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Abstract

Canwedetectiow dimensionaktructue in high dimen-
sional data setsof images and video? The problemof di-
mensionalityreductionarisesoftenin computervisionand
patternrecaynition. In this paper we proposea new solu-
tion to this problembasedon semide nite programming
Our algorithm can be usedto analyzehigh dimensional
data that lies on or near a low dimensionalmanifold. It
overcomescertain limitations of previous work in mani-
fold learning, sud aslsomapandlocally linear embedding
Weillustratethealgorithmon easilyvisualizedexamplesof
curvesand surfacesas well as on actual images of faces,
handwrittendigits, and solid objects.

1. Intr oduction

Many datasetsof imagesandvideoarecharacterizethy
farfewer degreesof freedomthantheactualnumberof pix-
els perimage.The problemof dimensionalityreductionis
to understandand analyzetheseimagesin termsof their
basicmodesof variability—for example,the poseand ex-
pressionof a humanface,or the rotationand scalingof a
solid object. Mathematically we canview animageasa
pointin a high dimensionalectorspacevhosedimension-
ality is equalto the numberof pixelsin theimage[3, 20].
If theimagesin a datasetareeffectively parameterizethy
a small numberof continuousvariables.thenthey will lie
on or neara low dimensionamanifoldin this high dimen-
sionalspacg12]. This paperis concernedvith theunsuper
visedlearningof suchimagemanifolds.

Beyond its applicationsin computervision, manifold
learningis bestdescribedasa problemat the intersection
of statisticsgeometryandcomputationThe problemis il-
lustratedin Fig. 1. Given high dimensionaldatasampled
from a low dimensionalmanifold, how canwe ef ciently
computea faithful (nonlinear)embedding?n the last few

years,researcherbave uncovereda large family of algo-
rithms for computing such embeddingsrom the top or

bottom eigervectorsof an appropriatelyconstructedma-
trix. Thesealgorithms—includingsomap[19], locally lin-

earembeddingLLE) [14, 15], hessiar_LE [8], Laplacian
eigenmap$l], andotherg[5]—canreveallow dimensional
manifoldsthatarenot detectedy classicalinearmethods,
suchasprincipalcomponentinalysigPCA) [11].

Our main contrikution in this paperis a new algorithm
for manifold learningbasedon semide nite programming.
Like Isomapand LLE, it relieson efcient and tractable

Figure 1. The problem of manifold learning,
illustrated for N = 800 data points sampled
from a “Swiss roll”. (1). A discretiz ed man-
ifold is revealed by connecting each data
point and its k = 6 nearest neighbor s (2).
An unsuper vised learning algorithm unfolds
the Swiss roll while preserving the local ge-
ometry of nearby data points (3). Finally, the
data points are projected onto the two dimen-
sional subspace that maximiz es their vari-
ance, yielding a faithful embedding of the
original manifold (4).




optimizationsthat are not plaguedby spuriouslocal min-
ima. Interestinglythough,ouralgorithmis basecbnacom-
pletelydifferentgeometridntuition (andoptimization),and
it overcomegertainlimitations of previouswork.

2. Dimensionality Reduction

We study dimensionalityreductionasa problemin un-
supervisedlearning. Given N high dimensionalinputs
Xi2RP (wherei = 1;2;:::;N), the problemis to com-
pute outputsY; 2 RY in one-to-onecorrespondenceith
the inputsthat provide a faithful embeddingn d < D di-
mensions.By “faithful”, we meanthat nearbypoints re-
main nearby and that distant points remain distant; we
shallmake this intuition moreprecisein whatfollows. Ide-
ally, an unsupervisedlearning algorithm should also
estimateheintrinsic dimensionalityd of themanifoldsam-
pledby theinputsX;.

Our algorithmfor manifold learningbuilds on classical
linear methodsfor dimensionalityreduction.We therefore
begin by briey reviewing principal componentanalysis
(PCA)[11] andmetricmultidimensionakcaling(MDS) [6].
The generalizationfrom subspacedo manifoldsis then
madeby introducingtheideaof localisometry

2.1. Linear Methods

PCAandMDS arebasedn simplegeometriantuitions.
In PCA, theinputsareprojectednto thelower dimensional
subspacehat maximizesthe projectedvariance;the basis
vectorsof thissubspacaregivenby tpetop eigervectorsof
theD D covariancematrix,C = Ni i X“iX“iT. (Hereand
in whatfollows, we assumewithout |stof generalitythat
theinputsarecenteredbntheorigin: ; X;=10.)

In MDS with classicalscaling,the inputsare projected
into the subspacé¢hatbestpreserestheir pairwisesquared
distance$X; X;j? or, asdonein practice their dot prod-
uctsX; Xj. The outputsof MDS are computedfrom the
top eigervectorsof theN N Grammatrix with elements
Gj = X; Xj.Notethatasetof vectorsis determinedip to
rotationby its Grammatrix of dot products.

Though basedon different geometricintuitions, PCA
andMDS yield the sameresults—essentiallg rotation of
theinputsfollowed by a projectioninto the subspacevith
the highestvariance.The correlationmatrix of PCA and
the Grammatrix of MDS have the samerank andnonzero
eigervaluesup to a constanfactor Both matricesaresemi-
positive de nite, andgapsin their eigervaluespectrandi-
catethatthe high dimensionalnputsX; 2 RP lie to agood
approximationin a lower dimensionakubspacef dimen-
sionality d, whered is the numberof appreciablypositive
eigervalues.Theselinear methodsfor dimensionalityre-
duction generatefaithful embeddingsvhenthe inputs are

mainly con nedto alow dimensionakubspacan thiscase,
their eigervaluesalsoreveal the correctunderlyingdimen-
sionality They do not generallysucceedhowever, in the
casethattheinputslie on alow dimensionamanifold.

2.2. From Subspacego Manifolds

We will referto any methodthatcomputesalow dimen-
sionalembeddingrom theeigervectorsof anappropriately
constructedmatrix as a methodin spectal embeddinglf
PCA andMDS arelinear methodsin spectralembedding,
whataretheir nonlinearcounterpartst fact,thereareser-
eral,mostof themdiffering in the geometricintuition they
take as startingpointsandin the generalization®f linear
transformationshatthey attemptto discover.

The nonlinearmethodwe proposen this paperis based
fundamentallyon the notion of isometry (For the sale of
exposition, we defer a discussionof competingnonlinear
methodsbasedon isometries[8, 19] to section5.) For-
mally, two Riemanniammanifoldsare saidto be isometric
if thereis a diffeomorphismsuchthat the metric on one
pulls backto the metric on the other Informally, anisom-
etry is a smoothinvertible mappingthat looks locally like
a rotationplus translation thus preservingdistanceslong
the manifold. Intuitively, for two dimensionakurfacesthe
classof isometriesncludeswhateser physicaltransforma-
tions one can perform on a sheetof paperwithout intro-
ducingholes,tears,or self-intersectionsMany interesting
imagemanifoldsareisometricto connectedsubsetof Eu-
clideanspacqg7].

Isometryis arelationbetweemmanifolds, but we canex-
tendthe notionin a naturalway to datasets.Considertwo
datasetsX = fX;gN, andY = fY,g\, thatarein one-
to-onecorrespondenca.ettheN N binary matrix in-
dicatea neighborhoodelationon X andY, suchthatwe
regardX; asaneighborof X; if andonly if ; = 1 (and
similarly, for Y; andY;). We will saythatthe datasetsX
andY are locally isometricunderthe neighborhoodela-
tion if for every point X, there existsa rotation, re ec-
tion and/ortranslationthat mapsX; andits neighbos pre-
ciselyontoY; andits neighbos.

We cantranslateheabove de nition into varioussetsof
equalityconstrainton X andY . To begin, notethatthelo-
calmappingbetweemeighborhoodsvill existif andonly if
thedistancesndanglesetweerpointsandtheir neighbors
arepresered. Thus,wheneer both X; andX areneigh-

borsof X; (thatis, j i« = 1), for localisometrywe must
havethat:
Yi YJ Yi Y« = Xi X'j Xi Xk : (1)

Eq. (1) is sufcient for local isometrybecausehe triangle
formedby ary point andits neighborsis determinedup to
rotation,re ection andtranslationby specifyingthelengths



of two sidesandtheanglebetweerthem.In fact,suchatri-
angleis similarly determinedby specifyingthe lengthsof
all its sides.Thus,we canalsosaythat X andY arelo-
cally isometricunder if whenerer X; andX; arethem-
sehes neighbors(thatis, j = 1) or are commonneigh-
borsof anotherpointin the dataset(thatis,[ T 1; > 0),

we have:

2 2
Y|Y] = X le (2)

This is an equivalentcharacterizatiorof local isometryas
eqg. (1), but expressednly in termsof pairwisedistances.
Finally, we canexpresstheseconstraintpurelyin termsof
dotproductsLet G; = X; X; andKj =Y; Y; denotethe
Grammatricesof the inputsandoutputs,respectiely. We
canrewrite eq.(2) as:
Kii+ij Kij Kji = Gii+ij Gij Gjil (3)
Eq. (3) expresseghe conditionsfor local isometrypurely
in termsof Grammatricesijt is in factthis formulationthat
will form the basisof our algorithmfor manifoldlearning.

3. Semide nite Embedding

We cannow formulatethe problemof manifold learn-
ing more precisely taking asa startingpoint the notion of
local isometry In particular givenN inputsX; 2 RP and
a prescriptionfor identifying “neighboring” inputs,canwe
nd N outputsY; 2 RY, whered < D, suchthatthe in-
putsandoutputsare locally isometric,or at leastapproxi-
matelyso?Alternatively, we canstatethe problemin terms
of Grammatricescanwe nd aGrammatrixKj thatsat-
is es theconstraintsn eq.(3), andfor which thevectorsy;
(which aredeterminedup to a rotation by the elementsof
theGrammatrix) lie in asubspacef dimensionalityd< D,
or atleastapproximatelyie in suchasubspaceth this sec-
tion, we shav how this canbe doneby a constrainedpti-
mizationover the coneof semide nitematrices.

Like PCAandMDS, the algorithmwe proposegor man-
ifold learningis basedon a simple geometricintuition.
Imagine eachinput X; as a steelball that is connected
to its k nearesieighborsby rigid rods. The effect of the
rigid rodsis to x the distancesand anglesbetweennear
estneighbors,no matterwhat other forcesare appliedto
the inputs. Now imaginethat the inputs are pulled apart,
maximizing their total variancesubjectto the constraints
imposedby the rigid rods.Fig. 1 shavs the unraveling ef-
fectof thistransformatioroninputssampledrom theSwiss
roll. Thegoalof this sectionis to formalizethe stepsof this
transformation—irparticular the constraintghat mustbe
satis ed by the nal solution, andthe natureof the opti-
mizationthatmustbe performed.

3.1. Constraints

The constraintghatwe needto imposefor local isome-
try arenaturallyrepresentetty a graphwith N nodespone
for eachinput. Considerthe graphformed by connecting
eachinputto its k nearesheighborswherek is a free pa-
rameterof thealgorithm.For simplicity, we assuméhatthe
graphformedin thiswayis connectedif not,theneachcon-
nectedcomponenshouldbe analyzedseparatelyThe con-
straintsfor localisometryunderthis neighborhoodelation
aresimplyto preserethelengthsof theedgesn thisgraph,
aswell asthe anglesbetweenedgesat the samenode.In
practice,it is easierto deal only with constraintson dis-
tancesasopposedo angles.To thisend,let usfurthercon-
nectthe graphby addingedgesbetweenthe neighborsof
eachnode (if they do not alreadyexist). Now by preserv-
ing thedistance®f all edgesn thisnew graph,we presere
boththedistance®f edgesandtheangleshetweeredgesn
theoriginalgraph—becausié all sidesof atrianglearepre-
sened,soareits angles.

In additionto imposingthe constraintsrepresentedy
the“neighborhoodyraph”,we alsoconstrainthe outputsy;
to becenteredn theorigin:

X
Y =0 (4)

Eq. (4) simply removesa translationaldegree of freedom
from the nal solution.The centeringconstraintcanbe ex-
pressedn termsof the GrammatrixK ;; asfollows:
X 2 X X
0= iYi = Yi Y= Kij : ©)
i i
Note that eq. (5) is a linear equality constrainton the ele-
mentsof the outputGrammatrix, justlike eq.(3).

Becausdhe geometricconstraintson the outputsy; are
sonaturallyexpressedh termsof the GrammatrixK ; (and
becausdhe outputsare determinedup to rotationby their
Gram matrix), we may view manifold learningas an op-
timization over Grammatricesk j; ratherthanvectorsy;.
Not all matrices however, canbe interpretedas Gramma-
trices:only symmetricmatriceswith nonneative eigerval-
uescan be interpretedin this way. Thus,we mustfurther
constrainthe optimizationto the coneof semide nite ma-
trices[21].

In sum,therearethreetypesof constrainton the Gram
matrix Kj , arising from local isometry centering,and
semide nitenessThe rst two involve linear equalitycon-
straints;the lastoneis notlinear, but importantlyit is con-
vex. We will exploit this propertyin whatfollows. Notethat
thereare O(N k?) constraintson O(N ) matrix elements,
andthat the constraintsare not incompatible,sinceat the
very leastthey aresatis ed by the input Grammatrix Gj;
(assumingasbefore thattheinputsX; arecenterenthe
origin).



3.2. Optimization

What function of the Gram matrix can we optimizeto
“unfold” a manifold,asin Fig. 1? As motivation, consider
the endsof a pieceof string, or the cornersof a ag. Any
slackin the string senesto decreasehe (Euclidean)dis-
tancebetweerits two ends;likewise,ary furling of the ag
senesto bring its cornersclosertogether More generally
we obsene thatary “fold” betweerntwo pointson a mani-
fold senesto decreasehe Euclideandistancebetweerthe
points. This suggestsan optimizationthat we canperform
to computethe outputsY; that unfold a manifold sampled
byinputsX;. In particularwe proposdo maximizethesum
of pairwisesquaredlistancedetweeroutputs:

1 X 2
T=gy %Y (6)
By maximizingeg. (6), we pull the outputsasfar apartas
possible subjectto the constaintsin the previoussection

Beforeexpressinghis objective functionin termsof the
Grammatrix K , let us verify thatit is indeedbounded,
meaningthatwe cannotpull the outputsin nitely farapart.
Intuitively, the constraintgo presere local distanceqgand
the assumptiorthatthe graphis connectedpreventsucha
divergence More formally, let j = 1if X; is oneof the

k nearesheighborsof X, andzerootherwiseandlet be
themaximaldistancebetweerary two suchneighbors:
h [

= max jj Xi Xj . (7)
i
Assumingthe graphis connectedthen the longestpath
throughthe graphhasa distanceof at mostN . We ob-
sene furthermorethat giventwo nodes the distanceof the
paththroughthegraphprovidesanupperboundontheirEu-
clideandistance.Thus,for all outputsY; andY;, we must

havejY; Y;j< N .Usingthisto provideanupperbound
ontheobjective functionin eq.(6), we obtain;
X 5 N3 2

TY) zy (N)?= > @

i
Thus,the objective function cannotincreasavithout bound
if we enforcethe constraintgo preserelocal distances.
We canexpressthe objective functionin eq.(6) directly
in termsof the GrammatrixK ; of the outputsY; . Expand-
ing thetermson theright handside,andenforcingthe con-
straintthat the outputsare centeredon the origin, we ob-

tain: X , X
Y =

i [

Thus,we caninterpretthe objective functionfor theoutputs

in severalways:asa sumover pairwisedistancesn eq.(6),

T(Y)= Kii = Tr(K): )

asa measureof variancein eq. (9), or asthetraceof their
Grammatrix in eg.(9). The secondinterpretationis remi-
niscentof PCA, but whereasn PCA we computethe lin-

ear projectionthat maximizesvariance,herewe compute
the locally isometricembeddingPut anotherway, the ob-
jective functionfor maximizingvarianceremainshe same;
we have merely changedthe allowed form of the dimen-
sionality reduction.We also emphasizeahatin eq. (9), we
aremaximizingthe trace,not minimizing it. While a stan-
dardrelaxationto minimizing therank[9] of a semide nite
matrix is to minimizeits trace,the intuition hereis just the
opposite:we will obtaina low dimensionalembeddingoy
maximizingthe traceof the Grammatrix.

Let usnow collectthe costsandconstraintf this opti-
mization. The problemis to maximizethe varianceof the
outputsf Yi g, subjectto theconstraintghatthey arecen-
tered on the origin and locally isometric to the inputs
fXigl, . In termsof theinput Grammatrix Gj = Xi Xj,
the output Gram matrix Kj = Y, Y, and the adja-
ceny matrix j indicating nearestneighbors,the opti-
mizationcanbewritten as:

D

Maximize Tr(K ) subjectto K 0, i Kii =0,
and8ij suchthat j =1or[ T Jj =1,

Ki+Kj; Kj Kji = Gi+Gjj Gj Gji:

This problemis an instanceof semide nite programming
(SDP)[21]: thedomainis theconeof semide nitematrices
intersectedvith hyperplanegrepresentedy equality con-
straints),andthe objectie function s linear in the matrix
elementsThe optimizationis boundedabove by eq.(8); it
is alsoconvex, thuseliminatingthe possibility of spurious
local maxima.Thereexists a large literature on ef ciently
solving SDPs aswell asa numberof general-purpostool-
boxes.Theresultsin this papemwereobtainedusingthe Se-
DuMi andCSDP4.7toolboxes[4, 18] in MATLAB.

3.3. SpectralEmbedding

Fromthe Grammatrixlearnedby semide niteprogram-
ming, we canrecover the outputsY; by matrix diagonaliza-
tion. Let V; denotethei™ elementof the ™ eigervec-
tor, with eigervalue . Thenthe Grammatrix canbewrit-
tenas:

Vi Vj . (10)

An N -dimensionalembeddinghat is locally isometricto
theinputsX; is obtainedby identifyingthe " elementof
theoutputY; as:

Y, = P Vi (11)



The eigervaluesof K are guaranteedo be nonngative.
Thus, from eq. (11), a large gap in the eigervalue spec-
trum betweenthe d" and(d + 1) eigervaluesindicates
that the inputs lie on or neara manifold of dimensional-
ity d. In this case alow dimensionakmbeddinghatis ap-
proximatelylocally isometricis givenby truncatingthe el-
ementsof Y;. This amountsto projectingthe outputsinto
the subspacef maximalvarianceassuminghe eigerval-
uesare sortedfrom largestto smallest.The quality of the
approximationis determinedby the size of the truncated
eigervaluesithereis no approximatiorerrorfor zeroeigen-
values.The situationis analogougo PCA and MDS, but
heretheeigervaluespectrunre ectstheunderlyingdimen-
sionality of a manifold,asopposedo merelya subspace.
Thethreestepsof thealgorithm,whichwe call Semidef-
inite Embedding(SDE), are summarizedn Tablel. In its
simplestformulation, the only free parameteiof the algo-
rithm is the numberof nearesheighborsn the rst step.

Computethe k nearesneighborsof each

(1) input. Form the graphthat connectseach
Nearest | . : . )
Neighbors inputto its neighborsandeachneighborto
otherneighborsof thesameinput.
(1N Computethe Gram matrix of the maxi-
. .. | mumvarianceembeddingcenterednthe
Semide nite

origin, that preseresthe distancesof all

Programming edgedn the neighborhoodyraph.

Extract a low dimensional embedding

(i) from the dominant eigervectors of the
Spectral Grammatrix learnedby semide nite pro-
Embedding y P

gramming.

Table 1. Steps of Semide nite  Embedding.

4. Results

We usedsereraldatasetsof curves,surfacesandimages
to evaluatethealgorithmin Tablel for low dimensionaém-
beddingof high dimensionalnputs.

Fig. 1 shavs N = 800 inputs sampledoff a “Swiss
roll” [19]. The inputsto the algorithmhad D = 8 dimen-
sions,consistingof the threedimensionsshawvn in the g-
ure, plus ve extra dimension$ lled with low variance
Gaussiamoise.Thebottomplot of the gure shavstheun-
folded Swissroll extractedfrom the Grammatrix learned

1 For K = 6 nearesheighborsthe noisein extra dimensionshelpsto
preventthe manifoldfrom @lockingup®whenit is unfoldedsubjectto
the equalityconstraintdn eqgs.(1-3). Alternatiely, the constraintsn
the SDPcanbeslightly relaxed by introducingslackvariables.

by semide nite programming.The top threeeigervectors
areplotted,but the variancein the third dimension(shovn
to scale)is negligible. Theeigervaluespectrunin Fig. 7 re-
vealstwo dominanteigervalues—amajor eigervalue,rep-
resentingthe unwrappedlength of the Swissroll, and a
minor eigervalue, representingts width. (The unwrapped
Swissroll is muchlongerthanit is wide.) The othereigen-
valuesarenearlyzero,indicatingthat SDE hasdiscovered
thetrueunderlyingdimensionalityd= 2) of theseinputs.

Fig. 2 shavs anothereasilyvisualizedexample.The left
plot shovs N = 539 inputs sampledfrom a trefoil knotin
D = 3 dimensionsthe right plot shavs the d = 2 embed-
ding discoveredby SDE usingk = 4 nearesheighborsThe
color coding revealsthat local neighborhoodshave been
presered. In this case,the underlyingmanifold is a one-
dimensionaturve,but dueto thecycle,it canonly berepre-
sentedn Euclideanspaceby acircle. Theeigervaluespec-
trum in Fig. 7 revealstwo dominanteigervalues;the rest
are essentiallyzero, indicating the underlying (global) di-
mensionalityd= 2) of thecircle.

| B
)

Figure 2. Left: N = 539inputs sampled along
a trefoil knot in D = 3dimensions. Right: d=2
embedding computed by SDE using k = 4
nearest neighbor s. The color coding shows
that local neighborhoods are preser ved.

Fig. 3 shaws the resultsof SDE appliedto color im-
agesof a threedimensionakolid object. The imageswere
createdby viewing a teapotfrom different anglesin the
plane.The imageshave 76 101 pixels, with threebyte
color depth,giving riseto inputsof D = 23028dimensions.
Thoughvery high dimensionalthe imagesin this dataset
are effectively parameterizedhy one degreeof freedom—
theangleof rotation.SDE wasappliedto N = 400images
spanning360 degreesof rotation,with k = 4 nearesneigh-
borsusedto generatea connectedyraph.The two dimen-
sionalembeddingdiscoveredby SDE representshe rotat-
ing objectasa circle—anintuitive resultanalogougo the
embeddingdiscoreredfor the trefoil knot. The eigervalue
spectrumof the Grammatrix learnedby semide nite pro-
grammingis shavn in Fig. 7; all but the rst two eigerval-
uesare practically zero,indicatingthe underlying(global)
dimensionality(d= 2) of thecircle.



Figure 3. Two dimensional embedding of
N = 400images of a rotating teapot, obtained
by SDE using k = 4 nearest neighbor s. For
this experiment, the teapot was rotated 360
degrees; the low dimensional embedding is
a full circle. A representative sample of im-
ages are superimposed on top of the embed-
ding.

Fig. 4 wasgeneratedrom the samedatasetof images;
however, for this experiment,only N = 200 imageswere
used sampledver 180degreef rotation.In this casethe
eigervaluespectrumfrom SDE detectsthat the imageslie
on aonedimensionakurve (seeFig. 7), andthed= 1 em-
beddingin Fig. 4 ordersthe imagesby their angleof rota-
tion.

Fig.5 shavstheresultsof SDEonadatasetof N = 1000
imagesof faces.The imagescontaindifferent views and
expressionsof the sameface. The imageshave 28 20
grayscalepixels, giving rise to inputs with D = 560 di-
mensionsTheplotin Fig. 5 shavsthe rst two dimensions
of the embeddingdiscoveredby SDE, usingk = 4 nearest
neighborsinterestingly the eigervalue spectrumin Fig. 7
indicatesthat mostof the varianceof the spectralembed-
dingis containedn the rst threedimensions.

Fig. 6 shavs the resultsof SDE appliedto anotherdata
setof images.n this experimenttheimageswerea subset
of N = 638 handwrittenTwos from the USPSdataset of
handwrittendigits [10]. Theimageshave 16 16grayscale
pixels, giving rise to inputswith D = 256 dimensionslIn-
tuitively, onewould expecttheseimagesto lie on alow di-
mensionamanifold parameterizetly suchfeaturesassize,
slant,andline thicknessFig. 6 shavs the rst two dimen-
sionsof theembeddingbtainedrom SDE,with k = 4 near
estneighborsTheeigervaluespectrumin Fig. 7 indicatesa
latentdimensionalitysigni cantly largerthantwo, but still
muchsmallerthanthe actualnumberof pixels.

SDE (1
pea T N [ EEN
0.00 0.20 0.40 0.60 0.80 1.00

Figure 5. Top: two dimensional embedding of
N = 1000images of faces, obtained by SDE
using k = 4 nearest neighbor s. Representa-
tive faces are shown next to circled points.
Bottom: eigenvalues of SDE and PCA on this
data set, indicating their estimates of the un-
derlying dimensionality . The eigenvalues are
shown as a percentage of the trace of the out-
put Gram matrix for SDE and the trace of the
input Gram matrix for PCA. The eigenvalue
spectra show that most of the variance of
the nonlinear embedding is con ned to many
fewer dimensions than the variance of the lin-
ear embed ding.

5. Discussion

The last few years have witnesseda number of de-
velopmentsin manifold learning. Recently proposedal-
gorithms include Isomap[19], locally linear embedding
(LLE) [14, 15], hessianLLE (hLLE) [8], and Laplacian
eigenmapq1l]; thereare alsorelatedalgorithmsfor clus-
tering[17]. All thesealgorithmssharethe samebasicstruc-
tureasSDE, consistingof threestepsy(i) computingneigh-
borhoodsn the input space(ii) constructinga squarema-
trix with asmary rows asinputs,and(iii) spectralembed-
ding via thetop or bottomeigervectorsof this matrix. SDE
is basedon a ratherdifferentgeometricintuition, however,
andasaresult,it hasdifferentproperties.

Comparingthe algorithms,we nd that eachone at-
temptsto estimateandpresere a differentgeometricsigna-
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F|gure 4. One d|men3|onal embed ding of N = 200images of a rotating teapot, obtained by SDE us-
ing k= 4 nearest neighbor s. For this experiment, the teapot was only rotated 180 degrees. Represen-
tative images are shown ordered by their location in the embed ding.
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Figure 6. Results of SDE using k = 4 nearest
neighbor s on N = 638images of hand written
TWOS. Representative images are shown next
to circled points.
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Figure 7. Eigenvalue spectra from SDE on
the data sets in this paper. The eigenvalues
are shown as a percentage of the trace of
the Gram matrix learned by semide nite pro-
gramming. SDE identies the correct under-
lying dimensionality of the Swiss roll, tre-
foil knot, and teapot data sets. The images
of faces and handwritten digits give rise to
many fewer non-zero eigenvalues than the
actual number of pixels.

ture of the underlyingmanifold. Isomapestimategeodesic
distancesbetweeninputs; LLE estimatesthe coefcients
of local linearreconstructionshLLE andLaplacianeigen-

mapsestimatethe Hessianand Laplacianon the manifold,
respectiely; SDE estimatedocal anglesanddistancesOf
thesealgorithms,only Isomap,hLLE, and SDE attemptto
learnisometricembeddingsthey are thereforethe easiest
to compare(sincethey seekthe samesolution,up to rota-
tion andscaling).Theresultsonthe datasetin Fig. 8 reveal
somesalientdifferencesbetweenthesealgorithms.While
SDE andhLLE reproducehe original inputsup to isome-
try, Isomapfailsin this examplebecaus¢he samplednan-
ifold is notisometricto a corvex subsebf Euclideanspace.
(This is a key assumptiorof Isomap,one that is not sat-
is ed by mary imagemanifolds[7].) Moreover, compar
ing the eigervaluespectraof the algorithms,only SDE de-
tectsthe correctunderlying dimensionalityof the inputs;
Isomapis foiled by non-corvexity, while the eigervalue
spectraof LLE andhLLE do not reveal this type of infor-
mation[8, 15].

Overall, the different algorithmsfor manifold learning
shouldbe viewed as complementaryeachhasits own ad-
vantagesand disadwantagesLLE, hLLE, and Laplacian
eigenmapsgonstructsparsematrices,and as a result, they
are easierto scaleto large datasets.On the other hand,
their eigervalue spectrado not reliably reveal the under
lying dimensionalityof sampledmanifolds,as do Isomap
and SDE. Thereexist rigorous proofs of asymptoticcon-
vergencefor Isomap[7, 22] andhLLE [8], but not for the
otheralgorithms.Ontheotherhand,SDEby its very nature
provides nite-size guaranteeghatits constraintswill lead
to locally isometricembeddingsWe are not aware of ary

nite-size guaranteeprovidedby the otheralgorithms,and

indeed,the Hessianestimationin hLLE relieson numeri-
caldifferencingwhich canbeproblematidor smallsample
sizes.Finally, while the differentalgorithmshave different
computationabottlenecksthe secondstepin SDE (involv-
ing semide niteprogramming)s morecomputationallyde-
mandingthantheanalogoustepsin LLE andlsomap.

Our initial resultsfor SDE appearmpromising.Thereare
mary importantdirectionsfor future work. The mostobvi-
ousis the investigationof fastermethodsfor solving the
semide nite programin SDE. This study useda generic
solver that did not exploit the specialstructureof the con-
straints.A datasetwith N = 1000 points (andk = 4)
requiredabout30 minutesof computationtime on a ma-
chine with a 2Ghz Pentium4 processarData setswith
up to N = 1500 pointstook several hours.A specialized



Figure 8. Top: embedding of a non-con vex
two dimensional data set (N = 500) by diff er-
ent algorithms for manifold learning. Isomap,
LLE, and hLLE were run with k = 10 nearest
neighbor s; SDE, with k= 5nearest neighbor s.
Only hLLE and SDE reproduce the original in-
puts up to isometr y. Bottom:only SDE has an
eigenvalue spectrum that indicates the cor-
rect dimensionality (d= 2).

solver shouldallow usto scaleSDE up to larger datasets
and larger neighborhoodsizes.Another directionis relax
the constraintdn eqs.(1-3) by introducingslackvariables.
While slackvariablesdo not changethe basicstructureof
thesemide nite program they mayimprove therobustness
of thealgorithmonsmallor noisydatasets Otherdirections
for future work include the investigationof image mani-
folds with differenttopologies[13] (suchasthoseisomet-
ric to low dimensionalspheresor torii), the extrapolation
of resultsto out-of-sampleinputs [2], and the relation of
SDEto kernelmethoddor nonlineardimensionalityreduc-
tion [16]. Finally, ashasbeendonefor Isomap[7, 19, 22]
andhLLE [8], it wouldbedesirablgo formulateSDEin the
continuumlimit andto constructrigorousproofsof asymp-
totic convergence Suchtheoreticatesultswouldlik ely pro-
vide additionalinsightinto the behaior of thealgorithm.
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