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Abstract. We present an e�cient algorithm for solving linear systems with a boundary condition
by computing the Green's function of a connected induced subgraph S of a graph. Di�erent from
previous linear solvers, we introduce the method of using the Dirichlet heat kernel pagerank of the
induced graph to approximate the solution to diagonally dominant linear systems satisfying given
boundary conditions. Our algorithm runs in time ~O(1), with the assumption that a unit time allows
a step in a random walk or a sampling of a speci�ed distribution, where the big-O term depends
on the error term and the boundary condition.
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1 Introduction

A number of linear systems have been developed which model ow over vertices of a graph with a
given boundary condition. A classical example is the case of an electrical network. Flow can be captured
by measuring the passage of electrical current between points in the network, and the amount that is
injected and removed from the system. Here, the points at which voltage potential is measured can be
represented by vertices in a graph, and edges are associated to the ease with which current passes between
two points. The injection and extraction points can be viewed as the boundary of the system. The total
e�ective resistance of the network can then be evaluated by solving a system of linear equations over the
measurement points.

Another example is a decision-making process among a network of agents. Each agent decides on a
value, but may be inuenced by the decision of other agents in the network. Over time, the goal is to
reach consensus among all the agents, in which each agrees on an common value. Agents are represented
by vertices, and each vertex has an associated value. The amount of inuence an agent has on a fellow
agent is modeled by a weighted edge between the two representative vertices, and the communication
dynamics can be modeled by a linear system. In this case, agents which are free of inuence can be
viewed as the boundary.

In both these cases, the linear systems are equations formulated in the graph Laplacian. Spectral
properties of the Laplacian are closely related to reachability and the rate of di�usion across vertices in
a graph [9]. Indeed, Laplacian systems have been used to concisely characterize qualities such as edge
resistance and the inuence of communication on edges [32]. In this paper, we will show how systems of
linear equations formulated in the graph Laplacian can be e�ectively solved and approximated by using
a di�usion process over the graph. Namely, we simulate a series of random walks and approximate the
solution with su�ciently many samples of the resulting distribution.

In practice, two classes of algorithms exist for computing solutions to a linear system. First are
iterative methods, such as the conjugate gradient method or the Chebyshev method [19]. Second are
preconditioned iterative methods in which an approximation of the matrix is used [5, 18, 34]. A good pre-
conditioner is one that requires fewer iterations than the original but still achieves a close approximation
to the true solution. Both methods approximate the solution by iteratively testing and improving the
solution. That is, for a system of the form Ax = b, each iteration yields a new vector x̂ for which Ax̂
is closer to b than the previous. The fastest iterative method known is given in [26] which runs in time

O(m log3=2 n
p
log log n log(log n=�)) in the unit-cost RAM model. However, the current fastest known al-

gorithm for solving symmetric, diagonally dominant (SDD) linear systems is by a combinatorial method
of [23] which runs in O(m log2 n log log n log(1=�))-time in the unit-cost RAM model.



In this paper, we present a new approach for solving Laplacian linear systems with a boundary
condition by computing the Green's function of a connected induced subgraph on a subset S of vertices.
(If the induced subgraph on S is not connected, we can then deal with each connected component
separately so this assumption on connectivity is not essential.) The Green's function is basically the
inverse of the restricted Laplacian on S. Namely, for a given a system Lx = b, where L = D � A, we
consider the subset S consisting of all vertices v with b(v) = 0. The goal is to �nd a solution x so that
Lx(v) = 0 for v 2 S and x satis�es the boundary condition b in the sense that x(u) = b(u) for u 62 S.
When the induced subgraph S is connected and b is non-trivial, the solution x can be determined by �b0

where � is the inverse of LS , (which is the restriction of L to rows and columns indexed by vertices in
S), and b0 2 RS is determined by b, as detailed in Section 2.1. To compute b0 from b, it takes time no
more than the size of the edge boundary of S. With b0, our algorithm approximates the solution in time

O
�
(log s)2(log(1=�))2

�5 log log(1=�)

�
= ~O(1), where � is the error bound and s denotes the size of S. Note that in our

computation, we do not intend to compute or approximate the pseudoinverse of L.
The speedup exhibited by our algorithm is due to our fast algorithm for approximating heat kernel

pagerank, which dominates the running time. The PageRank was �rst introduced by Brin and Page [7]
in web search algorithms. In [3, 6], sublinear time algorithms are given for approximating PageRank by
simulating random walks. Our heat kernel pagerank algorithm is related to the PageRank algorithm in
the sense that, while PageRank can be interpreted as a geometric sum of random walks, heat kernel
pagerank is an exponential sum [10]. Based on random walks, we may expect more rapid convergence
for heat kernel pagerank.

1.1 Previous Work

An early result in scienti�c computing is the approximation algorithm of the preconditioned Chebyshev
method. In [19], Golub and Overton show that for a positive, semi-de�nite matrix A and a preconditioner
B, the preconditioned Chebyshev method �nds �-accurate solutions to the system Ax = b in time
O(m

p
�f (A;B)S(B) log(�f (A)=�)). Here, S(B) is the time it takes to solve linear systems in B and

�f (A;B) =

 
max

x:Ax 6=0

xTAx

xTBx

! 
max

x:Ax 6=0

xTBx

xTAx

!
:

This can be pretty good with a clever choice of preconditioner matrix B.
A large work on �nding fast linear solvers for systems of equations in the graph Laplacian was

presented by Spielman and Teng in 2004 [34]. Spielman and Teng improve the preconditioned (or in-
exact) Chebyshev method by exploiting the insight of Vaidya that matrices of subgraphs serve as good
preconditioners. In the manuscript [36], Vaidya proves that a maximum spanning tree of a matrix A nm-
approximates A and that by adding t2 edges, one can obtain a sparse graph that O(nm=t2)-approximates
A. The result of this is an algorithm for solving SDD linear systems with non-positive o�-diagonal entries
of degree d in time O((dn)1:75 log(�f (A)=�)), where �f (A) is the ratio of largest to smallest eigenvalue
of A. This is a huge improvement from the previous worst-case O(nm)-time bound for the Chebyshev
iterative method.

With these tools, Spielman and Teng's major result is an m logO(1) n-time linear solver for SDD
matrices where n is the dimension of the matrix and m the number of non-zero entries.

Prior to the contributions of Spielman and Teng, Joshi [22] showed how to recursively apply the
results of Vaidya to achieve a O(n log(n=�)) linear solver. This was improved for planar linear systems

by Reif [30] to O(n1+� logO(1)(�f (A)=�)) for any � > 0. The above techniques use spanning trees as
the preconditioner. Spielman and Teng later improve upon the results of Boman and Hendrickson [4, 5],
which apply spanning trees to construct ultra-sparsi�ers in time m1:31+o(1) log(�f (A)=�) [33].

Koutis et al. [24] give a nearly optimal linear solver for SDD linear systems; an improvement on the
Spielman-Teng linear solver. Their algorithm uses an incremental graph sparsi�cation algorithm as a main
tool and outputs an approximate vector x̂ satisfying jjx̂�A+bjjA < �jjA+bjjA in time O(m log2 n log(1=�)).
Here A+ denotes the pseudoinverse of A. In [25], the authors improve this bound to ~O(m log n log(1=�))2.
The faster run time results from an improvement in the incremental sparsi�er. As mentioned above, the
fastest existing iterative method is O(m log3=2 n

p
log log n log(log n=�))-time in the unit-RAM model,

due to Lee and Sidford [26]. Their improvement is due to an accelerated randomized coordinate descent
method which limits the cost per iteration and also achieves faster convergence.
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An early result is the Monte Carlo method for solving linear systems [17], in which the inverse of a
matrix is computed by translating the system into a random walk model. Our methods use a similar
stochastic process and random sampling procedure. In [31], Sachdeva and Vishnoi show that the inverse
of a positive semi-de�nite matrix can be approximated by taking a weighted sum of matrix exponentials.
This method is also closely related to ours. However, rather than taking matrix exponentials explicitly,
we are adding small contributions of the matrix exponential multiplied with a speci�ed vector. In this
way we avoid explicit computation of the matrix inverse and spare a �nal matrix vector multiplication
in computing the solution.

1.2 Our Contributions

In this paper, we consider a direct method for solving systems of Laplacian linear equations with a
boundary condition by way of the discrete Green's function. Speci�cally, our contributions are:

1. We introduce a new approach for solving a speci�c class of SDD linear systems subject to a boundary
condition which avoids solution iterations.

2. We present an algorithm for approximating the product of the discrete Green's function of a graph
with a speci�ed vector.

3. We make use of an algorithm for approximating the Dirichlet heat kernel pagerank of a graph in
sublinear time.

4. Using contributions (2) and (3), we present an algorithm which takes as input a graph and a boundary
condition, and outputs a vector which is a close approximation of the solution to the SDD linear
system with a boundary condition.

5. We improve the running time of existing linear solvers with a boundary condition. Our solver for
approximating the solution for a linear system of the form Lx = b, with x satisfying the boundary
condition, runs in sublinear time ~O(1) where the constant depends on the error bound and the
boundary vector b. Here we assume a `unit' time for each basic `operation' which includes (i) taking
a random walk from a speci�ed vertex for a �nite, speci�ed number of steps, and (ii) sampling a
random vertex according to a speci�ed distribution.

6. We present a number of applications for our fast linear solver such as solving for e�ective resistance,
maximum ow, coupled oscillators, and consensus of multi-agent networks.

Our approach is a revisitation to direct methods for solving linear equations with a boundary condition,
but rather than using algorithms based on Gaussian elimination, we take advantage of di�usion and
random walks for computing a heat kernel pagerank vector. The solution to the system is then a sum of
random samples of heat kernel pagerank values.

The algorithm presented herein for approximating Dirichlet heat kernel pagerank has a similar avor
to that for approximating PageRank using random walks in [6]. This heat kernel PageRank approxima-
tion is an improvement upon several previous results [2, 3, 13, 11]. The Dirichlet heat kernel pagerank
algorithm is related to the rate of convergence of exponential random walks and is of independent interest
on its own.

1.3 Organization

The remainder of this paper is organized as follows. Preliminary de�nitions and basic facts are given in
Section 2. Here we also introduce Dirichlet heat kernel pagerank and present some crucial relationships
between Dirichlet heat kernel pagerank and the Green's function. Our main result, an e�cient linear solver
algorithm, is given in Section 3 and the analysis is given in Section 4. The algorithm for approximating
heat kernel pagerank is given in Section 5. Finally we discuss some applications for the linear solver in
Section 6.

2 Basic De�nitions and Facts

In this section we introduce important results of spectral graph theory which are crucial to the analysis
of our algorithm.
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2.1 The Laplacian and Green's Function

Let G be an undirected graph given by vertex set V = V (G) and edge set E = E(G). (Although we
will mainly focus on simple, unweighted undirected graphs, the de�nitions and results can be easily
generalized to general weighted graphs.) We say a graph is size n when jV j = n. Let A be the indicator
adjacency matrix A 2 f0; 1gV�V for which Auv = 1 if and only if fu; vg 2 E. The degree of a vertex v
is the number of vertices adjacent to it, dv = jfu 2 V jAuv = 1gj. Let D be the diagonal degree matrix
with entries Dvv = dv on the diagonal and zero entries elsewhere.

The Laplacian is de�ned L = D�A. The problem of interest is a fast way to solve systems of linear
equations of the form

Lx = b (1)

while the solution x is required to satisfy the boundary condition b in the sense that x(v) = b(v) for all
v 2 supp(b), the support of b. Let S denote the set

S = fv 2 V : b(v) = 0g:
Let �(S) denote the vertex boundary of S, which is the set of vertices not in S but which are adjacent
to a vertex in S.

�(S) = fu 2 V : fu; vg 2 E for some v 2 Sg:
The support of b contains �(S).

The problem of solving the linear system in (1) with a given boundary condition is to �nd x 2 RV

such that

x(v) =

(
1
dv

P
u�v x(u) if v 2 S

b(v) if v 62 S: (2)

Here u � v denotes fu; vg 2 E. In other words, the solution x is harmonic in S while satisfying the
boundary function b. We remark that in this set up, we do not place any condition on b. The entries of
b can be either positive or negative.

In many applications involving solving systems of linear equations Lx = b, the boundary vector b
has a relatively small support, as in the example of an electrical network. In the graph representation
of an electrical network, vertices are points in the network at which current may be injected or removed
and at which voltage potentials are measured. For all vertices except the injection and removal points,
the in-current matches the out-current. Then, if we inject one unit of current at the point which we
call s, and remove one unit of current from the point which we call t, we have a boundary condition at
these points. If c is the vector of currents over vertices in the system, we can encompass the boundary
condition in c:

c(i) =

8><
>:
1 if vi = s

�1 if vi = t

0 otherwise

The solution x of the linear system Lx = c, with x satisfying the boundary condition c, can then be used
to determine the e�ective resistance of the system. This belongs to one of the classical problems, called
the Dirichlet problem, for �nding a harmonic function on a set of points satisfying a given boundary
condition. There is a large literature on this topic for various domains [16]. The discrete version of the
Dirichlet problem can be reformulated as follows:

Let A�(S) be the s � j�(S)j matrix by restricting the columns of A to �(S) and rows to S. Also, let

AS be the matrix A restricted to rows and columns indexed by S. For a boundary vector b 2 R�(S), we
wish to �nd a vector x 2 RS so that

DSx = ASx+A�Sb

or, equivalently xS = (DS �AS)
�1
�
A�Sb

�
provided the inverse L�1S exists and xS denotes the restriction of x to vertices in S. Indeed, if the induced
subgraph on S is connected and the vertex boundary �(S) is not empty, then it is known [9] that the
Green's function � = (DS �AS)

�1 = L�1S exists. We can then write

x = �b0
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where � = L�1S and b0 = A�Sb.
Therefore we have established the following:

Theorem 1. In a graph G, suppose b is a nontrivial vector in RV and the induced subgraph on
S = V nsupp(b) is connected. Suppose x is the solution for a linear system Lx = b, satisfying the boundary
condition b as in (2). Then the restriction of x to S, denoted by xS, satis�es

xS = L�1S
�
A�Sb

�
:

For given b 2 R�(S), the computation of b0 = A�Sb takes time proportional to the edge boundary of S,
denoted by @(S).

@(S) = ffu; vg 2 E : u 2 S; v 62 Sg:
Hence the computational complexity of solving the linear system with a boundary condition on �(S) is
the combination of the running time O(j@(S)j) for computing b0 plus the running time for computing
�b0.

2.2 Dirichlet Heat Kernel Pagerank and Green's Function

The method we present for computing the Green's function of the Laplacian works by computing the
sum of random samples of Dirichlet heat kernel pagerank vectors. Heat kernel pagerank was originally
introduced as a variant of personalized PageRank of a graph [10, 11]. Speci�cally, it is an exponential sum
of random walks generated from a starting vector, f 2 RV . As an added bene�t, heat kernel pagerank
simultaneously satis�es the following heat equation with the rate of di�usion controlled by the parameter
t 2 R+,

@

@t
�t;f = ��t;f (I � P )

where P = D�1A denotes the transition probability matrix for a random walk on the graph G. Namely,
if v is a neighbor of u, then P (u; v) = 1=du is the probability of moving to v from a vertex u. Let S
denote a subset of V . We consider �S = IS � PS where, in general, MS denotes the submatrix of M
restricted to rows and columns indexed by vertices in S. For given t > 0 and a preference vector f 2 RS

as a probability distribution on S, the Dirichlet heat kernel pagerank is de�ned to be the exponential
sum:

�t;f = fTHS;t = fT e�t�S = e�t
1X
k=0

tk

k!
fTP k

S (3)

where fT denotes the transpose of f . (Here we follow the notation for random walks and pagerank so
that a random walk step is by a right multiplication by P .) We also consider the normalized Laplacian
L = D�1=2LD�1=2 which is a symmetric version of �. The Dirichlet heat kernel can be expressed by

�Ht = HS;t = D
1=2
S e�t�SD

�1=2
S = e�tLS : (4)

We note that as long as the graph G has no isolated vertex and D is invertible, the following two problems
of solving linear systems with boundary conditions

Lx = b; and Lx1 = b1;

are equivalent in the sense that we can set x1 = D1=2x and b1 = D�1=2b. In addition to LS , we consider
�S since our algorithm and analysis rely heavily on random walks. Furthermore, we need LS , which is
equivalent to �S , since we will discuss the spectral decomposition of LS and use the L2-norm.

Similar to Theorem 1, for solving the linear system Lx = b we have the following.

Theorem 2. In a graph G, suppose b is a nontrivial vector in R
V and the induced subgraph on S =

V n supp(b) is connected. Suppose x is the solution for a linear system Lx = b, satisfying the boundary
condition b (i.e. x�S = b�S). Then the restriction of x to S, denoted by xS, satis�es

xS = L�1S
�
D
�1=2
S A�SD

�1=2
�S b

�
:
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In the remainder of the paper, we assume that the induced subgraph on S is connected and �(S) 6= ;:
The eigenvalues of LS are called Dirichlet eigenvalues, denoted by �1 � �2 � : : : � �s. It is easy to check
(see [9]) that 0 < �i � 2. In fact, �1 > 1=jSj3. We can write

LS =

sX
i=1

�iPi

where Pi are the projection to the ith orthonormal eigenvectors.
Let G denote the inverse of LS . Namely, GLS = LSG = IS . Then

G =

sX
i=1

1

�i
Pi: (5)

From (5), we see that

1

2
� jjGjj � 1

�1
: (6)

Then G can be related to �Ht = HS;t as follows:

Lemma 1. Let G be the Green's function of a connected induced subgraph on S � V with s = jSj. Let
�Ht denote the Dirichlet heat kernel with rows and columns restricted to S. Then

G =

Z 1

0

�Ht dt: (7)

Proof. By our de�nition of the heat kernel,Z 1

0

�Ht dt =

Z 1

0

� sX
i=1

e�t�iPi

�
dt

=

sX
i=1

�Z 1

0

e�t�i dt
�
Pi

=

sX
i=1

1

�i
Pi

= G:
We note that G is related to the Green's function � by

G = D
1=2
S �D

1=2
S : (8)

3 An E�cient Linear Solver Algorithm

Suppose we are given a linear system Lx = b, where L is the normalized Laplacian of a given graph, and
b is a speci�ed vector indexed by vertices of the graph. We wish to �nd the solution x which satis�es the
boundary condition b. Let S denote the complement of the support of b. Namely, S = V n supp(b). Our
approximation algorithm for �nding the solution of x, restricted to S, satisfying x = Gb = R1

0
( �Ht b) dt,

is based on a series of approximation and sampling. Here we sketch the ideas. First we bound the tails

and approximate
R1
0
( �Ht b) dt by

R T
0
( �Ht b) dt for some appropriate T . Then we approximate this integral

by a �nite Riemann sum
PN

j=1
�HjT=Nb

T
N for an appropriate N . Then we approximate by sampling the

�Htb for su�ciently many values of t. To compute �Htb, we can use the approximate heat kernel pagerank
algorithm as in Section 5 . Here we provide the following de�nition for an �-approximate heat kernel
pagerank vector.

De�nition 1. Let S be a subset of vertices in a graph S. Let f : V ! R be a vector and let �t;f = fTHS;t

be the Dirichlet heat kernel pagerank vector over G according to f . Then we say that � 2 RS is an �-
approximate heat kernel pagerank vector if
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1. for every vertex v 2 V in the support of �, (1� �)�t;f [v]� � � �[v] � (1 + �)�t;f [v], and

2. for every vertex with �[v] = 0, it must be that �t;f [v] � �.

The de�nition here is similar to that in [6].

To compute the �-approximate heat kernel pagerank vectors requires O
�

log(1=�) log s
�3 log log(1=�)

�
time provided a

unit time allows a random walk step or a sampling from a given distribution (see Section 5). The algorithm
for estimating the Green's function involves taking the sum of r samples of an approximate Dirichlet
heat kernel pagerank vector �̂b(t) where t is chosen uniformly over the interval [0; T ], r = O(��2 log s)
and T = O(s3(log(1=�)). We use ApproxHK of Section 5 for computing �̂b(t) as a subroutine. Therefore

the total complexity for the approximate linear solver algorithm takes time O
�
(log s)2(log(1=�))2

�5 log log(1=�)

�
where

the solution is approximated to within a multiplicative factor of (1 + �).

Here we give the rather short description for computing an approximate solution x for Lx = b or
x = Gb, satisfying the boundary condition, for a given graph G, a vector b, a set S = V n supp(b) and
some � > 0 as the error bound.

Algorithm 1 GreensSolver(G; b; �)

initialize a 0-vector x of dimension s where s = jSj = jV n supp(b)j

b1  D
�1=2
S A�SD

�1=2
�S b

T  s3(log(1=�))
N  T=�
r  ��2(log s+ log(1=�))
for j = 1 to r do

xj  ApproxHK(G; b1; S; kT=N; �) where the integer k is chosen uniformly from [1; N ]
x x+ xj

end for

return x=r

We will prove the following:

Theorem 3. Let G be a graph and L be the Laplacian of G. For the linear system Lx = b, the solution
x is required to satisfy the boundary condition b, (i.e., x(v) = b(v) for v 2 supp(b)). Let S = V n supp(b)
and s = jSj. Suppose the induced subgraph on S is connected and supp(b) is non-empty. The approximate
solution x̂ as the output of the algorithm GreensSolver(G; b; �) satis�es the following:

1. The absolute error of x̂ is kx� x̂k � O
�
�(1 + kbk)� with probability at least 1� �.

2. The running time of GreensSolver is O
�
(log s)2(log(1=�))2

�5 log log(1=�)

�
with additional preprocessing time O(j@(S)j).

The term of O(j@(S)j) is from the computation of b1. We can also compute an approximate solution for
Lx = b satisfying the boundary condition. The algorithm is almost identical to Algorithm 1 except for
setting b1  A�Sb and using ApproxHKPR(G; b1; kT=N; �) instead.

4 Analysis of the Green Linear Solver Algorithm

A main tool in our analysis is the following matrix concentration inequality (see [12], also various varia-
tions in [1, 14, 29, 20, 35]).

Theorem 4. Let X1; X2; : : : ; Xm be independent random n� n Hermitian matrices. Moreover, assume
that kXi � E(Xi)k �M for all i, and put v2 = kPi var(Xi)k. Let X =

P
iXi. Then for any a > 0,

P(kX � E(X)k > a) � 2n exp

�
� a2

2v2 + 2Ma=3

�
:
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Theorem 5. Let G be a graph and L be the Laplacian of G. Let b denote a vector and for S = V nsupp(b),
suppose the induced subgraph on S is connected and supp(b) is non-empty. Then the solution to the linear

system Lx = b, satisfying the boundary condition, can be computed by sampling �Htb for r =
log s+log(1=�)

�2

values and the solution is within a multiplicative factor of 1 + � of the exact solution x = Gb with
probability at least 1� �.

Proof. By Lemma 1, the exact solution is x = Gb = R1
0

�Htb dt. First, we see that:

jj �Htjj = jj
X
i

e�t�iPijj

� e�t�1 � jj
X
i

Pijj

= e�t�1 (9)

where �i are Dirichlet eigenvalues for the induced subgraph S. So the error incurred by taking a de�nite
integral up to t = T is the di�erence

jj
Z 1

T

�Ht dtjj �
Z 1

T

e�t�1 dt =
1

�1
e�T�1 :

It is known that for a general graph on s vertices, s�3 � �1 � 1 (see [9], for example). With this, we
restrict the error to � by setting T = s3 log(1=�). Namely,

jjG �
Z T

0

�Ht dtjj � �

Next, we approximate the de�nite integral in [0; T ] by discretizing it. That is, we divide the interval
[0; T ] into N intervals of size T=N , and a �nite Riemann sum is close to the de�nite integral:

jj
Z T

0

�Ht dt�
NX
j=1

�HjT=N � T
N
jj � � jj

Z T

0

�Ht dtjj

for a given �, by choosing choose N = T=� = s3 log(1=�)=� so that T=N � �. Thus we have

jjG �
NX
j=1

�HjT=N � T
N
jj � 2�:

Let Xi be a random variable which takes on value T �HjT=N with each j 2 [1; N ] with probability

1=N . We consider X =
rP

j=1
Xj . Then we evaluate the expected value and variance of X as follows:

E(X) = rE(Xj) =
rT

N

NX
j=1

�HjT=N

Var(X) = rVar(Xj) =
rT

N

NX
j=1

�H2jT=N

Furthermore,

jjE(X)� rGjj � 2r�

jjVar(X)jj = rjjVar(Xj)jj � r

2
jjGjj:
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We can now apply Theorem 4. By using the above bounds for jjE(X)jj and jjVar(X)jj as well as the
bound for G in (6), we have

P
�jjX � E(X)jj � �jjE(X)jj� � 2se

�
�2jjE(X)jj2

2Var(X)+
2�jjE(X)jjM

3

� 2se�
�2r2jjE(Xj)jj

r+2�M=3

� 2se�
�2r2jjGjj

r+2�jjHtjj=3

� 2se�
�2r
2 : (10)

Therefore we have

P
�jjX � E(X)jj � �jjE(X)jj� � �

if we choose r � log s+log(1=�)
�2 . This completes the proof of Theorem 5.

Proof (Proof of Theorem 3). The accuracy of the linear solver algorithm GreensSolver(G; b; �) follows
from Theorem 5. For the running time, we rely on Theorem 6. The algorithm makes r calls to ApproxHK,
giving a total running time of

r �O
 

log(1=�) log s

�3 log log(1=�)

!
= O

� (log s)2(log(1=�))2
�5 log log(1=�)

�
;

as claimed.

5 Heat Kernel Pagerank Approximation Algorithm

We �rst focus on the algorithm ApproxHKPR for approximating a Dirichlet heat kernel pagerank vector
for a proper subset S of V in a graph G, using a preference vector f 2 RS . Here we impose an additional
condition that f is a probabilistic function and the induced subgraph on S is connected. The algorithm
outputs an �-approximate heat kernel pagerank vector which is denoted by �̂t;f . The running time of the

algorithm is O
�

log(1=�) log s
�3 log log(1=�)

�
.

The algorithm essentially works by taking a �nite sum of truncated random walks. The method and
complexity are quite similar to the ApproxRow pagerank algorithm given in [6]. Details of the proof and
analysis can be found in the full version of this paper.

Algorithm 2 ApproxHKPR(G; f; S; t; �)

initialize 0-vector � of dimension s, where s = jSj
r  16

�3
log s

K  log(1=�)
log log(1=�)

for r iterations do
choose a starting vertex v according to the distribution vector f
Start

simulate a PS = D�1
S AS random walk where k steps are taken with probability e�t t

k

k!
where k � K, let

u be the last vertex visited in the walk
�[u] �[u] + 1

End

end for

return 1=r � �

Theorem 6. Suppose S is a proper vertex subset in a graph G with s = jSj and the induced sub-
graph on S is connected. Let f be a preference vector, f : S ! R, t 2 R, and 0 < � < 1. Then,
ApproxHKPR(G; f; S; t; �) outputs an �-approximate heat kernel pagerank vector �̂t;f with probability at

least 1� o(1) and the running time of ApproxHKPR(G; f; S; t; �) is O
�

log(1=�) log s
�3 log log(1=�)

�
.
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Since �t;f = fTD
�1=2
S HtD

1=2
S , we modify the above algorithm to approximate �Htg for a vector g 2 RS .

Algorithm 3 ApproxHK(G; g; S; t; �)

initialize 0-vector y of dimension s, where s = jSj
g+  the positive portion of g
g
�

 the negative portion of g so that g = g+ � g
�

h1  kD
1=2g+k1 and h2  kD

1=2g
�

k1, where k � k indicates the L1-norm
r  16

�3
log s

K  log(1=�)
log log(1=�)

for r iterations do
choose a starting vertex v1 according to the distribution vector f+ = D1=2g+=h1
Start

simulate a PS = D�1
S AS random walk where k steps are taken with probability e�t t

k

k!
where k � K, let

u1 be the last vertex visited in the walk
y[u1] y[u1] + h1=

p
du1

End

choose a starting vertex v2 according to the distribution vector f
�

= D1=2g
�

=h2
Start

simulate a PS = D�1
S AS random walk where k steps are taken with probability e�t t

k

k!
where k � K, let

u2 be the last vertex visited in the walk
y[u2] y[u2]� h2=

p
du2

End

end for

return 1=r � y

The accuracy of the error estimate for the algorithm ApproxHK(G; b; S; t; �) follows immediately from
that of algorithm ApproxHKPR(G; f; S; t; �) and Theorem 6.

Theorem 7. Suppose S is a proper vertex subset in a graph G with s = jSj, and the induced sub-
graph on S is connected. Let g be a vector, g : S ! R, t 2 R, and 0 < � < 1. The algorithm
ApproxHK(G; g; S; t; �) outputs an �-approximate vector �Htg with probability at least 1� 2� and the run-

ning time of ApproxHK(G; g; S; t; �) is O
�

log(1=�) log s
�3 log log(1=�)

�
.

6 Applications

The contributions of this paper have numerous applications. We outline a few areas in which the graph
Laplacian arises in linear systems. For scenarios in which the associated networks can be very large, the
e�ciency of our linear solver is particularly useful.

E�ective resistance Consider a graph as a model of a network of electrical transistors. The vertices
correspond to points at which voltage potential is measured, and edges correspond to resistors with
weights equal to the inverse of resistance. The e�ective resistance between two vertices vi; vj is the
di�erence in potential of vi; vj required for one unit of current to ow from vi to vj . To measure e�ective
resistance, we require that the in-current of a vertex matches the out-current, with the exception of the
injection point and the charge removal point. If p 2 Rn is the vector of potentials and c 2 Rn is the
vector of currents, then these values satisfy the equation

c = Lp:

Then e�ective resistance is the di�erence of p(i) and p(j) in the solution vector p for the above equation
satis�ed by the currents

c(x) =

8><
>:
1 if x = xi

�1 if x = xj

0 otherwise:

In [8] this problem has been studied in the form of electric networks and ows.
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Maximum ow by interior point methods Maximum ow and minimum cost algorithms for network
ows can be solved with an iterative interior point algorithm. Each iteration requires solving a system
of linear equations, and this typically dominates the running time. In many applications it is observed
that these linear equations can be reduced to restricted Laplacian systems [15]. In one case, Frangioni
and Gentile [18] present Prim-based heuristics for generating a support-graph preconditioner for solving
linear systems. The linear program which iteratively uses solutions to linear systems may be improved
with our fast direct Laplacian linear solver.

Coupled oscillators Oscillation is the repetitive variation between states. When the behavior of one
oscillator a�ects that of others, we may reduce the degrees of freedom in variation by coupling these
oscillations in the model. These oscillators and the couplings can be described in a network. One question
is how the structure or topology of the network a�ects the synchronization of these oscillators. In [21],
it is shown that the Laplacian is closely related to synchronization properties of the oscillator network.

Consider a network of n oscillators symmetrically coupled, modeled as a simple, undirected graph.
Let xi be the oscillator state vector at vertex i. Say F (x) is a function which determines the uncoupled
oscillator dynamics of each vertex, andH(x) speci�es the coupling of the vector �elds. Then the equations
of motion for the oscillator state vector xi at each vertex i are linearly described by:

dxi
dt

= F (xi)� �

nX
j=1

LijH(xj);

where � is the coupling strength. Solutions to the above equation are said to be synchronized if xi(t) =
xj(t) for all vertices i and j in the network.

Consensus of multi-agent networks In a network of dynamic agents which have a communication topology
represented by a weighted graph, a group consensus value can be modeled by a di�erential equation in
the graph Laplacian (see [28], [27]). If each vertex in a graph represents an agent and x is a vector of
decision values over the agents, then the value x(i) � x(j) measures the level of disagreement among
agents i and j. The goal of consensus is to minimize disagreement among agents, which is achieved by
minimizing the quadratic form. If the network of integrator agents applies the distributed linear protocol
given by

ui =
X
j2Ni

(xj � xi)

with each agent governed by dynamics _xi = ui, then the evolution of the dynamic system is the solution
to the di�erential equation

_x = �Lx:
Further, the rate of convergence is given in terms of the second eigenvalue of L.
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