
CSE101: Design and Analysis of Algorithms
Instructor: Ragesh Jaiswal

1. Discuss problems in Homework 4, and Quiz 4.

2. Show that any weighted, undirected graph with distinct edge weights has a unique MST.

3. We know that when edge weights are not distinct, then there may be multiple MSTs of
the graph. How do we argue that the Prim’s and Kruskal’s algorithm outputs one of
the MSTs of the given graph? We will do this using an exchange argument. Needless
to say that in both Prim’s and Kruskal’s algorithm, at every step, instead of considering
“the” minimum weight edge we will consider “a” minimum weight edge (that is, break
ties arbitrarily). We will first argue about the optimality of the Prim’s algorithm.

Let e1, ..., en−1 denote the sequence of edges picked by the Prim’s algorithm and let T be
any MST of G. Let ei be the first edge in the sequence e1, ..., en−1 that is not present in
T . Let (S, V − S) denote the cut (that includes the starting vertex) just before picking
ei during the execution of the Prim’s algorithm. Suppose we add the edge ei in T .
This creates a cycle. Consider the edges in this cycle that go across the cut (S, V − S).
All these edges have weights equal to the weight of ei (otherwise there is a spanning
tree of smaller weight as per class discussion). Consider any one such edge ej and let
T ′ = T − {ej} ∪ {ei}. Note that T ′ is a spanning tree with the same cost as T . Now, if
T ′ contains all edges e1, ..., en−1, then we are done. Otherwise, we repeat the argument
to construct a spanning tree of same cost as T but that includes all edges e1, ..., en−1.

4. Do a similar argument as above but for Kruskal’s algorithm.

5. Given a graph G = (V,E), a subgraph induced by vertex set S ⊆ V is a graph GS =
(S,E′), where (u, v) ∈ E′ iff ((u, v) ∈ E and u ∈ S and v ∈ S).

Prove or disprove: For any strongly connected, weighted, undirected graph G = (V,E)
with distinct edge weights and any non-empty proper subset S of V such that GS and
GV−S are strongly connected, M(G) = M(GS) +M(GV−S) +w(e), where M(.) denotes
the weight of the minimum spanning tree, and w(e) is the weight of the minimum weight
edge e = (u, v) such that u ∈ S and v ∈ V − S.
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