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Solving a system of linear equations is a fundamental problem that has deep implications
in the computational sciences, engineering, and applied mathematics. The problem has a
long history and, until recently, has not broken polynomial time bounds. In this report we
present a survey of the algorithms that solve symmetric diagonally dominant linear systems in
near-linear time. We also discuss a new linear solver which uses random walk approximations
to achieve sublinear time, assuming a random walk step takes unit time. The recent success
of these algorithms has inspired their advocacy as a new class of algorithmic primitives. We
discuss the progress being made to this end and present a few ways these fast linear solvers
may be applied to various graph problems.

1 Introduction

Laplacian linear systems arise in a number of natural contexts including finding consensus in multi-agent
networks [51], calculating a maximum flow [27], or characterizing the motion of coupled oscillators in a
system [36]. In many of these cases, however, the graphs of the networks are so massive that traditional
methods for solving the system are infeasible. The classic Gaussian elimination method, for example,
takes time O(n3). Even the most recent improvements to O(n2.3727) [60] are of limited benefit for graphs
on millions of nodes and billions of edges, which are becoming increasingly common [44].

The problem of finding a solution to a system of equations is one of the oldest in the numerical and
computational sciences. The most remarkable recent advances in the area solve linear systems in nearly-
linear time – a huge jump from direct methods requiring polynomial time. The improvements are so
monumental, in fact, that many researchers are advocating the use of these algorithms as primitives to
be used in larger problems. The effort is gaining momentum and is referred to by some as the Laplacian
Paradigm [58].

In this report we present a survey of the algorithms which broke complexity barriers as well as the
theory behind them. The first algorithm to achieve nearly-linear time is the solver of Spielman and
Teng [56], which uses a preconditioned iterative solver as a premise, but instead implements a recursive
procedure. The best solvers succeeding the solver of Spielman and Teng were presented by Koutis, Miller,
and Peng in [41, 42], and improve both the recursive procedure and the quality of preconditioner. Then
we introduce a variation of the problem with boundary conditions, and present a new algorithm recently
presented in [23] which adopts an entirely different method. Namely, the solver computes directly the
matrix-vector product of the inverse of the coefficient matrix and the vector of constants by taking a
sum of random walks on the graph. The algorithm does not involve computing the matrix inverse, only
the matrix-vector product, and achieves sublinear time.

The remainder of the report is organized as follows. In Section 2, we provide some basic definitions
and introduce the graph matrices we will be using. In Section 3 we give a more complete statement
of the problem and outline the traditional methods for solving linear systems. Then we present the
first nearly-linear solver of Spielman and Teng in Section 4, and the improvements of Koutis et al. in
Section 5. In Section 6 we give a very recent linear solver which beats previous time bounds and uses a
new method for computing the solution satisfying boundary conditions. Researchers involved with these
projects are proponents of their application to various graph problems, and we discuss the potential for
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application in Section 7. Finally, in Section 8, we address further research direction and give closing
remarks. First, we conclude this section with an introduction to Laplacian systems and some historical
results of spectral graph theory.

1.1 Why Laplacian systems?

When considering very large graphs, it is useful to have a notion of “closeness” for two given vertices
without computing paths. One clever way to measure this is borrowed from the theory of electrical
networks. Begin by modeling the graph as an electrical circuit. Edges correspond to wires and are
weighted according to their conductance (the inverse of resistance), and voltages are set at the vertices.
Two important properties will govern how voltages are set for an electrical flow. First, Kirchhoff’s law
states that the net flow at each vertex is zero, except for the points at which current is injected or
extracted. Second, Ohm’s law says that the current on an edge is proportional to the conductance of
the wire times the difference in voltage of the two endpoints. Together, these properties tell us that
the amount of current needed to maintain voltages across the network can be computed by solving a
system of linear equations, Ax = b, where A is the coefficient matrix and b is the vector that is 1 in the
component corresponding to the current injection point, −1 at the extraction point, and 0 elsewhere.
The voltage values computed by solving the system then gives us a way of measuring vertex distance.
Namely, if x is the vector of computed voltage values with a unit of current injected at vertex vi and
extracted at vertex vj , then the distance from vi to vj can be computed by |x[i]− x[j]|. In the electrical
network, this is known as the effective resistance.

Results of the last decade have shown that linear systems in the graph Laplacian can be efficiently
solved with a spectral decomposition. While it may seem like a small class, it actually happens that
Laplacian linear systems arise in a number of natural contexts. For example, in our computation of
effective resistance, the coefficient matrix is indeed the Laplacian. In this case, we measure graph
distance by solving a system in the Laplacian of the graph in question. Even more, it has been shown
that any symmetric, diagonally dominant linear system can be reduced to a Laplacian system, so a large
class of problems can be addressed with improvements to one solver.

Large, complex graphs arise naturally in a discrete world, from internet graphs and social networks
to human genomes and flocking formations, and they exhibit a number of characteristics which give
their representative matrices nice properties. Namely, these graphs tend to be sparse, prone to neat
clusterings, and have vertex degrees which follow a power law distribution [22]. By developing a deeper
understanding of the underlying matrices we become better equipped to study natural phenomena in a
meaningful way.

1.2 A brief history of spectral graph theory

The practice of using matrix theory in graph analysis has a long history, with results dating as far back as
the mid-nineteenth century. The matrix-tree theorem, for instance, states that the number of spanning
trees in a graph is equal to any cofactor of the Laplacian, and was first proven by Kirchhoff in 1847 [40].
Chemistry also contributed early results with a spectral analysis to characterize molecular stability. In
fact, chemists were among the first to formalize the ideas of graph theory with chemical graphs as early
as 1867 [14].

The modern era demonstrates an inclination toward characterizing properties of graph spectra and
the relationship with structure. The 1957 paper of Collatz and Sinogowitz [26] is a general survey of
graph spectra. Early works of Fiedler [30, 31] outline a number of fundamental properties of the second
smallest eigenvalue of the Laplacian matrix of a graph, consequently dubbed the algebraic connectivity or
Fiedler value. Around the same time, Donath and Hoffman [28] show that certain cut ratios of a graph
are bounded by functions of the Laplacian eigenvalues. An important consequence of this is a spectral
bipartitioning heuristic. Bounds on Laplacian eigenvalues are also given by Cheeger in [20], and provide
a foundational basis for defining good cuts in graphs. Later, Alon and Milman [6] and Mohar [45] develop
the theory in studies of the relationship of this second eigenvalue and the isoperimetric number of the
graph, which is deeply related to finding balanced cuts. In [3, 4] expansion properties of the graph are
found to be related to the algebraic connectivity as well. Together these results are the basis of many
spectral partitioning algorithms used today.
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The advent of local spectral partitioning algorithms is a milestone in the history of spectral graph
theory. Before, only heuristics were available. A local algorithm is one which only requires work to be
on done on a portion of a graph, and runtimes are typically in terms of the size of this small portion.
The local partitioning algorithm of [56] finds highly-connected sets by testing distributions of random
walks. This idea is later improved by computing a vector associated to the Laplacian [9]. The quality of
these cuts are a marked improvement, as they rely on mixing properties derived from vertex degrees.

As suggested, some of the biggest results of spectral graph theory concern the fundamental relationships
between the spectra of graph matrices and properties such as the connectedness, bipartiteness, and
bounds for partitions. The success and applicability of these techniques has since spawned a number of
spectral algorithms for traditionally discrete graph problems. For example, a spectral decomposition is
used in a graph coloring heuristic in [10]. Grimes et al. [35] give a first application of spectral properties
to sparse matrix reordering problems in their algorithm for finding a pseudopheripheral node of a graph
using the largest eigenvector of an adjacency matrix of the graph, and in [11] a spectral algorithm for
computing an envelope reducing matrix reordering is presented. In [52], Pothen et al. adapt spectral
edge separator techniques to find good vertex separators.

In 2007, Vladimir Nikiforov pioneered an effort to prove extremal properties of graphs using spectral
methods. He began with a restatement of a result originally due to Nosal [50] that asserts that a graph
with a large enough spectral radius must contain a triangle [46]. Nikiforov later extends this result to
guarantee the existence of cycles of every length up to n/320 [47]. Nikiforov himself has focused on cliques
and cycles [49, 15, 32], though the techniques employed may be used across a wide range of problems. In
particular, a major result of [48] gives a way of identifying a well-connected neighborhood of a graph by
removing a small number of low-degree vertices. Nikiforov’s own impressions on the project are perhaps
a good characterization of the value of graph algorithms using spectral methods – the development of
tools for reframing traditional graph theoretic results in a simple way.

2 Spectral Properties of Graph Matrices

We begin with some basic graph theoretic definitions that will be used throughout the report. We also
introduce our key players, the Laplacian matrices.

Let G = (V,E) be a simple graph on n vertices and m edges and let the vertices of V be arbitrarily
indexed by an index set I = {1, 2, . . . , n}. We will sometimes use a weighted graph, in which case
G = (V,Ew). We will be explicit in these cases. The number of vertices adjacent to a given vertex vi is the
degree of vi, denoted di = |{vj ∈ V |{i, j} ∈ E}|. Degree sequences of graphs have important implications
in the diffusive and connective properties of the graph, which motivate the following definitions concerning
graphs induced by subsets of vertices.

For a subset S, we refer to the edges whose removal separate S from the rest of the graph as the edge
boundary, ∂(S), of S,

∂(S) = {i, j ∈ E|vi ∈ S, vj ∈ S̄}.

Similarly, the vertex boundary, δ(S) is the set of vertices not in S which border S,

δ(S) = {vi ∈ S̄|{i, j} ∈ E for some vj ∈ S}.

Here, we use S̄ to denote the complement of S in V .

2.1 Implications of graph matrices

Spectral graph theory began as an investigation of the spectral properties of basic graph matrices. Here
we discuss these matrices and some properties of interest. As a note on notation, if M is a graph matrix,
we say G(M) is a graph associated to the matrix; i.e. G(M) is a graph for which the graph matrix of G
is M by some permutation of its vertices.
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The Adjacency Matrix Many are familiar with the adjacency matrix, the n × n symmetric matrix
A defined by

(A)ij =

{
1 if {i, j} ∈ E
0 otherwise.

Clearly, A is real, symmetric, and nonnegative. This implies a few nice properties about the eigensystem
of the adjacency matrix:

1. A has n real eigenvectors, u1, . . . , un and eigenvalues λ1 ≤ · · · ≤ λn.

2. The eigenvectors of A can be chosen to be orthonormal (that is, pairwise distinct vectors are
orthogonal and each vector has unit length).

3. A is irreducible if and only if G(A) is connected.

4. The spectral radius of a graph is the eigenvalue of greatest magnitude, and this is bounded by the
minimum and maximum degrees of the vertices of the graph.

5. A =
n∑
i=1

λiuku
T
i .

An early graph partitioning algorithm due to Barnes [12] uses the eigenvectors of A. In particular,
he uses a spectral analysis to show that the partitioning problem can be reduced to the problem of
approximating the adjacency matrix by the partition indicator matrix, P , defined by (P )ij = 1 if vi and
vj belong to the same subset. This result is related to the partitioning algorithm of [28] with two major
changes. First, the algorithm of [28] uses a matrix related to the Laplacian L, discussed below. Second,
Barnes presents something of an extention to multiway partitions by using k−1 eigenvectors for a k-way
partition.

The adjacency matrix has also been used for alternative solutions to classical combinatorial problems.
Aspvall and Gilbert, for example, use point 5 to show how the eigenvalue decomposition of the adjacency
matrix can be used to color a k-partite graph in their graph coloring heuristic [10]. Nikiforov used the
eigenvectors of A to prove extremal properties [46, 47], and Grimes et al. [35] use an eigenvector of the
variation A′ = A+ I to find a pseudoperipheral vertex of a graph.

Laplacian Matrices Although adjacency matrices are useful, Laplacian matrices have by far more
applications. A most general definition of a Laplacian matrix is given by Spielman, who has devoted
much of his career to studying them. He defines Laplacian matrices of graphs to be symmetric, with
zero row-sums and non-positive off-diagonal matrices, as there is always a graph associated to this
Laplacian [53]. From the definition above, we see that one reason a Laplacian is so important is the more
direct involvement of vertex degree in Laplacian equations. We make more explicit the most common
forms and variations of the Laplacian.

• The combinatorial Laplacian

Define D to be the diagonal degree matrix, where each diagonal element is the degree of the
corresponding vertex, (D)ii = di. This brings us to our first Laplacian matrix, L = D −A.

Many spectral properties of L have been studied by [37, 30], and indeed this is perhaps the most
prominent version of the Laplacian in the literature. One reason for this is its neat quadratic form:

xTLx =
∑
i∼j

(x(i)− x(j))2.

We use i ∼ j to denote the symmetric relationship {i, j} ∈ E. This form is convenient for modeling
linear systems in which values on vertices are desired to converge to a common value, as in consensus
algorithms [51]. This Laplacian can be used to enumerate spanning trees of a graph. This is of
independent interest but is also often used as a subroutine for construction and traversal algorithms.
Finally, it is symmetric, singular, and positive semidefinite.
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Let Eo be the edge set with an arbitrary but fixed orientation for each edge. Then we define the
n×m edge-incidence matrix B

B(i, j) =


1 if vi is the head of ej in Eo,

−1 if vi is the tail of ej in Eo,

0 otherwise.

and L = BBT regardless of the orientation choice of G (see, for instance, [21, 33]).

The Laplacian is closely associated to graph connectivity. First, it is irreducible if and only if the
graph is connected. Second, the eigenvalues of L give useful bounds on the edge ratios of the graph
G(L) [30, 31]. In particular, the second smallest eigenvalue of L is referred to as the algebraic
connectivity (or Fiedler value) of the graph because bounds on graph cuts can be derived from this
value.

• The Laplace operator

Consider the random walk where each step is taken to a neighboring vertex with uniform probability.
This walk can be summarized by the transition probability matrix (P )ij = 1/di for any neighbor
vj of vi, and (P )ij = 0 otherwise. This is neatly summarized as P = D−1A.

We refer to ∆ = I−D−1A as the discrete Laplace operator. Although it is not symmetric, is useful
because of its connection to random walks and the discrete Green’s function, which is related to
the heat kernel and will be discussed in more detail later.

• The normalized Laplacian

Finally we consider the normalized Laplacian L = D−1/2LD−1/2 = D1/2∆D−1/2. The matrix L
is the degree-normalized form of L, and a symmetric version of ∆. The normalized Laplacian can
be viewed as an operator on the space of functions f : V → Rn defined by

Lf(i) =
1√
di

∑
j:i∼j

(f(i)√
di
− f(j)√

dj

)
.

Let λ1 ≤ λ2 ≤ · · · ≤ λn now be the eigenvalues of L and φi be the projection to the ith orthonormal
eigenvectors. All of the eigenvalues of L are nonnegative, and λ1 = 0. Then, when restricting to
the space orthogonal to φ1 corresponding to λ1, we have that

L =

n∑
i=2

λiφi.

In particular, when S is a subset of vertices of G(L) that induces a connected subgraph, we have

LS =

s∑
i=1

λiφi, (1)

where LS is the Laplacian matrix restricted to the rows and columns corresponding to vertices of
S, and these λi are the eigenvalues of LS . Here, we note that each of the λi satisfy 0 < λi ≤ 2.

The normalized Laplacian is the subject of [21]. Here we give a few important facts.

Lemma 2.1. For a graph G on n vertices,

1.
∑
i λi ≤ n, where equality holds if and only if G has no isolated vertices.

2. If G is connected, λ2 > 0. If λi = 0 and λi+1 6= 0, then G has exactly i + 1 connected
components.

3. For all i ≤ n, λi ≤ 2.

4. The set of eigenvalues of a graph is the union of the set of eigevalues its connected components.

We note here that, although each matrix has its advantage, only L is both symmetric and diagonally
dominant.
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3 Solving Linear Systems in the Graph Laplacian

The problem of interest is an efficient way to approximate a solution to the system of equations Lx = b,
where the matrix L is a graph Laplacian. Linear systems in the graph Laplacian arise in many natural
contexts, including measuring the effective resistance of an electrical network, calculating a maximum
flow, characterizing the motion of coupled oscillators, and finding consensus in multi-agent networks
(see [23]).

Linear systems in the graph Laplacian may seem like a small class of problems. However, it is shown
in [34] that any symmetric, diagonally dominant (SDD) system can be transformed into a Laplacian
system in linear time. Similarly, we can easily transform linear systems in any the of above mentioned
Laplacians. As an example, as long as the graph of our model is connected and the matrix D(G) is
invertible, a system in L can be deduced from a system in L,

Lx = b and Lx1 = b1

by setting x1 = D1/2x and b1 = D−1/2b. Therefore, we may limit our discussion to Laplacians, and
assume this transformation whenever discussing general SDD linear systems, Ax = b.

3.1 Historical methods

Of course, when computing the inverse A−1 is feasible, we may obtain an exact solution x = A−1b by
a single matrix-vector multiplication in O(n2) time. In general, however, inverting a matrix is difficult.
Gaussian elimination, for example, is a procedure for inverting the matrix in order to directly compute
an exact solution, and takes O(n3) time.

In practice, then, two classes of algorithms which are based on Gaussian elimination are used for
computing good approximations to the solution. First are iterative methods, which typically involve
only matrix-vector multiplications or other simple vector operations. Iterative methods approximate a
solution by successively testing and improving an estimated solution. In each iteration, a new vector x̂ is
computed for which Ax̂ is closer to b than the last. Commonly used iterative methods are the conjugate
gradient and the Chebyshev.

The second class are the preconditioned, or inexact, iterative methods, in which an approximation of
the matrix is instead used. This approximation is called the preconditioner. We consider a matrix B
to be a good preconditioner of A when it is a very good approximation of A, can be computed quickly,
reduces the number of iterations required, and further can be solved quickly. To clarify the last point,
consider the preconditioned Richardson’s method [61]:

x(0) = 0

x(i+1) = B−1b+ (I −B−1A)x(i) for i > 0.

This yields a solution to the preconditioned system B−1Ax = B−1b. We see that the above involves
a computation of B−1b, which involves solving the linear system By = b to avoid a direct inverse
computation. Then, a good preconditioner is one which itself can be solved quickly, and ideally in linear
time. This, in general, is very difficult, as any preconditioner B will not be significantly easier to solve
than A.

This brings us to a third class of linear solvers. In recursive preconditioned methods, the system in B is
only solved approximately with a recursive invocation of the same iterative method. This means finding a
preconditioner for B, and a preconditioner for that preconditioner, recursively. Recursive preconditioned
methods were introduced by Spielman and Teng in [55]. They later apply this linear solver with a
quality preconditioning algorithm to present the first SDD solver that runs in time O(m logc n) for a
large constant c [56]. Their solver is the subject of the coming sections.

4 The First Nearly-Linear Time Solver

The recursive solver of Spielman and Teng, from here on referred to as the ST-solver, broke complexity
boundaries in a big way. Their linear solver is the first which computes solutions x̂ to SDD systems
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Ax = b with ||x̂ − x|| ≤ ε in time O(m logO(1)m), where the exponent is a large constant. The key to
their algorithm is twofold. First is the innovative recursive procedure for preconditioning a matrix, as
mentioned above. Second is the way in which they compute the preconditioners.

4.1 The quality of a preconditioner

As mentioned above, one criterion for a good preconditioner is to be a good approximation of the original
matrix. This necessitates an approximation measure. For this, we define the operator A � B which holds
when

xTAx ≤ xTBx

for all vectors x. It has been shown that, if A and B are positive semidefinite matrices with the
same nullspace, then all the eigenvalues λi of AB† lie in the range κmin ≤ λi ≤ κmax if and only if
κminB � A � κmaxB (see [57]). 1

Define the generalized condition number, κ(A,B), to the be ratio of the largest to smallest nonzero
eigenvalues of AB†. Then it follows that κminB � A � κmaxB implies that κ(A,B) ≤ κmax/κmin. This
value bounds the number of iterations required in the preconditioned iterative method, so we can view
it as a version of the condition number of a matrix. 2 Then, we say that B is a κ-approximation of A
for symmetric matrices A and B when

κminB � A � κmaxB.

Alternately, a graph H is a κ-approximation of a graph G if

κminL(H) � L(G) � κmaxL(H)

where κ = κmax/κmin.

4.2 Using recursion to precondition

The preconditioned Richardson’s method is an example of a one-level iterative solver, in which a single
preconditioner of the input matrix is used for the iterative procedure. Spielman and Teng expand upon
this idea with a recursive solver. In [56] and the expanded version [57], the ST-solver implements the
following idea:

Idea. To solve linear systems in A, compute a preconditioner B as in one-level iterative methods. How-
ever, at this point systems in B are still likely to be difficult to solve. Reduce the matrix B to a matrix
A1, a refined version of A, and recursively solve the system in A1.

This process yields a chain of matrices C = {A,B,A1, B1, . . . , Al} until Al is small enough in both
dimension and number of nonzero entries. That is, each matrix Bi is a preconditioner for Ai, and then
rather than solving systems in Bi directly, these are reduced to systems in Ai+1. The Preconditioned
Chebyshev method is used at the base of the recursion.

The chain-building procedure makes use of two distinct preconditioning routines, that which reduces
the Ai to the Bi, and that which reduces the Bi to the Ai+1. Although these result in modified matrices,
we discuss the outcome on the graphs of the matrices, i.e. the chain C = {G,H,G1, H1, . . . , Gl} of
progressively smaller graphs, for reasons which will become clear. To obtain Gi+1 from Hi, a partial
Cholesky factorization is used to greedily remove vertices of degree one or two. The other procedure, for
preconditioning Gi, uses a spectral sparsification method that warrants deeper explanation.

1B† is the Moore-Penrose pseudoinverse of B, the matrix with the same nullspaces as B and acts as the inverse of B on
its image.

2A general definition of the condition number of a matrix is κ(A) = ||A−1|| · ||A||. When the matrix norm is the 2-norm,
it follows that κ2(A) = λmax/λmin, where these are eigenvalues of the matrix.
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4.3 Spanning trees for sparsification

Spielman and Teng design a spectral sparsifier that is inspired by the insight of Vaidya [59] that subgraphs
serve as good graph preconditioners. Vaidya uses a maximum weight spanning tree of the graph as the
base for the preconditioning subgraph and adds t2 edges to obtain a sparse graph that O(nm/t2)-
approximates A.

The ST-solver similarly uses a spanning tree as a base for the preconditioners, but not the maximum
weight spanning tree of Vaidya. For their base tree, Spielman and Teng instead consider the stretch of
edges, defined by the following. Let T be a spanning tree of a weighted graph G, and consider an edge e
in G of weight w(e). Define w′(e) = 1/w(e), the reciprocal of the edge weight. Then if the unique path
in T connecting endpoints of e consists of tree edges e1, e1, . . . , ek, define the stretch of e by T to be

stretchT (e) =

∑k
i=1 w

′(ei)

w′(e)
.

This value can be interpreted as the cost of the detour forced by traversing T instead of G. The total
stretch of a graph with respect to a tree T is the sum of the stretch by T of all off-tree edges.

The ST-solver uses the low-stretch spanning tree (LSST) construction of Alon, Karp, Peleg, and
West [5] as a base for preconditioners. After computing an LSST, edges are then reweighted and added
back to the tree through a random sampling in which the probability of drawing an edge is related to
vertex degree.

The ST-solver was the fastest-known solver for a number of years. The next improvements came from
a modification of the sparsifier using a notion of graph distance. We discuss the solver of Koutis, Miller,
and Peng which makes novel use of this idea.

5 Improving the ST-Solver: Sparsification by Effective
Resistances

The biggest improvement made from the ST-solver was that of Koutis et al. at first in [41] and later
improved in [42]. Their algorithm is quite similar to that of Spielman and Teng, but with an alternative
sparsification procedure which yields a better chain of preconditioners for the recursive solver and requires
fewer iterations. This modification improved the expected runtime to O(m log2 n log(1/ε)) for solutions
with ε approximation guarantees.

The algorithm of Koutis et al. again uses an LSST for the base of the graph sparsifier, and replaces
off-tree edges through a random sampling. The difference is the way probabilities are assigned for the
random sampling; in this case the probabilities are according to the effective resistance of the edge. It
turns out that these probabilities yield sparsifiers with few edges.

An obvious concern here is that computing effective resistances themselves involve solving a linear
system. This circular connundrum is circumvented by a simple modification that uses an upper estimate
of the effective resistance of each edge rather than an exact value. Specifically, their sampling procedure,
named Sample, chooses edges with probabilities according to

p′e ≥ weRe,

where we is the weight of the edge in the graph, and Re is the effective resistance of the edge computed
with edge conductances assigned 1/we. The graph H returned by the sampling procedure Sample satisfies
L(G) � 2L(H) � 3L(G) with high probability.

The sampler is adapted from the the sparsifier of Spielman and Srivastava [54], where an LSST is
augmented by drawing edges according to the probabilities p′e = weRe.

To summarize, the incremental sparisification procedure first computes an LSST of the original graph
with total stretch O(m log n) using the algorithm modified from [54]. This is called by LowStretchTree.
The edge weights are then scaled by a constant factor k so the total stretch is now O(m log(n/k)). Add
this scaled version to the sparsifier. Effective resistance estimates are computed using only the edges
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of the modified LSST. Edges are then added back by oversampling with edge probabilities proportional
to their stretch over the scaled tree, taking Õ(m log2(n/k)) samples. We give the incremental sparsifier
below.

IncrementalSparsify(G, k, ξ):

T ← LowStretchTree(G)
Let T ′ be T scaled by a factor of k
Let G′ be the graph obtained from G by replacing T by T ′

for e ∈ E do
Calculate stretchT ′(e)

end for
H ← Sample(G′, stretchT ′ , 1/2ξ) return 2H

The algorithm IncrementalSparsify outputs a graph on n−1+m/k edges that Õ(k log2 n)-approximates
the graph with probability 1− ξ.

The final result of [41] is a recursive linear solver that computes a vector x̂ which satisfies
||x̂−A†b||A < ε||A†b||A in expected time O(m log2 n log(1/ε)). The algorithm is improved in [42] due to
a substantial cut in the number of LSST computations. The governing insight is that the total stretch
of off-tree edges is invariant under sparsification. That is, the total stretch of off-tree edges of Hi is at
most equal to Gi−1, and the total stretch is conserved under the graph contraction process. The key
improvement in the algorithm of [42], then, comes from computing only a single LSST for the first graph
in the chain, rather than at each step. The result of this improvement is an algorithm that computes an
approximate solution to Ax = b in time Õ(m log n log(1/ε))2.

Recursive preconditioning solvers constitute a new class of linear solvers that has proven to be highly
competitive in efficiency and progressively provide better and better approximations of the true solutions.
In the next section we discuss a new linear solver which is not based on iterations, but random walks.
This translates to a considerable reduction in computation, and achieves a sublinear runtime.

6 Random Walks for Solving Linear Systems

Recall the problem at hand is finding a good approximation of the vector x which is a solution to the
system of equations Lx = b. Let S be the subset of vertices of G(L) given by the vector b,

S = {vi ∈ V | b[i] = 0},

and say that |S| = s. Then the given vector b can be viewed as a vector of boundary conditions. Since
L is an irreducible matrix exactly when G(L) is connected, the nullspace of L is spanned by constant
vectors. This means that Lx = b will have a solution only if the sum of the entries of b equals zero. In
many situations, the support of b will be quite small, and most of the b[i] will be zero. In the example
of an electrical network, for instance, the support of b consisted of exactly two vertices, the point of
injection and the point of extraction, which held values 1 and −1 respectively.

We say the vector x satisfies the boundary condition when x[i] = b[i] for all vi in the support of b.
Then the problem of solving the linear system Lx = b with given boundary conditions is that of finding
a vector x such that

x[i] =

{
1
di

∑
j:i∼j x[j] if vi ∈ S,

b[i] if vi /∈ S.

By examining this further, we see that the solution should satisfy

DSx = ASx+AδSb

xS = (DS −AS)−1(AδSb).

Here, we use DS and AS to be the matrices D and A, respectively, with rows and columns restricted
to the vertices of S and xS is the vector x over S. Similarly, AδS is the s× |δ(S)| matrix with columns
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restricted to δ(S) and rows to S. The matrix (DS − AS) is, of course, the is the familiar L with rows
and columns similarly restricted. When the induced subgraph of S is connected and δ(S) is nonempty,
it is known that (DS − AS)−1 = L−1

S exists (see [21]). Then we have that the solution x to the system
Lx = b satisying the boundary condition b, when restricted to S, can be computed by

xS = L−1
S (AδSb).

This can be reformulated in the normalized Laplacian L as

xS = L−1
S (D

−1/2
S AδSD

−1/2
δS b).

So far this does not seem to achieve much, as we are still faced with a matrix inversion. However,
Chung and Simpson recently demonstrate in [23] that the vector xS can be efficiently approximated
without computing the inverse. The key is the heat kernel pagerank vector, which can be summarized
as an exponential sum of random walks on the graph.

6.1 Heat kernel and random walks

The Dirichlet heat kernel restricted to a subset S on a graph is determined by a parameter t, interpreted
as the temperature, and is defined by

HS,t = e−tLS = D
1/2
S e−t∆SD

−1/2
S .

Let G denote the inverse of LS . Then, using (1), we have that

L−1
S = G =

s∑
i=1

1

λi
φi.

It is known ([24, 23]) that G is related to HS,t by

G =

∫ ∞
0

HS,t dt.

We remind the reader that L−1
S is related to L−1

S with a simple transformation and it becomes clear that
computing L−1

S b is related to

L−1
S b = Gb =

∫ ∞
0

HS,tb dt.

In [23], Chung and Simpson give a new way of computing this integral by a series of good approxi-

mations. First, the indefinite integral is taken to a finite T ,
∫ T

0
HS,tb dt, such that the tail end of the

integral in negligibly small. Next, the integral is approximated by a finite Riemann sum,∫ T

0

HS,tb dt ≈
N∑
j=1

bTHS,jT/N ·
T

N

for an appropriately large N . Here we make use of the fact that H is symmetric. Finally, the sum is
approximated by taking random samples of bTHS,t for enough values of t. Thus, the problem is reduced
to the problem of efficiently computing bTHS,t.

The Dirichlet heat kernel pagerank is the vector

ρt,f = fT e−t∆S = e−t
∞∑
k=0

tk

k!
fTP kS ,

where f is a vector of size s and again PS is the transition probability matrix P = D−1A restricted to S.
That is, ρt,f is the exponential sum of random walks over the graph with starting distribution derived
from the vector f . If we define HS,t = D−1/2HS,tD1/2, such that HS,t is the symmetric version of HS,t,
we have that

ρt,f = fTHS,t.

With some degree normalization, the samples of bTHS,t can then approximated by a heat kernel pagerank
vector.
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6.2 Approximating the heat kernel and solving the system

The linear solver of Chung and Simpson approximates the matrix-vector product xS = L−1
S b by a

number of heat kernel pagerank approximations, and the runtime of their solver is dominated by the
approximation algorithm. As mentioned, the vector ρt,f is an exponential sum of random walks. Then,
a clear way to approximate this is by a finite number of truncated random walks which avoid losing
information from later walk steps as best as possible.

Below we present the algorithm ApproxHK which takes as input a graph G, a subset of vertices S, an
arbitrary vector f of size s, a real value t and an error factor ε for approximating a heat kernel pagerank
vector ρt,f .

ApproxHK(G, f, S, t, ε)

initialize 0-vector y of dimension s, where s = |S|.
f+ ← the positive portion of f
f− ← the negative portion of f so that f = f+ − f−
h1 ← ‖D1/2f+‖1 and h2 ← ‖D1/2f−‖1 , where ‖ · ‖1 indicates the L1-norm.
r ← 16

ε3 log s

K ← log(1/ε)
log log(1/ε)

for r iterations do
choose a starting node v1 according to the distribution vector f+ = D1/2f+/h1.
Start

simulate a PS = D−1
S AS random walk where k steps are taken with probability e−t t

k

k! where
k ≤ K, let u1 be the last node visited in the walk

y[u1]← y[u1] + h1/
√
du1

End
choose a starting node v2 according to the distribution vector f− = D1/2f−/h2.
Start

simulate a PS = D−1
S AS random walk where k steps are taken with probability e−t t

k

k! where
k ≤ K, let u2 be the last node visited in the walk

y[u2]← y[u2]− h2/
√
du2

End
end for
return 1/r · y

The heart of the algorithm lies within the Start and End limits, where the random walk is simulated.
With the assumption that a unit time allows a random walk step and sampling from a distribution, the
algorithm ApproxHK returns an approximate heat kernel pagerank vector within a factor of 1 + ε in time

O
(

log(1/ε) log s
ε3 log log(1/ε)

)
.

The linear solver of [23] makes a bounded number of call to the ApproxHK approximation procedure
to compute a solution to the system Lx = b in sublinear time. The algorithm called GreensSolver3

summarizes the approach. Theorem 6.1 is the major result.

Theorem 6.1. Let G be a graph and L the Laplacian of G. For the linear system Lx = b, the solution x
is required to satisfy the boundary condition b, i.e., x[i] = b[i] for vi ∈ support(b). Let S = V \support(b)
and s = |S|. Suppose the induced subgraph on S is connected and support(b) is nonempty. Then the
approximate solution x̂ output by the algorithm GreensSolver(G, b, ε) satisfies the following:

1. The absolute error of x̂ is
||x− x̂|| ≤ O(ε(1 + ||b||))

with probability at least 1− ε.

2. The running time is O
(

(log s)2(log(ε−1))2

ε5 log log(ε−1)

)
with additional preprocessing time O(|∂(S)|).

3The name GreensSolver comes from G, the Green’s function for a graph.
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GreensSolver(G, b, ε):

initialize a vector x of size s = |S| = |V \ support(b)| of all zeros

b1 ← D
−1/2
S AδSDδS−1/2b

T ← s3 log(1/ε)
N ← T/ε
r ← ε−2(log s+ log(1/ε))
for j = 1 to r do

xj ← ApproxHK(G, b1, S, kT/N, ε) where k is chosen uniformly from [1, N ]
x← x+ xj

end for
return x/r

The runtime of this algorithm is better than the iterative and recursive solvers mentioned earlier.
The algorithm also introduces a new approach for solving linear systems which does not use iterative
improvements and requires only a number of vector approximations which can be achieved by simulating
random walks for a bounded number of steps. The vector approximation algorithm is reponsible for
the runtime, but is also of independent interest, following in a line of efficient pagerank approximation
methods [9, 25, 18].

6.3 Coda: Other Competitive Solvers

Since the ST-solver demonstrated that nearly-linear time algorithms for solving SDD systems are possible,
some alternative approaches other than those mentioned have been developed for algorithms that meet
and beat this bound. We briefly mention some of the best.

The combinatorial algorithm of Kelner et al. in [39] is distinct from those already discussed. Their
algorithm works by repeatedly applying a non-recursive update rule to a spanning tree of the graph and
runs in time O(m log2 n log log n log(1/ε)) in the unit-cost RAM model.

In [43], Lee and Sidford develop a way to accelerate randomized coordinate descent methods which
both limit the cost per iteration and achieve faster convergence. With this method they achieve an
O(m log3/2 n

√
log log n log log(n/ε)) runtime in the unit-cost RAM model for solving SDD linear systems.

7 The Laplacian Paradigm

With their rapid development, spectral algorithms for massive graphs are being viewed more and more
as algorithmic primitives. The success of the ST-solver especially won the problem of solving sytems
in the graph Laplacian a place among these, and Teng calls this problem the Laplacian Primitive [58].
The Laplacian Paradigm refers to a new class of algorithms, across different areas, which take advantage
of these Laplacian solvers for improving efficiency. The thesis of the Laplacian Paradigm is that the
Laplacian Primitive can be a powerful primitive for different combinatorial optimization and numerical
analysis problems. We have already seen in Section 2.1 how spectral methods have been applied to classic
combinatorial graph problems. The mission of the Laplacian Paradigm is that the Laplacian Primitive
be used more for classical problems, in hopes that the impressive time complexity can improve graph
theoretic problems to be solved in nearly-linear time.

7.1 A suite of primitives

Below are a few examples of other primitives in the suite of nearly-linear time algorithms.

Finding balanced partitions The graph Laplacian plays an important role in finding balanced cuts
in graphs. An early major result in this area is due to Donath and Hoffman [28], which bounds the
number of cut edges in terms of the eigenvalues of the Laplacian. An important consequence of this
is a spectral bipartitioning heuristic which imposes a linear ordering on the vertices of a graph by the
eigenvector associated to the algebraic connectivity. This procedure is often called a sweep, and operates
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as follows. Let the second eigenvector φ2 define a function on the vertices of G(L). Then a partition
is found by ordering the vertices of G by their φ2 value and drawing a partition at some point in this
ordering.

Multiway partitions can be found through extensions of this heuristic. A common adaptation is to
simply iterate the above procedure on each partitioned section. This is controlled in [38] by imposing a
terminating cut ratio. An alternative approach which performs somewhat better in practice is to instead
use the top k eigenvectors to form a k-way partition [12, 19]. Another common practice is to transform
a graph cutting problem to a clustering problem by projecting the vertices of the graph to points in
d-space [7, 8].

The above heuristics typically do not perform better than Õ(n3). Some of the greatest success for
spectral partitioning algorithms has been found in local partitioning algorithms, and here we achieve the
nearly-linear time bounds.

The partitioning algorithm of Spielman and Teng [56] is based on a distribution of random walks. The
algorithm is a local algorithm because it finds a balanced partition while only investigating the vertices
on one side of the partition. It is common in local algorithms for the runtime to be in terms of the size
of a portion of the graph. Let Φ(S) be the Cheeger ratio of a subset of vertices S with respect to a graph
G,

Φ(S) =
|∂(S)|

min(vol(S), vol(S̄))
.

The volume of a set of vertices is the sum of the degrees, given by vol(S) =
∑
vi∈S di.

The Cheeger ratio is a good measure of balance. Given a graph and a subset of vertices S such that
Φ(S) < φ and vol(S) ≤ vol(V )/2, the local partitioning algorithm of Spielman and Teng finds a set of

vertices T such that vol(T ) ≥ vol(S)/2 and Φ(T ) < O(φ1/3 logO(1) n) in time O(m(log n/φ)O(1)).
Andersen et al. give an improved local partitioning algorithm in [9] using an approximation of the

PageRank vector. This also uses a distribution of random walks of the graph. Their algorithm finds a set
of Cheeger ratio O(

√
φ log k) given any set C with Cheeger ratio φ and volume k in time O(m log4m/φ2).

Spectral sparsification We illustrated how sparsifiers are crucial to the quality and efficiency of linear
solvers. Largely due to the success of these linear solvers, efficient methods for sparsifying graphs stand
as their own problem and are part of the suite of Laplacian primitives.

The major revelationary breakthrough of the sparsifier used in the ST-solver is the notion of the
spectral similarity of graphs. Benczúr and Karger [13] define such a notion with a nonuniform sampling
process for producing a sparsifier which preserves cut values. Their sparsification requires, for every set
of vertices, that the weight of edges leaving the set be approximately the same in the original graph as
in the sparsifier.

Chung and Zhao [25] give a successful sparsifier. In this algorithm, the graph is sparsified by sampling
O(1/2(n log n)) edges according to a value related to PageRank which can be computed in time O(1/β(2+
β)m log(1/ε)) for error bounds β and ε. Of course, the sparsifier of Spielman and Srivastava [54], already
mentioned, uses the effective resistances of edges to sparsify a graph. Their algorithm computes a
sparsified weighted subgraph with O(n log(n/ε)2) for an additive error parameter ε. The sparsifier can be
computed in time O(m) but requires solving O(log n) linear systems to compute the effective resistances.

Low stretch spanning trees The LSST construction of the ST-solver was inspired by that of Alon,
Karp, Peleg, and West in [5]. Their preconditioner base is a tree constructed by a graph theoretic game
in which players alternate between choosing a spanning tree and choosing an edge. The payoff to the
edge player is

• cost(T, e) = 0 if the edge lies in the tree chosen by the player, and

• cost(T, e) = cycle(T, e)/we otherwise,

where cycle(T, e) is the weight of the unique cycle formed when e is added to T . Alon et al. show that the

value of this game is bounded by eO(
√

logn log logn). The result is an algorithm for constructing a spanning
tree T of a graph G such that the average cost(T, e) over all edges is bounded above by eO(

√
logn log logn).
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Boman and Hendrickson later contribute a body of work establishing a theoretic foundation for using
spanning trees as preconditioners [16, 17]. In [29] Elkin et al. give an O(m log2 n)-time algorithm for
computing spanning trees with total stretch Õ(m log2 n). Abraham, Bartal, and Neiman [1] give an
O(m log n + n log2 n) algorithm for producing a spanning tree with total stretch Õ(m log n) using star
decomposition, and later Abraham and Neiman achieve a slightly improved result using petal decompo-
sition [2].

7.2 The Laplacian Primitive

A body of work using the Laplacian primitive to achieve near-linear runtimes is already developing. We
give two examples.

The graph learning problem takes as input a strongly connected directed graph, a subset of vertices,
and a labeling function y that assigns to each vertex in the subset a label from Y = {1,−1}, and to each
vertex outside the subset the label 0. If H(V) is the set of functions from V → R, the objective of the
graph learning problem is to find a function f ∈ H(V) that minimizes

Ω(f) + µ||f − y||2,

for a constant parameter µ and where

Ω(f) =
1

2

∑
i∼j

π[i]p[i, j]
( f [i]√

π[i]
− f [j]√

π[j]

)
.

We let π denote the stationary distribution of the random walk on the graph with transition probability
given by p. Then, as a first example, Zhou, Huang, and Schölkopf show in [62] that the graph learning
problem can be solved in nearly-linear time by solving a system of equations in the matrix

A =
(

Π− 1

1 + µ

ΠP + PTΠ

2

)
,

where Π is the diagonal matrix (Π)ii = π[i] and P is the directed version of our usual transition probability
matrix.

Another application is approximating eigenvectors. The Fiedler vector is the second smallest eigenvec-
tor of L, and the Fiedler value is the corresponding eigenvalue, denoted here by λ2(L). An ε-approximate
Fiedler vector v satisfies

λ2(L) ≤ λ(v) =
vTLv

vT v
≤ (1 + ε)λ2(L).

Spielman and Teng show how to apply the Laplacian Paradigm to the problem of computing an ε-
approximate Fiedler vector. Choose a random unit vector r such that vT1 r = 0, and v1 is the eigenvector
of L corresponding to the smallest eigenvalue of L, λ1 = 0. Note that v1 is the all-ones vector, and that
r can be written r =

∑n
i=2 civi. Now, using the fact that

L†r =

n∑
i=1

ciλ
−1
i vi, and (L†)tr =

n∑
i=1

ciλ
−t
i vi

in general for a positive integer t ≥ 1, an ε-approximate Fiedler vector can be computed. This is because,
if c2 is not too small, by choosing t = Θ(log(n/ε)/ε), the approximate vector can be computed using
the inverse power method. With an efficient method for computing L†r, nearly-linear time is achieved.
Details are given in [57].

8 Future Directions and Closing Remarks

It was demonstrated how the effective resistance of an edge serves as a good measure of similarity between
the adjacent vertices. There are some critical properties of the heat kernel pagerank which suggest that
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values over this vector may serve as a good similarity measures as well. As mentioned, a heat kernel
pagerank vector is an exponential sum of random walks. When we use as the initial vector the indicator
vector χi with all initial probability on vertex vi, then the values of ρt,i := ρt,χi

represent how likely a
random walk starting from vi is to end at a particular vertex. That is, the value ρt,i[j] is a good indicator
of how similar vertices vi and vj are from a diffusive standpoint.

This suggests an alternative approach to sparsification. The successful sparsifiers discussed in the sur-
vey add off-tree edges to a LSST with probabilities proportional to the effective resistance of the edge.
What if the heat kernel value is used instead? The implications of this are compelling. First, it would
provide a more meaningful measure for unweighted graphs. We remind the reader that the effective
resistances were computed according to weights on edges. Second, the fast algorithm for computing heat
kernel pagerank offers the possibility of impressive improvements in runtime, since there is no longer need
to solve a linear system to compute vertex similarities. Beyond this, using heat kernel for edge values
presents a myriad of applications including partitioning, clustering, anomaly detection and cooperation.

A main goal of the so-called Laplacian Paradigm is to advocate deeper research. Many of these
algorithms are at a point of near-production, but would benefit from deeper investigation. This will
involve a more careful analysis of the implications of the time/accuracy tradeoff, and an understanding
of what would be acceptable in practice. It is in high hopes that this new suite of spectral algorithms
inspires further research into exisiting problems using the Laplacian Primitives, and also into finding
new applications. In particular, it is the author’s hope that these linear solvers will make problems on
massive graphs more tractable.
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