theimageswerea subset
of N = 638 handwrittenTWOS from the USPSdatasetof
handwrittendigits [10]. Theimageshave 16� 16grayscale
pixels,giving rise to inputswith D = 256 dimensions.In-
tuitively, onewould expecttheseimagesto lie on a low di-
mensionalmanifoldparameterizedby suchfeaturesassize,
slant,andline thickness.Fig. 6 shows the �rst two dimen-
sionsof theembeddingobtainedfrom SDE,with k = 4near-
estneighbors.Theeigenvaluespectrumin Fig. 7 indicatesa
latentdimensionalitysigni�cantly larger thantwo, but still
muchsmallerthantheactualnumberof pixels.

Figure 5. Top: two dimensional embed ding of
N = 1000 images of faces, obtained by SDE
using k = 4 nearest neighbor s. Representa-
tive faces are sho wn next to cir cled points.
Bottom: eigenvalues of SDE and PCA on this
data set, indicating their estimates of the un-
derl ying dimensionality . The eigenvalues are
sho wn as a percenta ge of the trace of the out-
put Gram matrix for SDE and the trace of the
input Gram matrix for PCA. The eigenvalue
spectra sho w that most of the variance of
the nonlinear embed ding is con�ned to many
fewer dimensions than the variance of the lin-
ear embed ding.

5. Discussion

The last few years have witnesseda number of de-
velopmentsin manifold learning. Recently proposedal-
gorithms include Isomap [19], locally linear embedding
(LLE) [14, 15], hessianLLE (hLLE) [8], and Laplacian
eigenmaps[1]; thereare also relatedalgorithmsfor clus-
tering[17]. All thesealgorithmssharethesamebasicstruc-
tureasSDE,consistingof threesteps:(i) computingneigh-
borhoodsin the input space,(ii) constructinga squarema-
trix with asmany rows asinputs,and(iii) spectralembed-
dingvia thetopor bottomeigenvectorsof this matrix.SDE
is basedon a ratherdifferentgeometricintuition, however,
andasa result,it hasdifferentproperties.

Comparingthe algorithms,we �nd that eachone at-
temptsto estimateandpreserveadifferentgeometricsigna-



Figure 4. One dimensional embed ding of N = 200 images of a rotating teapot, obtained by SDE us-
ing k = 4 nearest neighbor s. For this experiment, the teapot was onl y rotated 180 degrees. Represen-
tative images are sho wn ordered by their location in the embed ding.

Figure 6. Results of SDE using k = 4 nearest
neighbor s on N = 638 images of hand written
TWOS. Representative images are sho wn next
to cir cled points.

Figure 7. Eigenvalue spectra from SDE on
the data sets in this paper. The eigenvalues
are sho wn as a percenta ge of the trace of
the Gram matrix learned by semide�nite pro-
gramming. SDE identi�es the correct under -
lying dimensionality of the Swiss roll, tre-
foil knot, and teapot data sets. The images
of faces and hand written digits give rise to
many fewer non-z ero eigenvalues than the
actual number of pix els.

tureof theunderlyingmanifold.Isomapestimatesgeodesic
distancesbetweeninputs; LLE estimatesthe coef�cients
of local linear reconstructions;hLLE andLaplacianeigen-

mapsestimatetheHessianandLaplacianon themanifold,
respectively; SDEestimateslocal anglesanddistances.Of
thesealgorithms,only Isomap,hLLE, andSDEattemptto
learn isometricembeddings;they are thereforethe easiest
to compare(sincethey seekthe samesolution,up to rota-
tion andscaling).Theresultson thedatasetin Fig. 8 reveal
somesalientdifferencesbetweenthesealgorithms.While
SDEandhLLE reproducetheoriginal inputsup to isome-
try, Isomapfails in this examplebecausethesampledman-
ifold is not isometricto aconvex subsetof Euclideanspace.
(This is a key assumptionof Isomap,one that is not sat-
is�ed by many imagemanifolds[7].) Moreover, compar-
ing theeigenvaluespectraof thealgorithms,only SDEde-
tects the correctunderlyingdimensionalityof the inputs;
Isomapis foiled by non-convexity, while the eigenvalue
spectraof LLE andhLLE do not reveal this type of infor-
mation[8, 15].

Overall, the different algorithmsfor manifold learning
shouldbe viewedascomplementary;eachhasits own ad-
vantagesand disadvantages.LLE, hLLE, and Laplacian
eigenmapsconstructsparsematrices,andasa result, they
are easierto scaleto large datasets.On the other hand,
their eigenvalue spectrado not reliably reveal the under-
lying dimensionalityof sampledmanifolds,asdo Isomap
and SDE. Thereexist rigorousproofs of asymptoticcon-
vergencefor Isomap[7, 22] andhLLE [8], but not for the
otheralgorithms.Ontheotherhand,SDEby its verynature
provides�nite-size guaranteesthat its constraintswill lead
to locally isometricembeddings.We arenot awareof any
�nite-size guaranteesprovidedby theotheralgorithms,and
indeed,the Hessianestimationin hLLE relieson numeri-
caldifferencing,whichcanbeproblematicfor smallsample
sizes.Finally, while thedifferentalgorithmshave different
computationalbottlenecks,thesecondstepin SDE(involv-
ing semide�niteprogramming)is morecomputationallyde-
mandingthantheanalogousstepsin LLE andIsomap.

Our initial resultsfor SDEappearpromising.Thereare
many importantdirectionsfor futurework. Themostobvi-
ous is the investigationof fastermethodsfor solving the
semide�nite programin SDE. This study useda generic
solver that did not exploit thespecialstructureof the con-
straints.A data set with N = 1000 points (and k = 4)
requiredabout30 minutesof computationtime on a ma-
chine with a 2Ghz Pentium4 processor. Data setswith
up to N = 1500 points took several hours.A specialized



Figure 8. Top: embed ding of a non-con vex
two dimensional data set (N = 500) by diff er-
ent algorithms for manif old learning. Isomap,
LLE, and hLLE were run with k = 10 nearest
neighbor s; SDE, with k = 5 nearest neighbor s.
Only hLLE and SDE reproduce the original in-
puts up to isometr y. Bottom:onl y SDE has an
eigenvalue spectrum that indicates the cor -
rect dimensionality (d= 2).

solver shouldallow us to scaleSDE up to larger datasets
and larger neighborhoodsizes.Another direction is relax
theconstraintsin eqs.(1–3)by introducingslackvariables.
While slackvariablesdo not changethe basicstructureof
thesemide�niteprogram,they mayimprovetherobustness
of thealgorithmonsmallornoisydatasets.Otherdirections
for future work include the investigationof imagemani-
folds with differenttopologies[13] (suchasthoseisomet-
ric to low dimensionalspheresor torii), the extrapolation
of resultsto out-of-sampleinputs [2], and the relation of
SDEto kernelmethodsfor nonlineardimensionalityreduc-
tion [16]. Finally, ashasbeendonefor Isomap[7, 19, 22]
andhLLE [8], it wouldbedesirableto formulateSDEin the
continuumlimit andto constructrigorousproofsof asymp-
totic convergence.Suchtheoreticalresultswouldlikely pro-
videadditionalinsightinto thebehavior of thealgorithm.
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