
CSE101: Design and Analysis of Algorithms (CSE, UCSD, Fall-2015) Midterm 1

Name:

ID number:

There are 5 questions for a total of 15 points.

1. State True or False. You do NOT need to give reasons.

(a) (1 point) 2
√

log2 n is O(n)

(a) True

Solution: Note that n = 2log2 n. So, for all n ≥ 1, 2
√

log2 n ≤ 1 · 2log2 n. So, we can write

2
√

log2 n is O(2log2 n).

(b) (1 point) If f(n) is O(g(n)), then f(2n) is O(g(2n))

(b) True

Solution: Since f(n) is O(g(n)), there exists constants c, n0 such that for all n ≥ n0, f(n) ≤
c · g(n). This means that for all n ≥ dn0/2e, f(2n) ≤ c · g(2n). This means that f(2n) is
O(g(2n)).

(c) (1 point) There exists an undirected graph G with 10 vertices and 37 edges such that there are
exactly two strongly connected components in G. G does not have self loops or multi edges.

(c) False

Solution: Let n1 ≥ n2 denote the number of vertices in the two strongly connected compo-
nents. Let L(n1, n2) be the maximum number of edges that such a graph could have. We have
L(5, 5) =

(
5
2

)
+
(
5
2

)
= 20, L(6, 4) =

(
6
2

)
+
(
4
2

)
= 21, L(7, 3) =

(
7
2

)
+
(
3
2

)
= 24, L(8, 2) =

(
8
2

)
+
(
2
2

)
=

30, L(9, 1) =
(
9
2

)
= 36. In none of the cases, the graph could have more than 36 edges. So, such

a graph does not exist.

(d) (1 point) Any undirected graph with n vertices and (n− 1) edges is a tree.

(d) False

Solution: Here is a counterexample. G = ({A,B,C,D}, {(A,B), (A,C), (B,C)}).

(e) (1 point) Any strongly connected undirected graph with n vertices and (n− 1) edges is a tree.

(e) True

Solution: Let P (n) denote the proposition “any strongly connected undirected graph with n
vertices and (n− 1) edges is a tree”. We will prove ∀n, P (n) using induction.

Base case: P (1) is true since a graph with 1 vertex and 0 edges is indeed a tree.

Inductive step: Assume that P (1), P (2), ..., P (k) are true for an arbitrary k. We will show that
P (k + 1) is true. Consider any strongly connected graph G with k + 1 vertices and k edges.
Then there is a vertex v with degree exactly 1. Otherwise the sum of degrees will be ≥ 2(k+1)
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but this is not possible since we know that sum of degrees is equal to 2|E| which in this case
is 2k. Consider the graph G′ obtained by removing the vertex v and its connecting edge. Note
that G′ is still strongly connected and it has k vertices and k − 1 edges. Using the induction
hypothesis, we get that G′ is a tree. This implies that G is a tree.

(f) (1 point) In any Directed Acyclic Graph, there is a vertex v that has no out-going edges (i.e., edges
of the form v → w)

(f) True

Solution: The argument is similar to the argument we gave in the lecture regarding the existence
of a vertex with no in-coming edge. That is, if all vertices have out-going edges, then we can start
with an arbitrary vertex and keep traversing along outgoing edges until we reach a node that was
already visited, which means there is a cycle. This is not possible in a DAG.

2. (1 point) Fill the entries of the adjacency matrix corresponding to the undirected graph on the left.

3. (1 point) Give a topological ordering of vertices in the directed graph below.

3. A, F, E, C, D, B

4. (1 point) Show the layers obtained when doing a BFS starting with the vertex A on the undirected
graph below.

4. Layer(0) = {A}, Layer(1) = {C,D}, Layer(2) = {B,E, F}, Layer(3) = {G,H}
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5. Consider the following directed graph below and answer the questions:

(a) (1 point) How many strongly connected components does the graph have?

(a) 5

(b) (1 point) Give all the vertices that are in the strongly connected component that contains the vertex
H.

(b) C, E, H, I

(c) (1 point) Give all the vertices that are in the strongly connected component that contains the vertex
F .

(c) A, F, D, K

(d) (1 point) Give a vertex from which all other vertices are reachable. If no such vertex exists, write
“no such vertex”.

(d) A

(e) (1 point) Give a pair of vertices that are not reachable from one another. If no such pair exists,
write “no such pair”.

(e) (L, B)

(f) (1 point) Run DFS on the graph above starting with vertex A and output the vertices in the order
they are explored. That is, if a vertex u is marked “explored” before vertex v, then u should be
before v in your sequence.

(f) A, D, K, F, L, G, J, C, H, E, I, B
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