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Abstract—This paper addresses the problem of traffic grooming
in wavelength-division multiplexing (WDM) rings where connec-
tion requests arrive online. Each request specifies a pair of nodes
that wish to communicate and also the desired bandwidth of this
connection. If the request is to be satisfied, it must be allocated to
one or more wavelengths with sufficient remaining capacity. We
consider three distinct profit models specifying the profit associ-
ated with satisfying a connection request. We give results on offline
and online algorithms for each of the three profit models. We use
the paradigm of competitive analysis to theoretically analyze the
quality of our online algorithms. Finally, experimental results are
given to provide insight into the performance of these algorithms
in practice.

Index Terms—Competitive analysis, online algorithms, optical
networks, wavelength-division multiplexing (WDM) rings.

I. INTRODUCTION

WAVELENGTH-DIVISION multiplexing (WDM) parti-
tions the capacity of an optical fiber into separate chan-

nels that may be transmitted simultaneously over distinct wave-
lengths. However, traffic demands are frequently much smaller
than the capacity of even a single wavelength. In order to maxi-
mize utilization of the network, a large number of traffic streams
can be multiplexed or “groomed” onto a smaller number of
wavelengths.

Rings are among the most widely deployed and studied
WDM network topologies. We consider rings in which each
node has some number of add–drop multiplexers (ADMs),
each tuned to a particular wavelength. A node with an ADM
for a particular wavelength can initiate (“add”) traffic onto that
wavelength and can receive (“drop”) traffic on that wavelength.
Nodes that do not contain an ADM for a given wavelength can
allow traffic on that wavelength to pass through but can neither
send nor receive traffic on that wavelength.

Substantial work has been reported on traffic grooming for
WDM rings for traffic patterns that are known in advance [1],
[2]–[4]. The traffic pattern may be static, and described by a
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single traffic matrix, or dynamic, and described by a sequence
of traffic matrices. Typically, the objective is to minimize
the number of ADMs or other equipment costs. These traffic
grooming problems are generally NP-complete [1], [5] and are
often solved optimally by integer linear programming (albeit in
worst-case exponential time) or sub-optimally by heuristics.

Recently, several authors have considered online traffic
grooming problems, in which requests must be groomed as
they arrive [3], [6]–[8]. These studies propose online grooming
heuristics with the objective of minimizing blocking probability
and related measures. The heuristics are generally evaluated
empirically using simulation studies.

In this paper, we study a family of online traffic grooming
problems in WDM rings via competitive analysis. Competi-
tive analysis provides a theoretical guarantee on the worst-case
quality of solutions found by an online algorithm. To the best of
our knowledge, this paper presents the first competitive analyses
of online algorithms for traffic grooming problems.

A request comprises a pair of nodes, , and an integral
demand, , for bandwidth. A full-duplex connection between
nodes and must be established. Thus, the bandwidth allo-
cated for a connection from to has equal bandwidth allocated
from to . We assume that this full-duplex connection uses the
same wavelength resources along the entirety of the ring. This
situation applies both to unidirectional rings as well as to bidi-
rectional rings employing dedicated path protection [9]. In the
latter case, the connection from to comprises a primary path
from to and a second backup path in the opposite direction.
Similarly, the connection from to comprises a pair of paths in
opposite directions. Since this full-duplex connection typically
uses the same wavelength resources in both directions [9], the
problem can be reduced to that of consuming the full resources
in a unidirectional ring. Therefore, without loss of generality,
we henceforth restrict our attention to unidirectional rings.

We consider three profit models. In the partial demand–profit
model, we receive profit equal to the bandwidth provided to the
request, which may be less than or equal to the actual demand of
the request. In the AON demand–profit model we receive profit
equal to the demand if the entire demand of the request is satis-
fied and otherwise receive no profit for the request. In the AON
unit-profit model we receive a single unit of profit if the entire
demand can be satisfied and otherwise receive no profit for the
request.

For each of the three profit models we first examine the com-
plexity of the offline problem and then investigate the online
problem. For the partial demand–profit model we show that the
offline problem can be solved optimally in polynomial time.
For the online version of the problem we give an algorithm and
its competitive analysis. For the AON demand–profit and unit-
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profit models we show that the offline versions are NP-complete
and give bounds on competitive analyses for the online versions.

Competitive analysis has been applied to some wavelength
and routing problems in WDM networks without traffic
grooming. For example, Bartal and Leonardi [10] and Awer-
buch et al. [11] examine the problem of online routing and
wavelength assignment with the objective of minimizing the
number of wavelengths used under the assumption that each
request requires an entire wavelength. Law and Siu [12] study
online routing and wavelength assignment for single-hub rings
in which all traffic emanates from a single node in the ring.
Tuchscherer [13] examines online call-admission problems
for optical networks. Li, Qiao, and Xu [14] use competitive
analysis to analyze a number of scheduling algorithms for
optical burst switching networks. In earlier related work moti-
vated by ATM networks, Awerbuch et al. [15], [16] examine
online routing for requests with variable bandwidth demands
and variable durations in both arbitrary topologies and trees.
These problems differ from WDM problems in that they do not
involve wavelengths.

The remainder of this paper is organized as follows: In Sec-
tion II we give precise formulations of the problems under study.
In Sections III–V we give results on offline and online algo-
rithms for the three profit models under consideration. In Sec-
tion VI we present experimental results, and we conclude in Sec-
tion VII.

II. PRELIMINARIES AND PROBLEM FORMULATIONS

In this section, we formally describe the problems studied in
this paper. Consider a unidirectional ring with some number of
nodes. For simplicity of exposition, we assume that each link
between adjacent nodes comprises a single fiber with a speci-
fied number of wavelengths, although our results immediately
generalize to the case of multiple fibers. Each node has some
number of ADMs, with each ADM tuned to a specific wave-
length. Each wavelength has some maximum capacity , but
we assume that some wavelengths may have preexisting traffic
and thus the wavelengths can have different amounts of avail-
able capacity.

A request sequence, denoted , is an ordered
set of full-duplex connection requests, each comprising a pair of
nodes and an integer demand for bandwidth. A request

requires a connection from to and from to . Since
the ring is unidirectional, this request is satisfied by selecting
some set of wavelengths and allocating a total of bandwidth
(or less, depending on the profit model as described below) on
these wavelengths around the entire ring. A wavelength can be
only used by connection if both nodes and have an
ADM tuned to that wavelength. We assume that the durations
of the requests are effectively infinitely long. A more realistic
model could include finite durations for each request, but this
problem is clearly very difficult even in the case that there is
only one wavelength [15], [16]. We believe that this is an in-
teresting and challenging direction for future research. Finally,
we assume that bifurcation of traffic is permitted: the bandwidth
demand of a request may be split over multiple wavelengths [5].

We consider three distinct profit models. In the partial de-
mand–profit model, the full demand of a request need not be
satisfied. If a request is for demand , then any integral portion

of this demand , where , may be satisfied with a
resulting profit of . In the all-or-nothing (AON) demand–profit
model, a request with demand results in profit if the entirety
of the request is satisfied and profit 0 otherwise. In the AON
unit-profit model, a request with demand results in profit 1 if
the entirety of the request is satisfied and profit 0 otherwise.

For each profit model, we begin by studying the computa-
tional complexity of the offline problem, in which the entire re-
quest sequence is known a priori. We then consider the online
problem, in which the requests arrive one-by-one. In the online
case, when a request arrives we must decide whether or not to
satisfy it. If we choose to satisfy the request, we must allocate
bandwidth for it on one or more wavelengths. Once established,
connections cannot be revoked or altered.

We now formally define the notion of competitiveness of on-
line algorithms [17]. Consider a given profit model and an on-
line algorithm ALG. Let denote the maximum pos-
sible profit that can be obtained by an offline algorithm for re-
quest sequence and let be the profit obtained by
ALG. Algorithm ALG is said to be -competitive if

for every finite request sequence . The competi-
tive ratio of ALG is defined to be the largest value of for which
ALG is -competitive.

We distinguish between two types of online algorithms for
the problems under consideration. An online algorithm is said
to be fair if it always satisfies a request when wavelength ca-
pacity exists for the request. In the partial demand–profit model,
this means that available bandwidth cannot be withheld from a
request. In the AON models, this means that if the entirety of a
request’s demand is available it must be allocated to the request.
Thus, a fair online algorithm does not decide which requests to
satisfy but rather how to satisfy the given requests. In contrast,
an online algorithm is said to be unfair if it may decide to with-
hold resources from a request even if they are available.

Since the set of fair online algorithms is a subset of the set
of unfair online algorithms, an unfair algorithm may achieve a
better competitive ratio than a fair algorithm1. However, for the
partial demand–profit model we show that any unfair algorithm
has a corresponding fair algorithm that satisfies at least as much
demand. For the two AON profit models, unfair algorithms may
achieve more profit than unfair algorithms. However, as proved
in [13], unfair algorithms for AON profit models cannot achieve
“good” competitive ratios.

We now formalize our problems using bipartite graphs and
a generalized definition of matchings in such graphs. Let

be a bipartite graph where the vertices in represent
the requests and the vertices in represent the wavelengths.
An edge represents the fact that request can use wave-
length because the nodes involved in request have ADMs for
wavelength . Thus, wavelength can be used to satisfy some
or all of the traffic demand of this request. Recall that since the
connection is full-duplex and the ring is unidirectional, any al-
location of bandwidth for request on wavelength is made
around the entire ring. Let denote the set of positive integers
and let denote the set of nonnegative integers. The function
demand: associates a bandwidth demand with each

1We note that there is no notion of fairness or unfairness for offline algorithms.
An offline algorithm is presented with all of the requests a priori and may choose
to satisfy only a subset of the requests.
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request. The function associates a band-
width capacity with each wavelength. An instance of a dynamic
grooming problem is a triplet , demand, ca-
pacity).

Next, we define a generalized matching as an assignment of
demand from requests to wavelengths such that each request
receives bandwidth not exceeding its demand and each wave-
length is assigned bandwidth not exceeding its capacity:

Definition 1: A generalized matching for ,
demand, capacity) is a function such that

An AON generalized matching is one in which every request
has either all or none of its demand satisfied:

Definition 2: An all-or-nothing (AON) generalized
matching for , demand, capacity) is
a generalized matching with the additional constraint:

is equal to either demand or
.

Finally, we formalize the offline problems under study in this
paper using generalized matchings. Each offline problem has a
corresponding online problem.

Partial Demand–Profit Problem:
Given , demand, capacity) find a gener-
alized matching maximizing .
AON Demand–Profit Problem:
Given , demand, capacity) find an AON
generalized matching maximizing .
AON Unit-Profit Problem:
Given , demand, capacity) find an AON
generalized matching maximizing
where satisfied: is defined by

if
otherwise

III. PARTIAL DEMAND–PROFIT

In this section, we examine the partial demand–profit
problem. We show that the offline problem can be solved in
polynomial time and then give an online algorithm and its
competitive analysis.

A. Offline Problem

We begin by showing that the offline partial demand–profit
problem can be solved by an efficient algorithm.

Theorem 1: The offline partial demand–profit problem can
be solved in polynomial time.

Proof: The problem is reduced to network flow. Given
, demand, capacity) we construct a cor-

responding network flow problem as follows: We introduce a
source vertex and a sink vertex . An edge with flow
capacity demand is introduced for each and edge

with flow capacity capacity is introduced for each
. The edges in are each given capacity . It is easily

seen that a maximum flow in the constructed network gives a

generalized matching that maximizes . The
problem can now be solved in polynomial time by any of a
number of network flow algorithms [18].

B. Online Problem

Recall that in the online version of the partial demand–profit
problem, requests are received one at a time, and the algorithm
must commit to an assignment of demand to capacity as each
request arrives. A fair online algorithm for this problem is one
that will satisfy as much demand of a request as the available
capacity permits. In general, an unfair online algorithm may
generate more profit than a fair algorithm and thus achieve a
better competitive ratio. However, the following lemma states
that in the partial demand–profit model, for every unfair algo-
rithm there exists a fair algorithm whose competitive ratio is at
least as large. Therefore, without loss of generality, we restrict
our attention to fair online algorithms for this model.

Lemma 2: Let be an unfair online algorithm for the partial
demand–profit problem. There exists a fair algorithm whose
competitive ratio is at least as large as that of .

Proof: We construct a fair algorithm from an unfair algo-
rithm iteratively as follows: We begin by constructing an al-
gorithm that behaves identically to unless chooses to
satisfy less demand than possible for a particular request. Let
denote the first such request, let denote a wavelength on which
some demand of request could have been satisfied but

chose not to satisfy this demand. Then augments this solu-
tion by satisfying demand of request on wavelength . Af-
terwards, behaves identically to . If uses some residual
capacity of wavelength for subsequent requests, then emu-
lates this but may fail to satisfy as much as of this demand due
to the allocation of capacity given to the earlier request . How-
ever, has already obtained more profit than for request
and loses at most profit for future requests allocated by to
wavelength . Thus, is at least as profitable as . Repeating
this process ensures that satisfies as much of the demand of
each request as possible and is thus fair. Moreover, since each
transformation of the algorithm does not decrease the profit, the
resulting fair algorithm is at least as profitable as .

It is interesting to note that an analogous result does not apply
for the AON models. In the proof of Lemma 2, we exploited a
key property of the partial demand–profit model: Any portion
of a satisfied request contributes that amount to the total profit.
In the AON models this property does not hold. Indeed, it is
straightforward to construct cases where unfair algorithms out-
perform fair algorithms in the AON models.

In the remainder of this section, we represent a request of de-
mand as consecutive requests of unit demand2. In the event
that all wavelengths have the same capacity, , the problem re-
duces to the so-called -matching problem studied by Kalyana-
sundaram and Pruhs [19]. An algorithm called BALANCE is pro-
posed in [19] that simply assigns each unit of demand to the
available wavelength with the most unused capacity, breaking
ties arbitrarily. BALANCE is shown to achieve a competitive ratio
of , which approaches as

2This assumption is valid since competitive analysis is defined with respect
to the worst-case request sequence. Since traffic bifurcation is permitted in our
model, it is easily verified that d consecutive identical unit demand requests are
at least as “bad” for an online algorithm as a single request of demand d.
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approaches infinity. It is also shown that no deterministic online
algorithm can have a competitive ratio better than [19].

Because wavelengths may have preexisting traffic, this paper
is concerned with the case of heterogeneous capacity, in which
the wavelengths can have different amounts of usable capacity.
Mehta et al. [20] and Buchbinder et al. [21] study a general-
ized version of the heterogeneous matching problem in the con-
text of the Google AdWords market. They provide elegant deter-
ministic and randomized online algorithms but their methods of
analysis rely on the capacities being effectively infinite. There-
fore, those results are not applicable to the model under consid-
eration in this paper, where wavelengths are assumed to have
finite capacities.

In this section, we prove an upper bound on the competitive
ratio of any deterministic online algorithm and provide an online
algorithm with competitive analysis that generalizes BALANCE

in the heterogeneous case.
We begin with some notation that will be used throughout

this section. Let be a set of distinct integers, where
, representing the distinct initial capaci-

ties of the wavelengths, so that each wavelength has a capacity
selected from this set. We define the capacity fraction of
to be the fraction of the total capacity in the network that is
contained in wavelengths of capacity . We denote this frac-
tion by . More precisely, if there are wavelengths with ca-
pacity , then . We define the ca-

pacity-weighted average to be . Since compet-
itive analysis examines the worst-case behavior of the online
algorithm with respect to an optimal offline algorithm, we as-
sume that in every request sequence, the optimal offline algo-
rithm can satisfy every request and that the total demand of all
of the requests is equal to the total capacity in the network. The
following theorem states that no deterministic online algorithm
can have a competitive ratio better than the capacity-weighted
average.

Theorem 3: For a given set of initial wavelength capacities
with capacity fractions the competi-

tive ratio of any online algorithm cannot exceed the capacity-
weighted average.

Proof: We construct an adversary that forces any determin-
istic online algorithm to have competitive ratio no better than the
capacity-weighted average. The adversary that we construct for
the heterogeneous case relies on the adversary in [19] for the
homogeneous case.

By definition, each can be expressed as where is an
integer multiple of and . Let

. For each , we construct a set of wavelengths
of capacity . Let denote . Note that is an integer since

is, by definition an integer multiple of . Note also that the
capacity fraction of under this construction is

and therefore the construction is consistent with the given set of
capacity fractions.

The total capacity of all wavelengths is and we now con-
struct a request sequence of requests of unit demand. The re-
quest sequence is partitioned into groups with sizes

. Group makes requests only to wavelengths with ca-
pacity . The requests in group are further subdivided into

identical blocks of size . Each block uses
the adversarial construction in [19] which permits an optimal
offline algorithm to satisfy all of the requests in the block but
forces any deterministic online algorithm to satisfy a fraction of
at most of the requests for each block.

Therefore, the competitive ratio of any algorithm is at most

We now give an online algorithm and its competitive analysis
for the heterogeneous case that generalizes the bounds known
for BALANCE. The competitive ratio that we give here is not
as good as the capacity-weighted average bound established in
Theorem 3. It remains open whether there exists an algorithm
whose competitive ratio is equal to the capacity weighted-av-
erage.

There are several ways to generalize BALANCE. We ex-
plore two versions in this paper: BALANCE-LU, which assigns
requests to the wavelength with the least used capacity and
BALANCE-MR, which assigns requests to the wavelength with
the most remaining capacity. Note that in the homogeneous
case, in which all wavelengths have the same capacity, these
two algorithms are the same as BALANCE. However, in the
heterogeneous case, these algorithms are different. Both al-
gorithms break ties arbitrarily, although we explore some
tie-breaking heuristics in Section 6.

In the Appendix, we prove competitive ratios for both
BALANCE-LU and BALANCE-MR. We summarize these results
in Theorem 4.

Theorem 4: Let the set of wavelength capacities be
with capacity fractions . Define

. For , let and let .
Then the competitive ratio of BALANCE-LU is at least

(1)

and the competitive ratio of BALANCE-MR is at least

(2)

Proof: See Appendix.
It can be easily verified that for the extreme case that all

wavelengths have capacity , that is
, (1) reduces to , which matches the result

of [19] for a homogenous set of wavelengths with capacity .
Similarly, for , (2) reduces to

, which matches the result of [19] for a homogenous

set of wavelengths with capacity . Thus, both (1) and (2)
generalize the result of [19].
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Fig. 1. Competitive ratios for BALANCE-LU and BALANCE-MR when b = 4

and b = 8 as a function of q .

As a concrete example, Fig. 1 plots the competitive ratios that
Theorem 4 provides for and as a function of .
It also plots the capacity-weighted average as a function of ,
which by Theorem 3 is an upper bound on how good an online
algorithm can be. The plot looks qualitatively similar for any
two values of and .

From Fig. 1 it is apparent that for small values of , our
lower bound on the competitive ratio of BALANCE-LU is higher,
and for large values of , our lower bound on the competi-
tive ratio of BALANCE-MR is higher. This suggests algorithm
BALANCE-HYBRID, which takes advantage of the fact that in our
application the values of the are known a priori. BALANCE-
HYBRID uses (1) and (2) to obtain lower bounds on the com-
petitive ratios for each algorithm for a particular vector of
values. BALANCE-HYBRID then proceeds as either BALANCE-LU
or BALANCE-MR, depending on which gives the higher com-
petitive ratio. In Fig. 1, the performance of BALANCE-HYBRID

is the upper envelope of the performance of BALANCE-LU and
BALANCE-MR.

Note that in Fig. 1, there are points on the curves for both
BALANCE-LU and BALANCE-MR in which the competitive ratio
is below what it would be if the wavelengths had only capacity

or only capacity . Although (1) and (2) are not known to
be tight for all capacity fractions , it is easily verified that for
both BALANCE-LU and BALANCE-MR there exist instances of
the problem for a given in which the performance of the
online algorithm is indeed lower than the minimum of
and .

Because the analysis of Theorem 4 is not known to be
tight (except at the endpoints), an interesting direction for
future research is to try to improve the bounds of Theorem 4
or prove tightness. It would also be interesting to investigate
other algorithms to see if competitive ratios closer to the
capacity-weighted average can be obtained. We conjecture
that better algorithms than BALANCE-LU and BALANCE-MR
exist, but finding such an algorithm is a challenging open
problem. Theorem 4 provides an algorithm, BALANCE-HYBRID,
with the best known performance guarantees for the partial
demand–profit model.

IV. AON DEMAND–PROFIT

Recall that in the AON demand–profit model, a connection
must have either all or none of its demand satisfied and a satis-
fied request provides a profit equal to its demand. In this section,
we first prove that the offline version of this problem is NP-com-
plete. We then provide lower bounds on the competitive ratio of
any fair online algorithm.

A. The Offline Problem

To show NP-completeness, we first state the decision
version of the AON demand–profit problem. The AON
DEMAND–PROFIT DECISION PROBLEM (AONDP) is defined as
follows: Given , demand, capacity) and an
integer , determine if there exists an AON generalized
matching such that . We reduce
from SUBSET SUM, which is defined as follows: Given a finite
set , size for each , and
a positive integer , determine if there exists a subset
such that . The SUBSET SUM problem is
known to be NP-complete [22].

Theorem 5: AONDP is NP-complete.
Proof: Clearly AONDP is in the class NP since a certifi-

cate consisting of an AON generalized matching can be easily
verified in polynomial time. We show that AONDP is NP-hard
by a reduction from SUBSET SUM.

Consider an instance of SUBSET SUM defined by
. We construct an instance

of AONDP in which , there is only one
wavelength, denoted , and . For each

, demand . Finally, we let capacity
and let . Clearly, this reduction can be performed in time
polynomial in the size of the SUBSET SUM problem instance.

We now show that the answer to the given instance
of SUBSET SUM is “yes” if and only if the answer to
the constructed instance of AONDP is “yes.” Suppose
that the answer to the given instance of SUBSET SUM is
“yes.” Then an AON generalized matching can be con-
structed such that if
and otherwise. The profit is equal to

, and thus
the answer to the constructed instance of AONDP is also “yes.”

Conversely, suppose that the answer to the constructed
instance of AONDP is “yes.” Then

. By the definition of a generalized matching,
. Therefore,

. Because is an AON general-
ized matching, either
or . Let be the set of requests such that

and let . Then
, and the answer to

SUBSET SUM is also “yes.”

B. Online Problem

We now establish a lower bound on the competitiveness of
any fair online algorithm, under the assumption that the max-
imum request demand is less than or equal to the initial min-
imum wavelength capacity. Although this assumption reduces
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the generality of the result, in practice the wavelength capac-
ities are frequently much larger than the request demands, in
some cases by two or more orders of magnitude [23]. Thus, the
residual capacity prior to the invocation of the online algorithm
will in many cases satisfy this assumption.

Theorem 6: Given , demand, capacity), let
,

and . If , then the
competitive ratio of any fair online algorithm is at least

Proof: Let be the set of requests satisfied in
some optimal offline solution and let be an optimal AON
matching for all requests in . Let be the set of requests
satisfied by a fair online algorithm and let be the AON
matching for all requests in obtained by the fair online
algorithm. If is a subset of the requests, define ,
the neighborhood of , to be the set of vertices in adjacent
to vertices in . Define to be the total bandwidth
assigned to wavelength by the fair online algorithm. That is,

. Let
be the profit obtained by and
be the profit obtained by . Note that .

Consider the set of requests and its neighborhood
. For each wavelength , we must

have that . If this were not true, at
most bandwidth was assigned to by the online
algorithm. Since every request has demand at most and
has capacity at least , a request in could have been
satisfied by the online algorithm, contradicting the assumption
that the algorithm is fair. Therefore

(3)

Because the optimal solution assigns each request in to
wavelengths in ,

(4)

Combining (3) and (4) yields

Since , we rewrite
as and thus

which implies our competitive ratio bound:

V. AON UNIT-PROFIT

Recall that in the AON unit-profit model, a connection must
have either all or none of its demand satisfied and a satisfied

request provides a profit of 1. In this section, we prove that the
offline version of this problem is NP-complete and give nearly
tight bounds on the performance of any fair online algorithm.

A. Offline Problem

To show NP-completeness, we first state the decision ver-
sion of the AON unit-profit problem. The AON UNIT-PROFIT

DECISION PROBLEM (AONUP) is defined as follows: Given
, demand, capacity) and an integer

determine if there exists an AON generalized matching such
that , where is
defined by

if
otherwise

We reduce from 3SAT [22], which is defined as follows:
Given a set of boolean variables and a set of clauses where
each clause is the disjunction of exactly three literals over
the variables in , determine if there exists a valuation of the
variables such that each clause is satisfied.

Theorem 7: AONUP is NP-complete.
Proof: Clearly AONUP is in the class NP since a certificate

consisting of an AON generalized matching can be easily veri-
fied in polynomial time. We show that AONUP is NP-hard by a
reduction from 3SAT. For a given instance of 3SAT, let and
denote the sets of variables and clauses, respectively. For a lit-
eral over , let denote the number of occur-
rences of the negation of in the 3SAT instance. We construct an
instance of AONUP as follows: For each clause , we intro-
duce a corresponding wavelength in with .
For each literal , we introduce a corresponding
request with .
In addition, we introduce edges .
We refer to these three requests, three edges, and wavelength
as the “clause gadget” for . Next, for every pair of requests

corresponding to complementary literals, we intro-
duce a new wavelength with and introduce
edges . Finally, we let . Clearly,
this reduction takes time polynomial in the size of the 3SAT in-
stance.

Now we show that the answer to the constructed instance of
AONUP is “yes” if and only if the given instance of 3SAT is sat-
isfiable. Suppose that we are given a satisfying assignment for
the 3SAT is instance. For each clause , we select a true literal

. The corresponding request in the clause
gadget for has and is in-
cident upon wavelength with capacity 1 and
additional wavelengths with capacity 1. We construct an AON
generalized matching using all of these edges and thus sat-
isfying request . Since the satisfying assignment for the
3SAT instance does not assign a variable and its negation the
same value, no two selected requests in this AON generalized
matching share a wavelength and thus requests are
satisfied.

Conversely, assume we have an AON generalized matching
that satisfies requests. By construction, a request

corresponding to literal , in clause has
and is adjacent to exactly

wavelengths with capacity 1. Moreover,
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two requests in the same clause gadget share a common wave-
length. Therefore, at most one request per clause gadget can
be satisfied. The AON generalized matching must, therefore,
satisfy exactly one request from each clause and cannot satisfy
any two requests corresponding to complementary literals since
such requests are also adjacent to a common wavelength. Thus,
this matching corresponds to a valuation satisfying the 3SAT
instance.

B. Online Problem

In this section, we provide upper and lower bounds on the
competitive ratios of any fair online algorithm for the AON unit-
profit problem. The assumption required for Theorem 6, namely
that the maximum demand of all requests is less than or equal
to the minimum initial capacity of all wavelengths, is no longer
required here.

Theorem 8: Let . Every fair on-
line algorithm for the AON unit-profit problem achieves a com-
petitive ratio of . Moreover, no fair online algorithm can
achieve a competitive ratio better than .

Proof: First, we give an adversarial argument to show
that no fair online algorithm may guarantee a competitive ratio
greater than . The adversary creates a single wavelength
of capacity where is some positive integer. The adver-
sary first makes requests, each with demand followed
by requests with demand 1. Any fair online algorithm
must satisfy the first requests at which point the wavelength is
saturated and none of the subsequent requests can be satisfied,
resulting in a profit of . An optimal offline algorithm would
not satisfy any of the first requests and would then satisfy the
remaining requests for a profit of . This establishes
an upper bound of for the competitive ratio of any fair
online algorithm.

Next, we establish the lower bound on the competitive ratio of
any online algorithm as follows: Let be the set of requests sat-
isfied by an arbitrary fair online algorithm and let denote the
corresponding AON matching. Let be the set of requests sat-
isfied in some optimal solution and let be a corresponding
AON matching. We now describe a procedure to transform
to , and bound how many new requests are satisfied after
the procedure. First, all requests in are removed and the
generalized matching is updated by increasing the residual
capacity of the wavelengths by the demands of these requests.
Let denote the set of wavelengths used by the re-
quests in a set and let denote the total demand of these
requests, which is also the total increase in the residual capacity
upon the removal of these requests.

Next, for each request in and such
that , we increase the value of generalized matching

to the largest value less than or equal to
that does not violate the capacity constraint on wavelength .
Let denote this matching. Since the online algorithm was
unable to satisfy the requests in , any request in
that is now satisfied must use at least one unit of the capacity
introduced in the previous step. Therefore, this step increases
the profit by at most .

We now transform into by re-matching the requests
in to be identical to and, finally, making any changes
to the matching for the requests in to result in matching

. The number of requests in that were previously
unsatisfied but became satisfied in this step cannot exceed

since only the requests in were rematched and
each such request uses capacity at most . Therefore, the
competitive ratio is

VI. EXPERIMENTAL RESULTS

In this section, we describe experimental results for all
three models. For the partial demand–profit model, we imple-
mented both the BALANCE-MR and the BALANCE-LU online
algorithms. (Although our BALANCE-HYBRID algorithm uses
both of these algorithms, we examined BALANCE-MR and
BALANCE-LU individually in the experiments.)

In our first set of experiments, wavelengths had capacities
selected at random uniformly between 4 and 8. In the second set
of experiments, wavelengths had capacities ranging uniformly
between 4 and 32. The total capacity of all wavelengths was set
to be as close too 1000 as possible.

After the wavelengths and their capacities were established,
requests were generated using the following technique: Each
generated request had demand uniformly selected between 1
and 4. Each time a request of demand was created, unused
units of capacity in the wavelengths were chosen randomly, and
edges were created from the request to each of the wavelengths
containing these units of capacity. The units of capacity were
then marked as used. Requests were generated until the total
demand was at least as large as the total capacity, at which point
the demand of the last request was set so that the total demand
was exactly equal to the total capacity. In this way, the optimal
solution to the problem instance was known by construction.

At this point, each problem instance had requests with a total
demand equal to the total capacity of the wavelengths and a set
of edges that ensured a solution that satisfied the total demand.
Now, for each request and wavelength that did not already have
an edge between them, we added an edge with probability given
by a parameter , which we varied form 0.01 to 1. Finally, the re-
quests were permuted at random to construct a request sequence
for the online algorithm. Note that as goes to 1, there is an
edge between every request and every wavelength, making the
problem trivially solvable by greedy assignment. Thus, any fair
algorithm is optimal for . The problems instances are ev-
idently more difficult when is relatively small.

For each problem instance, we computed the profit found by
each candidate algorithm and divided this by the optimal profit.
We then computed the average of these ratios over 1000 random
problem instances.

Fig. 2(a) shows the results for the partial demand–profit
model. The top graph shows the average ratio obtained for
the case that wavelength capacities ranged from 4 to 8 and
the bottom graph shows the averages when the wavelength
capacities ranged from 4 to 32. The averages are plotted as a
function of the value of the extra edge probability parameter

. Note that BALANCE-LU does not stipulate how ties should
be broken when there are two possible wavelengths that tie
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Fig. 2. Ratios for algorithms for three profit models: (a) partial demand–profit model, (b) AON demand profit model, (c) AON unit profit model. The top row is
for the case of wavelength capacities selected at uniform between 4 and 8. The bottom row is for wavelength capacities between 4 and 32.

for the least capacity used but have different total capacities.
The BALANCE-LU algorithm breaks such ties arbitrarily. By
introducing a heuristic tie-breaking rule, it may be possible to
obtain better results. For this reason, we implemented a variant
of BALANCE-LU which breaks ties by choosing a wavelength
with the most capacity remaining. Similarly, we implemented
a variant of BALANCE-MR which breaks ties by choosing a
wavelength with the least capacity used.

Our algorithms were also compared to a simple fair random-
ized algorithm, RANDOM, similar to one analyzed by Karp et
al. [24]. RANDOM considers each unit of demand separately.
For each unit, it chooses a random wavelength from the set of
adjacent wavelengths that have at least one unit of available ca-
pacity and then assigns the unit to . It does this until either the
entire request is matched, or there are no adjacent wavelengths
with available capacity.

Next, we experimented with fair online algorithms for the
AON demand–profit [Fig. 2(b)] and unit-profit [Fig. 2(c)]
models, generating request sequences in a similar fashion
to that described above for the partial demand–profit model.
We implemented algorithms similar to BALANCE-MR and
BALANCE-LU. The “most remaining” policy works as follows:
When a request of demand arrives, the demand is partitioned
into unit pieces. Each unit is assigned to the available wave-
length with most capacity remaining. This process is repeated
until the entire request is satisfied or it is determined that there

does not exist enough capacity to satisfy the request, in which
case the demand for this request is retracted and the request
is not satisfied. The “least used” policy is analogous. Both
of these policies are fair and thus their competitive ratios are
governed by the analyses in Sections IV and V.

It is notable that the “most remaining” policy breaking ties
with “least used” was generally the best algorithm in all three
profit models. These results also show that the actual ratios ob-
tained by the algorithms under study generally perform much
better than the worst-case bounds obtained by competitive anal-
ysis. This phenomena has been widely observed for many online
problems [17]. The competitive analysis is important in estab-
lishing theoretical guarantees and algorithms that satisfy these
guarantees often behave much better in practice.

VII. CONCLUSION

In this paper, we have studied an online dynamic traffic
grooming problem in unidirectional WDM rings. We have
considered three distinct profit models. For the partial de-
mand–profit model, we proposed the BALANCE-HYBRID

algorithm and provided a competitive analysis. For the two
AON models, we gave bounds on the competitive ratios of fair
algorithms. We have also evaluated a number of algorithms
experimentally and demonstrated that their performance is
generally much better than the worst-case analysis provided by
our theoretical competitive analyses.
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There are numerous interesting problems for future research.
First, we conjecture that there exists an online algorithm for
the partial demand–profit model with a better competitive ratio
than BALANCE-HYBRID. We believe that some of the techniques
used in the competitive analysis of BALANCE-HYBRID are quite
general and may be useful in deriving a more competitive al-
gorithm. In this study we have assumed that all requests have
effectively infinite duration. Extending these results to apply to
connection requests of finite duration is an important problem.
We have presented two different AON profit models. It is pos-
sible that a single general AON model could contain both of
these models as special cases and that results could be obtained
for this model. Finally, extending this work to the case of bidi-
rectional rings without path protection, and more generally to
arbitrary topologies, is an interesting and challenging area for
future work.

APPENDIX

PROOFS

In this appendix, we prove the competitive ratio bounds of
Theorem 4. We use slightly different terminology in the Ap-
pendix to be consistent with previous work on BALANCE [19],
[20]. We describe each wavelength as a server site comprised
of a number of servers, which correspond to units of capacity
in our original formulation. Furthermore, we define an -server
site to be a server site (wavelength) having servers (units of
capacity).

We restate the theorem here as two lemmas, one stating the
competitive ratio bound for BALANCE-LU and the other stating
the competitive ratio bound for BALANCE-MR. Suppose that the
sizes of the server sites (corresponding to the capacities of the
wavelengths) are chosen from , where

. For , let be the fraction of servers at server
sites with capacity . Define . Finally, for , let

, and let .
Lemma 9: The competitive ratio of BALANCE-LU is at least

Lemma 10: The competitive ratio of BALANCE-MR is at least

Least Used: To prove Lemma 9, we define the following the
notation. For and , let be the set
of requests assigned by BALANCE-LU to the th used server of
a -server site. Note that by definition for . Let

be the set of -server sites with at least servers used by
BALANCE-LU when the algorithm is complete. Again,
for . Let and . Define

to be the set of requests satisfied by the optimal offline

algorithm but not by BALANCE-LU. Finally, for ,
let . Since we assume that an optimal solution
can assign every request to a server, the ratio of the performance
of BALANCE-LU to that of the optimal offline algorithm is

We begin the proof of Lemma 9 with some preliminary
lemmas derived from the definitions provided above.

Lemma 11: For .
Proof: The number of -server sites is , and

for each -server site there can be at most one request that
BALANCE-LU satisfied first at that site.

Lemma 12: For and
.

Proof: Every request in must have been routed to a
different server site by BALANCE-LU. Each -server site with
a request routed to it from must also have a request routed
to it from . Thus for each request in , we can associate
a unique request in , and the lemma follows.

The following lemma uses the behavior of BALANCE-LU to
bound based on . Eventually, we will use this bound
inductively to bound by .

Lemma 13: For and

Proof: Consider a request in . Either BALANCE-LU
assigned to a server site or it did not. Suppose first that
BALANCE-LU assigned to server site . By definition, had
at least servers used when BALANCE-LU assigned to it.
Consider any server site that has an edge from . If ,
then clearly . If , then BALANCE-LU preferred

over . By the behavior of BALANCE-LU, either had at
least as many servers used as did when was assigned or
did not have any unused servers when was assigned. Thus

.
Now suppose that BALANCE-LU did not assign to any server

site. Then, by definition, , which implies that
and . Consider any server site that has an edge
from . Since BALANCE-LU always assigns a request if pos-
sible, cannot have any unused servers. Thus

.
Let . We have just shown that

contains every server site adjacent to a request in . In an
optimal solution, each request in must be matched to a
distinct server in . Therefore, the number of servers in
must be at least as large as . Finally, note that for each
server site , there must be a unique request in
that BALANCE-LU assigned to . Thus, for and

. Putting this together, we have that

(5)

(6)
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By the definitions of and , we have that for

(7)

Combining inequality (6) with (7) yields

(8)

which can be rearranged to yield the statement of the lemma.
In the proof of Lemma 15, we will need the following tech-

nical lemma.
Lemma 14: For integers such that

where .
Proof: Let , and . Note

that . By rearranging terms and using the new
notation, we can rewrite the expression as

By the binomial theorem

(9)

(10)

(11)

(12)

(13)

(14)

For and , it can be shown by a
simple combinatorial argument or induction on that

which implies the statement of the lemma.
Lemma 15 applies Lemma 13 inductively to yield a bound on

based on , which can be applied to prove Lemma 9.
Lemma 15: For

Proof: By induction on . When , this in-
equality reduces to , which is trivially true.
Now, assuming that it is true for , we prove that it is
true for . By Lemma 13

(15)

Combining (15) with the inductive hypothesis yields

(16)

By Lemma 14, the quantity inside the first summation of (16)
is negative, so we can apply Lemma 12 to replace by

in (16). We do this and pull the terms out of
the following summations:

(17)
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Noting that , this inequality can be rearranged to
yield

(18)

(19)

We now prove by induction on that for

(20)

We have just proven the base case, and plugging in
yields the statement of this lemma, so it remains to prove the
inductive case. Suppose that this statement is true for . Then
combining Lemma 13 with the inductive hypothesis yields

(21)

By Lemma 14, the quantity inside the first sum is negative, so
by Lemma 12, we can replace with in
(21). Doing so, and rearranging terms, yields (20), concluding
the proof of the lemma.

From Lemma 15, we derive Lemma 9 as follows. For ,
Lemma 15 states (with some rearrangement)

(22)

By an argument very similar to the argument used to prove
Lemma 14, it can be shown that the quantity inside the sum-
mation in (22) is negative. Thus, we can apply Lemma 11 to re-
place by in (22). Doing so, and rearranging terms,
yields

(23)

Therefore,

(24)

and the proof of Lemma 9 is complete.

A. Most Remaining

We now prove Lemma 10. For and
, let be the set of requests assigned by BALANCE-MR

to a -server site that had exactly unused servers before the
requests were assigned. Note that by definition for

. For and , let be the set of -server
sites that have at most unused servers after BALANCE-MR has
processed all of the requests. Note that for .

Let and . Define to be the set
of requests satisfied by the optimal offline algorithm but not by
BALANCE-MR. Finally, for , let . With
this notation, the ratio of the performance of BALANCE-MR to
that of the optimal offline algorithm is

Lemma 16 follows from the definitions provided above.
Lemma 16: For and

.
Proof: The number of -server sites is , and

for all , no server site can have more than one request as-
signed to it that was satisfied when there were exactly unused
servers.

The following lemma is derived from the behavior of
BALANCE-MR and forms the basis of the proof.

Lemma 17: For and ,

Proof: Consider a request . Either BALANCE-MR
assigned to a server site or it did not. First, suppose that
BALANCE-MR assigned to server site . By the definition
of had no more than unused servers before
was routed. Therefore, can only have edges to server sites in

If not, then when BALANCE-MR assigned to , it could
have assigned to a server site with more than unused
servers, which contradicts the fact that BALANCE-MR chooses
the server site with the most remaining servers.
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Now suppose that BALANCE-MR did not assign to any
server site. Then, by definition, , which implies that

and . Since BALANCE-MR always assigns a request
if possible, can only have edges to server sites with zero
unused servers. Thus, can only have edges to server sites in

.
In either case, requests in can only have edges to server

sites in . In an optimal solution, then, each request in
must be routed to a distinct server in . Therefore,

the number of servers in must be at least as large as the
number of requests in . Recall that ,
and for . There-
fore, , and the number of

servers in is .
Thus we have that

(25)

For , there must be a unique request in for each
server site in . Thus for

(26)

The total number of servers at -server sites is . Thus,
by definition, . Using this fact and inequality
(26), we write inequality (25) as

(27)

By definition, . But

for . Thus
. Therefore, we

can rewrite (27) as

(28)

This can be rearranged to yield

(29)

Applying Lemma 16 allows us to substitute
for in the above inequality to yield the statement of the
lemma.

The following lemma applies Lemma 17 inductively to pro-
vide a bound on based on . Recall that for
, we have defined to be equal to .

Lemma 18: For

Proof: We prove that for

(30)

from which the statement of the lemma follows by substituting
for . The proof proceeds by induction on . For ,

inequality (30) is trivially true. Assuming that inequality (30) is
true for , we show that it is true for . By Lemma 17

(31)

By the inductive hypothesis

(32)

By noting that , inequality (32) can be rearranged
to yield (30), thus proving the lemma.

Finally, the next lemma applies Lemma 18 inductively to pro-
vide a bound on based on . As will be shown, Lemma
10 follows easily from the result of this lemma.

Lemma 19: For

Proof: The proof proceeds by induction on . For ,
the statement of the lemma becomes

(33)
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This is true because it is the statement of Lemma 18 for
(since ). Now, assuming the lemma is true for

, we prove that it is true for . Combining Lemma 18 with
the inductive hypothesis yields

(34)

We distribute the term and rearrange the sums to group terms
by :

(35)

Separating the first sum into the ranges ,
and , we get

(36)

(37)

We can now combine the terms to get

(38)

(39)

The outermost sums in inequality (39) can now be recombined
to form the statement of the lemma.

We are now ready to prove Lemma 10. By Lemma 19
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Therefore, is less than or equal to

which implies Lemma 10, recalling that the ratio of the perfor-
mance of BALANCE-MR to that of the optimal offline algorithm
is .
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