
CSE101: Design and Analysis of Algorithms (CSE, UCSD, Fall-2015) Midterm 2

Name:

ID number:

There are 3 questions for a total of 15 points.

1. Solve the following:

(a) (1 point) State true or false: The Dijkstra’s algorithm when executed on the graph below with
starting vertex s returns the correct shortest path from s to all other vertices.

(a) True

Solution: Just run the Dijkstra’s algorithm on this graph and check.

(b) (1 point) State true or false: Let G be a weighted graph with distinct edge weights and let G′ be a
graph obtained from G by increasing the weight of every edge of G by 10. The minimum spanning
tree of G is the same as the minimum spanning tree of G′.

(b) True

Solution: This was Homework 6, problem 2. Please see solution.

(c) (1 point) State true or false: Let G be a weighted graph with distinct edge weights and let G′ be a
graph obtained from G by increasing the weight of every edge of G by 10. A shortest path from a
vertex s to any vertex v in graph G is also a shortest path from s to v in G′.

(c) Flase

Solution: Consider a simple graph with three vertices {s, a, b}. There is an edge of weight 4
from s to a, edge of weight 4 from a to b, and an edge of weight 10 from s to b. Note that the
shortest path from s to b in G is s → a → b. However, the shortest path from s to b in G′ is
s→ b.

(d) (2 points) You are given the following eight numbers: 6, 2, 9, 1, 3, 7, 16, 11. Place these numbers in

the array A = A[1], ..., A[8] below so that
(∑8

i=1

∑i
j=1 A[j]

)
is minimized.
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Solution: The array A that minimizes  8∑
i=1

i∑
j=1

A[j]

 (1)

is A = [1, 2, 3, 6, 7, 9, 11, 16].

Reason (You were not expected to write this): We claim that the matrix A that minimizes (1) will
be sorted in ascending order. Suppose for the sake of contradiction, assume that this is not true. Let
B = B[1], ..., B[8] be the optimal matrix. Because of our assumption there will exist pair of indices
p < q such that B[p] > B[q]. Consider the matrix C that has the same values as B except that

the pth and the qth indices have been exchanged. The value of
∑8

i=1

∑i
j=1 C[j] <

∑8
i=1

∑i
j=1 B[j]

since the number at pth index appears more number of times in the summation than the number at
the qth index. This is a contradiction, since we started with the assumption that B is the optimal
matrix.
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2. You are given a sequence of numbers in an array A = [0, 8, 4, 12, 2, 10, 6, 14, 1, 9, 5, 13, 3, 11, 7, 15]. Let
L = L[1], ..., L[16] be an array of size 16 such that L[i] stores the length of the longest increasing
subsequence of A that ends with A[i]. Solve the following:

(a) (2 points) Fill the entries of L below.

Solution: L = [1, 2, 2, 3, 2, 3, 3, 4, 2, 4, 3, 5, 3, 5, 4, 6]

(b) (1 point) Give a longest increasing subsequence.

(b) 0, 2, 6, 9, 11, 15
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3. (7 points) You are given an array A = A[1], A[2], ..., A[n] of n distinct integers such that the numbers in
the array first increase and then decrease. You want to find the unique index i in the array such that
A[i− 1] < A[i] > A[i + 1] That is, the index at which the switch from increasing to decreasing happens.
Let us call this index, the switch index. You are asked to design an O(log n)-time algorithm that outputs
the switch index given such an array A. Write the pseudocode for your algorithm and discuss its running
time.

(An example of such an array is A = [1, 5, 9, 10, 15, 11, 7, 2] and the index at which the switch happens is
5 since A[4] < A[5] > A[6]. So, your algorithm should output 5 for this array.)

Solution: Here is the pseudocode for the algorithm. This algorithm is called using parameters
(A, 1, n). That is, we make the function call FindSwitch(A, 1, n).

FindSwitch(A, i, j)

- mid← b(i + j)/2c
- If (A[mid− 1] < A[mid] > A[mid + 1])return(mid)

- If (A[mid− 1] < A[mid] < A[mid + 1])return(FindSwitch(A,mid, j))

- If (A[mid− 1] > A[mid] > A[mid + 1])return(FindSwitch(A, i,mid))

The recurrence relation for the running time of this algorithm is given by T (n) ≤ T (dn/2e) + c
with the base case T (3) ≤ T (4) ≤ c for some constant c. Assuming n is a power of two we get the
following:

T (n) ≤ T (n/2) + c

≤ T (n/22) + (c + c)

...

≤ T (n/2j) + (c + ... + c︸ ︷︷ ︸
j terms

)

...

≤ T (n/2logn−2) + ( c + ... + c︸ ︷︷ ︸
logn−2 terms

)

= T (4) + ( c + ... + c︸ ︷︷ ︸
logn−2 terms

)

≤ c + ( c + ... + c︸ ︷︷ ︸
logn−2 terms

)

= c · (log n− 1)

The running time (in terms of the big-O notation) does not change if n not a power of 2. So, the
running time of the algorithm is O(log n).
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