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Abstract—Polynomial expressions are frequently encountered
in many application domains, particularly in signal processing
and computer graphics. Conventional compiler techniques for redundancy elimination such as common subexpression elimination
(CSE) are not suited for manipulating polynomial expressions, and
designers often resort to hand optimizing these expressions. This
paper leverages the algebraic techniques originally developed for
multilevel logic synthesis to optimize polynomial expressions by
factoring and eliminating common subexpressions. The proposed
algorithm was tested on a set of benchmark polynomial expressions where savings of 26.7% in latency and 26.4% in energy
consumption were observed for computing these expressions on
the StrongARM SA1100 processor core. When these expressions
were synthesized in custom hardware, average energy savings of
63.4% for minimum hardware constraints and 24.6% for medium
hardware constraints over CSE were observed.
Index Terms—Circuit complexity, common subexpression
elimination (CSE), high-level synthesis, polynomials.
Fig. 1. Optimizations on multivariate quartic-spline polynomial. (a) Unoptimized polynomial. (b) Optimization using CSE. (c) Optimization using Horner
transform. (d) Optimization using our algebraic technique.

I. I NTRODUCTION

I

N RECENT years, the embedded systems market has seen
a huge demand for high-performance and low-power solutions to products such as cellular phones, network routers,
and video cameras. This demand has led to the research and
development of various high-level optimization techniques for
both software [1]–[3] and hardware [4]–[6]. There are a number
of optimizations that are well known in the compiler design
community [1], [2]; common subexpression elimination (CSE),
scalar replacement of aggregates, value numbering, and constant and copy propagation are applied both locally to basic
blocks and globally across the whole control flow graph (CFG).
Unfortunately, most of the work that has been done in these
compiler tools has been done for general-purpose applications.
These techniques do not do a good job of optimizing special
functions, such as those consisting of polynomial expressions,
which is the focus of this paper.
Polynomial expressions are present in a wide variety of
applications domains because any continuous function can be
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approximated by a polynomial to the desired degree of accuracy
[7]–[9]. There are a number of scientific applications that
use polynomial interpolation on data of physical phenomenon.
Real-time computer graphics applications often use polynomial
interpolations for surface and curve generation, texture mapping, etc. [10]. Most DSP algorithms often use trigonometric
functions like sine and cosine that can be approximated by
their Taylor series as long as the resulting inaccuracy can be
tolerated [6], [11]. Furthermore, many adaptive signal processing applications need to use polynomials to model the nonlinearities in high-speed communication channels [12]. Most
often, system designers have to depend upon hand-optimized
library routines for implementing such functions, which can
be both time consuming and error prone. It is important to do
a good optimization of polynomial expressions because they
are expensive to compute in resource-constrained embedded
systems.
This paper presents an algebraic optimization technique for
polynomials aimed at reducing the number of operations by
algebraic factorization and CSE. This technique can be integrated into the front end of modern optimizing compilers and
high-level synthesis frameworks for optimizing programs or
data paths consisting of a number of polynomial expressions.
As a motivating example for demonstrating the benefits of
our technique, consider the polynomial expression shown in
Fig. 1(a), which is a multivariate polynomial used in computer
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graphics for modeling surfaces and textures [10]. This polynomial originally had 23 multiplications. After applying the
iterative two-term CSE algorithm [1] on this expression, we
get an implementation that has 16 multiplications [Fig. 1(b)].
After applying the Horner form for this expression, we get
an implementation with 17 multiplications. But on applying
our algebraic method that we develop in this paper, we get an
implementation with only 13 multiplications. Such an optimization is impossible to perform using conventional optimization
techniques.
Algebraic techniques have been successfully applied in multilevel logic synthesis to reduce the number of literals in a set of
Boolean expressions [13]–[16]. These techniques are typically
applied to a set of Boolean expressions consisting of hundreds
of variables. In this paper, we show that the same techniques can
be applied to reduce the number of operations in a set of polynomial expressions. Our algorithms for optimizing polynomial
expressions are based on these algebraic techniques.
The rest of this paper is organized as follows. Section II
presents some related work on optimizing arithmetic expressions and Boolean expressions. In Section III, we present the
transformation of polynomial expressions. In Section IV, we
present the algorithms for factorization and CSE. Experimental
results are presented in Section V, where we evaluate the
benefits of our optimization for execution on an ARM processor
and also for custom data path synthesis.
II. R ELATED W ORK
There have been many early works on the generation of
code for arithmetic expressions [17]–[19]. In [17] and [19],
the authors propose algorithms for minimizing the number of
program steps and storage references in the evaluation of arithmetic expressions given a fixed number of registers. This paper
was later extended in [18] to include expressions with common
subexpressions. The above works performed optimizations by
code generation techniques and did not really present an algorithm that would efficiently reduce the number of operations
in a set of arithmetic expressions. Some work was done to
optimize code with arithmetic expressions by factorization of
the expressions [20]. This paper developed a canonical form
for representing the arithmetic expressions and an algorithm
for finding common subexpressions. The drawback of this
algorithm is that it takes advantage of only the associative and
commutative properties of arithmetic operators and therefore
can only optimize expressions consisting of only one type of
associative and/or commutative operator at a time. As a result,
it cannot perform factorization of expressions and generate
complex common subexpressions consisting of additions and
multiplications.
Horner form is a popular representation of polynomial
expressions and is the default way of evaluating polynomial approximations of trigonometric functions in many libraries including the GNU C library [21]. The Horner form
of evaluating a polynomial transforms the expression into a
sequence of nested additions and multiplications, which are
suitable for sequential machine evaluation using multiply accumulate (MAC) instructions. For example, a polynomial in
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variable x as p(x) = a0 xn + a1 xn−1 + a2 xn−2 + · · · + an is
evaluated as p(x) = (· · · ((a0 x + a1 )x + a2 )x + · · · + an−1 )
x + an . The disadvantage of this technique is that it optimizes only a single polynomial expression at a time and
does not look for common subexpressions among a set of
polynomial expressions. Furthermore, it is not good at optimizing multivariate polynomial expressions of the type commonly
found in computer graphics applications [22].
Symbolic algebra has shown to be a good technique for
manipulating polynomials, and it has been shown to have
applications in both high-level synthesis [6] and low-power embedded software optimization [11]. The techniques discussed in
these works make use of Grobner bases in symbolic algebra to
decompose a data flow represented by a polynomial expression
to a set of library polynomials. These techniques have been
applied in high-level data path synthesis for producing minimum component and minimum latency implementations. The
quality of results from these techniques depends heavily on
the set of library elements. For example, the decomposition of
the polynomial expression (a2 − b2 ) into (a + b) ∗ (a − b) is
possible only if there is a library element (a + b) or (a − b).
It should be noted that just having an adder in the library will
not suffice for this decomposition. Although this problem can
be addressed by having a large number of library elements, the
run time of the algorithm can become excessively large. This
method is useful for the arithmetic decomposition of a data path
to library elements, but it is not really useful for simplifying
a set of polynomial expressions by factoring and eliminating
common subexpressions.
Power optimization techniques for data flow architectures
have been explored in detail at the behavioral level [23]–[25],
although not particularly for arithmetic expressions. Macii et al.
[24] and Chandrakasan et al. [25] present good surveys of
all the relevant works in this area, where different techniques
such as operation reduction and operation substitution, poweraware scheduling and resource allocation, multiple-voltage and
multiple-frequency scheduling, and bus encoding are explored.
Reducing the number of operations is a good technique for
reducing the dynamic power because it is directly proportional
to the amount of switched capacitance.
Arithmetic expressions have to be computed during address
calculation for data transfer intensive (DTI) applications. In
[26], different word level optimizing transformations for the
synthesis of these expressions such as expression splitting and
clustering, induction variable analysis, and common subexpression and factoring are explored. The algebraic techniques
that we present in this paper can be used for factoring and
eliminating common subexpressions for general polynomial
expressions and can be used as one of the transformations in
the synthesis of address generators.
Algebraic methods have been successfully applied to the
problem of multilevel logic synthesis for minimizing the number of literals in a set of Boolean expressions [13], [14], [16].
These techniques are typically applied to a set of Boolean
expressions consisting of thousands of literals and hundreds
of variables. Optimization is achieved by decomposition and
factorization of the Boolean expressions. There are two main
algorithms in the rectangle covering method, namely: 1) Distill
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C. Algebraic Techniques for Polynomial Expressions and
Boolean Expressions in Multilevel Logic Synthesis

Fig. 2. Matrix representation of polynomial expressions.

and 2) Condense. The Distill algorithm is preceded by a
kernelling algorithm, where a subset of algebraic divisors is
generated. Using these divisors, Distill performs multiple-cube
decomposition and factorization. This is followed by the Condense algorithm, which performs single-cube decomposition.
Our optimization technique for polynomial expressions is based
on Distill and Condense algorithms, which we generalized to
handle polynomial expressions of any order.
III. T RANSFORMATION OF P OLYNOMIAL E XPRESSIONS
The goal of this section is to introduce our matrix representation of arithmetic expressions and their transformations
that allow us to perform our optimizations. The transformation
is achieved by finding a subset of all possible subexpressions
and writing them in matrix form. We also point out the key
differences between the algebraic methods for polynomials and
those originally developed for multilevel logic synthesis.
A. Representation of Polynomial Expressions
Each polynomial expression is represented by an integer
matrix, where there is one row for each product term (cube) and
one column for each variable/constant in the matrix. Each element (i, j) in the matrix is a nonnegative integer that represents
the exponent of the variable j in the product term i. There is an
additional field in each row of the matrix for the sign (+/−)
of the corresponding product term. For example, the expression
for the Taylor’s series approximation for sin(x) (as shown in
Fig. 4) is represented in the matrix form shown in Fig. 2.
B. Deﬁnitions
We use the following terminologies to explain our technique.
A “literal” is a variable or a constant (e.g., a, b, 2, 3.14. . .). A
“cube” is a product of the variables each raised to a nonnegative
integer power. In addition, each cube has a positive or negative
sign associated with it. Examples of cubes are +3a2 b, −2a3 b2 c.
An “SOP” representation of a polynomial is the sum of the
cubes (+3a2 b + (−2a3 b2 c) + · · ·). An SOP expression is said
to be “cube-free” if there is no cube (except for the cube
“1”) that divides all the cubes of the SOP expression. For a
polynomial P and a cube c, the expression P/c is a “kernel” if it
is cube-free and has at least two terms (cubes). For example, in
the expression P = 3a2 b − 2a3 b2 c, the expression P/(a2 b) =
(3 − 2abc) is a kernel. The cube that is used to obtain a kernel
is called a “co-kernel.” In the above example, the cube a2 b
is a co-kernel. The literals, cubes, kernels, and co-kernels are
represented in matrix form in our technique.

The techniques for polynomial expressions that we present
in this paper are based on the algebraic methods originally
developed for Boolean expressions in multilevel logic synthesis
[13]–[15]. We have generalized these methods to handle polynomial expressions of any order and consisting of any number
of variables. The changes that were made were mainly because
of the differences between Boolean and arithmetic operations.
These differences are detailed as follows.
1) Restriction on Single-Cube Containment (SCC): In [14],
the Boolean expressions are restricted to be a set of nonredundant cubes such that no cube properly contains another.
An example of redundant cubes is in the Boolean expression
f = ab + b. Here, the cube b can be written as b = ab + a b.
Therefore, cube b contains the other cube ab. For polynomial
expressions, this notion of cube containment does not exist,
and we can have a polynomial P = ab + b. Dividing this polynomial by b, P/b = (ab + b)/b = a + 1, which we treat as a
valid expression. To handle this, we treat “1” as a distinct literal
in our representation for polynomial expressions.
For simplifying our algorithm, we place a different restriction
on the polynomial expressions. Each polynomial expression is
required to be a summation of unequal terms (cubes). Therefore, we cannot have the expression P = a2 + ab + ab + b2 ,
because there are two instances of the cube ab. If we allow
repeated terms in the expressions, then the kernels would also
have repeated terms, and there is no way to represent them
in the kernel cube matrix (KCM, described in Section III-E).
For this expression P , we have the co-kernel and kernel pairs
(a)(a + b + b) and (b)(a + a + b). Although this can be handled by modifying our kernel generation algorithm to generate
all possible cube-free expressions, this complicates the kernel
generation procedure. For handling such expressions, we add
up the equal terms before executing the algorithm. Therefore,
P is rewritten as P = a2 + 2ab + b2 . This prevents the factorization of the expression as P = (a + b) ∗ (a + b), but it makes
the algorithm much simpler.
2) Algebraic Division and the Kernel Generation Algorithm:
For Boolean expressions, there is a restriction on the division
procedure for obtaining kernels. During division, the quotient
and the divisor are required to have orthogonal variable supports. For example, if there is a Boolean expression f , and
we need to divide f by another expression g (f /g), then the
quotient expression h is defined [14] as “the largest set of
cubes in f such that h ⊥ g (h is orthogonal to g, that is,
the variable support of h and the variable support of g are
disjoint) and that hg ∈ f .” For example, if f = a(b + c) + d
and g = a, then f /g = h = (b + c). We can see that h ⊥ g and
hg = a(b + c) ∈ f .
For polynomial expressions, we remove this restriction for
orthogonality so that we can handle expressions of any order.
This is based on one key difference between the multiplication
and the Boolean AND operation. For example, the multiplication a ∗ a = a2 , but the AND operation a.a = a. Therefore, we
can have a polynomial F = a(ab + c) + d and a divisor G = a.
The division F/G = H = (ab + c). We can see that H and G
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and then single-cube common factors are extracted. For polynomial expressions, we follow the same order. We modify the
algorithm for finding single-cube intersections because we have
higher order terms. All single-cube common subexpressions
can be detected by our method and are described in detail in
Sections III-E and IV-B.
D. Generation of Kernels and Co-Kernels

Fig. 3.

Algorithms for kernel and co-kernel extraction.

are not orthogonal because they share the variable “a”. Because
the kernel generation algorithm generates kernels by recursive
division, we have modified that algorithm to take into account
this difference. This algorithm is detailed in Section III-D
(Fig. 3).
3) Finding Single-Cube Intersections: In the decomposition
and factorization methodology of Boolean expressions presented in [14], multiple-term common factors are extracted first

The kernels and co-kernels of polynomial expressions are
important because of two reasons. First, all possible minimal
algebraic factorizations of an expression can be obtained from
the set of kernels and co-kernels of the expression. An algebraic
factorization of an expression P is the factorization P = C ∗
F1 + F2 , where C is a cube and F1 and F2 are subexpressions
consisting of a set of terms. This algebraic factorization is called
minimal if the only common cube among the set of terms in
F1 is “1.”
Second, all multiple-term (algebraic) common subexpressions can be detected by an intersection among the set of
kernels. These two properties are illustrated by the following
two theorems.
Theorem 1: All minimal algebraic factorizations of a polynomial expression can be obtained from the set of kernels and
co-kernels of the expression.
Proof: Consider the minimal algebraic factorization of
P = C ∗ F1 + F2 . By definition, the subexpression F1 is cubefree because the only cube that commonly divides all the terms
of F1 is “1.” We have to prove that F1 is a part of a kernel
expression with the corresponding co-kernel C. Let {ti } be the
set of original terms of expression P that covers the terms in F1 .
Because F1 is obtained from {ti }, by dividing it by C (F1 =
{ti }/C), the common cube of the terms {ti } is C. Let {tj } be
the set of original terms of P that also have C as the common
cube among them and do not overlap with any of the terms in
{ti }. Now consider the expression K1 = ({ti } + {tj })/C =
{ti }/C + {tj }/C = F1 + {tj }, where {tj } = {tj }/C. This
expression K1 is cube-free because we know that F1 is cubefree. K1 covers all the terms of the original expression P that
contain cube C. Therefore, by definition, K1 is a kernel of
expression P with the cube C as the corresponding co-kernel.
Because our kernel generation procedure generates all kernels
and co-kernels of the polynomial expressions, the kernel K1 =
F1 + {tj } will be generated with the corresponding co-kernel
C. Because F1 is a part of this kernel expression, we proved the
theorem.

Theorem 2: There is a multiple term common subexpression
in the set of polynomial expressions if and only if there is a
multiple term intersection among the set of kernels belonging
to the expressions.
Explanation: By multiple term intersection, we mean an
intersection between kernel expressions yielding two or more
terms (cubes). For example, when we intersect the kernels K1 = a + bc + d and K2 = bc + d + f , then there is a
multiple term intersection = (bc + d).
Proof: The “If” case is easy to prove. Let K1 be the multiple term intersection. It means that there are multiple instances
of the subexpression K1 among the set of expressions. For the
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Fig. 4. Evaluation of sin(x).

“Only If” case, assume that f is a multiple term common subexpression among the set of expressions. If the expression f is
cube-free, then f is a part of some kernel expressions as proved
in Theorem 1. Each instance of expression f will therefore be
a part of some kernel expression, and an intersection among
the set of kernels will detect the common subexpression f . If
f is not a cube-free expression, then let C be the biggest cube
that divides all terms of f , and let f  = f /C. The expression
f  is now a cube-free expression, and reasoning as above, each
instance of f  will be detected by an intersection among the set
of kernels.
The algorithm for extracting all kernels and co-kernels of a
set of polynomial expressions is shown in Fig. 3. This algorithm
is analogous to the kernel generation algorithms in [14] and
has been generalized to handle polynomial expressions. The
main algorithm Kernels is recursive and is called for each
expression in the set of polynomial expressions. The arguments
to this function are the literal index i and the cube d, which
is the co-kernel extracted in the previous call to the algorithm.
The variables in the set of expressions are ordered randomly
(the ordering is inconsequential), and the variable index represents the position of the variable in this order.
Before the first call to the Kernels algorithm, the variable
index is initialized to “0” and the cube “d” is initialized to ϕ.
The recursive nature of the algorithm extracts kernels and cokernels within the kernel extracted and returns when there are
no kernels present.
The algorithm Divide is used to divide an SOP expression by
a cube d. It first collects those rows that contain cube d (those
rows R such that all elements R[i] ≥ d[i]). The cube d is then
subtracted from these rows, and these rows form the quotient.
The biggest cube dividing all the cubes of an SOP expression is
the cube C with the greatest literal count (literal count of C is

i C[i]) that is contained in each cube of the expression.
The algorithm Merge is used to find the product of the cubes
d, C, and Lj , and is done by adding up the corresponding
elements of the cubes. In addition to the kernels generated from
the recursive algorithm, the original expression is also added as
a kernel with co-kernel “1.” Passing the index i to the Kernels
algorithm, checking for Lk ∈ C, and iterating from literal index
i to |L| (total number of literals) in the for loop are used to
prevent the same kernels from being generated again.
We use the example of the polynomial shown in Fig. 4 to
explain our technique. The numbers in the subscripts for each
term indicate the term number in the set of expressions. This
polynomial is a Taylor’s series approximation for sin(x). The
literal set is {L} = {x, S3 , S5 , S7 }. Dividing first by x gives
Ft = (1 − S3 x2 + S5 x4 − S7 x6 ). There is no cube that divides
it completely, so we record the first kernel F1 = Ft with cokernel x. In the next call to the Kernels algorithm, dividing F
by x gives Ft = −S3 x + S5 x3 − S7 x5 .

The biggest cube dividing this completely is C = x. Dividing
Ft by C gives our next kernel F1 = (−S3 + S5 x2 − S7 x4 )
and the co-kernel is x ∗ x ∗ x = x3 . In the next iteration, we
obtain the kernel S5 − S7 x2 with co-kernel x5 . Finally, we
also record the original expression for sin(x) with co-kernel
“1.” The set of all co-kernels and kernels generated is [x](1 −
S3 x2 + S5 x4 − S7 x6 ); [x3 ](−S3 + S5 x2 − S7 x4 ); [x5 ](S5 −
S7 x2 ); [1](x − S3 x3 + S5 x5 − S7 x7 ).
E. Constructing KCM
All kernel intersections and multiple-term factors can be
identified by arranging the kernels and co-kernels in matrix
form. There is a row in the matrix for each kernel (co-kernel)
generated and a column for each distinct cube of a kernel
generated. The KCM for our sin(x) expression is shown in
Fig. 5. The kernel corresponding to the original expression
(with co-kernel “1”) is not shown for ease of presentation. An
element (i, j) of the KCM is “1” if the product of the co-kernel
in row i and the kernel cube in column j gives a product term in
the original set of expressions. The number in the parenthesis
in each element represents the term number that it represents.
A “rectangle” is a set of rows and columns of the KCM such
that all the elements are “1.” The “value” of a rectangle is the
weighed sum of the number of operations saved by selecting the
common subexpression or factor corresponding to that rectangle. Selecting the optimal set of common subexpressions and
factors is equivalent to finding a maximum valued covering of
the KCM and is analogous to the minimum weighed rectangular
covering problem described in [15], which is NP-hard. We
use a greedy iterative algorithm described in Section IV-A,
where we pick the best prime rectangle in each iteration. A
“prime rectangle” is a rectangle that is not covered by any other
rectangle and thus has more value that any rectangle it covers.
Given a rectangle with the parameters R as the number of
rows, M (Ri ) as the number of multiplications in row (cokernel) i, C as the number of columns, M (Cj ) as the number
of multiplications in column (kernel cube) j, we can calculate
its value.
Each element (i, j) in the rectangle represents a product term
equal to the product of co-kernel i and kernel cube j, which
has a total number of M (Ri ) + M (Cj ) + 1 multiplications.
The total number of multiplications
represented
by the whole

rectangle is equal to R ∗ C M (Cj ) + C ∗ R M (Ri ) +
R ∗ C. Each row in the rectangle has C − 1 additions for a
total of R ∗ (C − 1) additions.By selecting the rectangle, we
extract a common factor with C M (Cj ) multiplications and
C − 1 additions. This common
factor is multiplied by each row,

which leads to a further R M (Ri ) + R multiplications. The
value of the rectangle can be described as the weighed sum of
the savings in the number of multiplications and additions and
is given by




Value1 = m ∗ (C − 1) ∗ R +
M (Ri )

+ (R − 1) ∗
+ (R − 1) ∗ (C − 1).

R




M (Cj )

C

(1)
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KCM for sin(x) example.

The weighing factor m can be selected by the designer depending on the relative cost of multiplication and addition on
the target architecture. For example, multiplication takes about
five times more cycle time than addition on an ARM processor
[27]. For custom hardware synthesis, multiplication has a much
higher power consumption compared to addition. In [28], the
average energy consumption of a multiplier is about 40 times
that of an adder at 5 V.
F. Constructing Cube Literal Incidence Matrix (CIM)
KCM allows the detection of multiple cube common
subexpressions and factors. All possible cube intersections can
be identified by arranging the cubes in a matrix, where there
is a row for each cube and a column for each literal in the set
of expressions. The CIM for our sin(x) expression is shown
in Fig. 2.
Each cube intersection appears in the CIM as a rectangle. A
“rectangle” in the CIM is a set of rows and columns such that
all the elements are nonzero. This CIM provides a canonical
representation of the cubes of the expression, which enables
the detection of all single-cube common subexpressions, as is
illustrated by the following theorem.
Theorem 3: There is a single-cube common subexpression
in the set of polynomial expressions if and only if there is
a rectangle with more than one row in the cube intersection
matrix (CIM).
Proof: For the “If” case, assume that there is a rectangle
with more than one row in the CIM. The elements of this
rectangle are nonzero by definition. Let C be the biggest
common cube that is obtained from the minimum values in
each column of the rectangle. This cube C is the single-cube
common subexpression. For the “Only If” case, assume that
there is a common cube D in the set of expressions. Let {vd }
be the set of variables that cube D is made of. There will be
nonzero values in the columns corresponding to the variables
{vd } for each term that contains cube D. As a result, a rectangle
containing the columns corresponding to the variables {vd } will
be formed. Thus, the theorem is proved.

The value of a rectangle is the number of multiplications
saved by selecting the single-term common subexpression corresponding to that rectangle. The best set of common cube
intersections is obtained by a maximum-valued covering of
the CIM. We use a greedy iterative algorithm described in
Section III-B, where we select the best prime rectangle in each
iteration. The common cube C corresponding to the prime
rectangle is obtained by finding the minimum value in each
column of the rectangle. The value of a rectangle with R rows
can be 
calculated as follows.
Let
C[i] be the sum 
of integer powers in the extracted
cube C. This cube saves
C[i] − 1 multiplications in each

Fig. 6. Algorithm for finding kernel intersections.


row of the rectangle. The cube itself needs ( C[i] − 1) multiplications to compute. Therefore, the value of the rectangle
is given by
Value2 = (R − 1) ∗




C[i] − 1 .

(2)

IV. F ACTORING AND E LIMINATING
C OMMON S UBEXPRESSIONS
In this section, we present two algorithms that detect kernel
and cube intersections. We first extract kernel intersections
and eliminate all multiple-term common subexpressions and
factors. We then extract cube intersections from the modified
set of expressions and eliminate all single-cube common
subexpressions.
A. Extracting Kernel Intersections
The algorithm for finding kernel intersections is shown in
Fig. 6 and is analogous to the Distill procedure [14] in logic
synthesis. It is a greedy iterative algorithm in which the best
prime rectangle is extracted in each iteration. In the outer loop,
kernels and co-kernels are extracted for the set of expressions
{pi }, and KCM is formed from that. The outer loop exits if
there is no favorable rectangle in the KCM. Each iteration in
the inner loop selects the most valuable rectangle, if present,
based on our value function in (1).
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Fig. 7. KCM (second iteration).

Fig. 8. Expressions after kernel intersection.

This rectangle is added to the set of expressions, and a new
literal is introduced to represent this rectangle. The KCM is
then updated by removing those 1s in the matrix that correspond
to the terms covered by the selected rectangle. For example, for
the KCM for the sin(x) expression shown in Fig. 5, consider
the rectangle that is formed by the row {2} and the columns
{5, 6, 7}. This is a prime rectangle having R = 1 row and
C
= 3 columns. The total number of multiplications in rows
i ) is 2 and total number of multiplications in the
R M (R
columns
C M (Ci ) is 6. Using the value function in (1),
the value of this rectangle is 6 ∗ m (m ≥ 1). This is the most
valuable rectangle and is selected. Because this rectangle covers
the terms 2, 3, and 4, the elements in the matrix corresponding
to these terms are deleted. No more favorable (valuable) rectangles are extracted in this KCM, and now we have two expressions, after rewriting the original expression for sin(x), i.e.
sin(x) = x(1) + (x3 d1 )(2)
d1 = (−S3 )(3) + (S5 x2 )(4) − (S7 x4 )(5) .
Extracting kernels and co-kernels as before, we have the KCM
shown in Fig. 7. Again, the original expressions for sin(x)
and d1 are not included in the matrix to simplify representation. From this matrix, we can extract two favorable rectangles corresponding to d2 = (S5 − S7 x2 ) and d3 = (1 + x2 d1 ).
No more rectangles are extracted in the subsequent iterations,
and the set of expressions can now be written as shown
in Fig. 8.
B. Extracting Cube Intersections
The Distill algorithm discussed in the previous section could
find only multiple-term (two or more) common subexpressions.
We need an algorithm that can find single-term common subexpressions. We do this optimization by means of a CIM, which
was discussed in Section III-F. Single-term common subexpressions appear as rectangles in this matrix, where the rectangle
entries can have any nonzero integers. The optimization is performed by iteratively eliminating the rectangle having the most
savings. For example, consider the three terms F1 = a2 b3 c,
F2 = a3 b2 , and F3 = b2 c3 . The CIM for these expressions is
shown in Fig. 9(a).

Fig. 9.

Extracting single-term common subexpressions.

A rectangle with rows corresponding to F1 and F2 and
columns corresponding to the variables a and b yields the
common subexpression d1 = a2 b2 . Rewriting the CIM, we get
the matrix shown in Fig. 9(b). Another rectangle with rows
corresponding to F1 and F3 and columns corresponding to
the variables b and c is obtained, eliminating the common
subexpression d2 = b ∗ c. After rewriting, we get the CIM as
shown in Fig. 9(c). No more favorable rectangles can be found
in this matrix, and we can stop here.
The algorithm for finding the cube intersection is done at
the end of the Distill algorithm and is shown in Fig. 10. In
each iteration of the inner loop, the best prime rectangle is
extracted using the value function in (2). The cube intersection
corresponding to this rectangle is extracted from the minimum
value in each column of the rectangle. After each iteration of
the inner loop, the CIM is updated by subtracting the extracted
cube from all rows in the CIM in which it is contained (Collapse
procedure). Coming back to our sin(x) example, consider the
CIM in Fig. 11 for the set of expressions in Fig. 8. The prime
rectangle consisting of the rows {3, 5, 6} and the column {1}
is extracted, which corresponds to the common subexpression
C = x2 . Using (2), we can see that this rectangle saves two
multiplications. This is the most favorable rectangle and is
chosen. No more cube intersections are detected in the subsequent iterations. A literal d4 = x2 is added to the expressions
that can now be written as in Fig. 12.
C. Complexity and Quality of Presented Algorithms
The complexity of the kernel generation algorithm (Fig. 3)
depends on the number of variables, the number of terms, the
order of the expressions, and the distribution of the variables
in the original terms. We do not provide an analysis of the
worst case for the kernel generation algorithm. In each iteration,
most of the time is spent in enumerating all the rectangles to
find the most valuable rectangle. In the worst case, the kernel
intersection matrix (KIM) can have a structure like the one
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Fig. 13. Worst case complexity for finding kernel intersections.

single-cube intersections also has a worst case exponential
complexity when the CIM is of the form shown in Fig. 13. The
number of rows of the CIM is equal to the number of terms, and
the number of columns is equal to the number of literals in the
set of expressions.
The algorithms that we presented are greedy heuristic algorithms. To the best of our knowledge, there has been no
previous work done for finding an optimal solution to the CSE
problem. An optimal solution can be generated by a brute
force exploration of the entire search space where all possible
subexpressions in different selection orderings are explored.
Because this is impractical for even moderately sized examples,
we do not compare our solution with the optimal one. For our
greedy heuristic, the average run time for the examples that we
investigated is only 0.45 s.
Fig. 10. Algorithm for finding cube intersections.

Fig. 11. CIM for expressions in Fig. 8.

Fig. 12. Final optimization of sin(x) example.

shown for the square matrix in Fig. 13, where all elements,
except the ones on the diagonal, are nonzero.
In such a scenario, the number of rectangles generated is
exponential in the number of rows/columns in the matrix. The
number of rows in the matrix is equal to the number of kernels
that are generated, and the number of columns is equal to
the number of distinct kernel cubes. The algorithm for finding

V. E XPERIMENTAL R ESULTS
The goal of our experiments was to investigate the usefulness
of our technique in reducing the number of operations in
polynomial expressions occurring in some real applications. We
found polynomial expressions to be prevalent in signal processing [29] and in three-dimensional (3-D) computer graphics
[10]. We optimized the polynomials using different methods,
CSE, Horner form, and our algebraic technique. We used the
Jouletrack simulator [30] to estimate the reduction in latency
and energy consumption for computing the polynomials on
the StrongARM SA1100 microprocessor. We used the same
set of randomly generated inputs for simulating the different
programs. Table I shows the result of our experiments, where
we compare the savings in the number of operations produced
by our method over CSE and the Horner form. The first two
examples are obtained from source codes from signal processing applications [29], where the polynomials are obtained by
approximating trigonometric functions by their Taylor series
expansions. The next four examples are multivariate polynomials obtained from 3-D computer graphics [22]. The results show
that our optimizations reduce the number of multiplications
on an average by 34% over CSE and by 34.9% over Horner.
The number of additions is the same in all examples. This is
because all the savings are produced by efficient factorization
and elimination of single-term common subexpressions, which
only reduce the number of multiplications. The average run
time for our technique for these examples was only 0.45 s.
The results also show the effect of simulation on the
StrongARM SA1100 processor, where we observe an average
latency reduction of 26.7% over CSE and 26.1% over the
Horner scheme. We also observed an energy reduction of
26.4% over CSE and 26.3% over the Horner scheme. The
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TABLE I
COMPARING NUMBER OF ADDITIONS (A) AND MULTIPLICATIONS (M) PRODUCED BY DIFFERENT METHODS

TABLE II
SYNTHESIS RESULTS WITH MINIMUM HARDWARE CONSTRAINTS

energy consumption measure by the simulator [30] is only for
the processor core.
We synthesized the polynomials optimized by CSE, Horner,
and our algebraic method to observe the improvements for
hardware implementation. We synthesized the polynomials
using Synopsys Behavioral Compiler and Synopsys Design
Compiler using the 1.0 µ power2_sample.db technology library, with a clock period of 40 ns, operating at 5 V. We
used this library because it was the only one we had that was
characterized for power consumption. We used the Synopsys
DesignWare library for the functional units. The adder and
multiplier in this library took one clock cycle and two clock
cycles, respectively, at this clock period. We synthesized the
designs with both minimum hardware constraints and medium
hardware constraints. We then interfaced the Synopsys Power
Compiler with the Verilog RTL simulator VCS to capture the
total power consumption including switching, short circuit, and
leakage power. All the polynomials were simulated with the
same set of randomly generated inputs.
Table II shows the synthesis results when the polynomials
were scheduled with minimum hardware constraints. Typically,
the hardware allocated consisted of a single adder, a single multiplier, registers, and control units. We measured the reduction
in area, energy, and energy-delay product of the polynomials
optimized using our technique over the polynomials optimized
using CSE (C) and Horner transform (H). The results show that

there is not much difference in area for the different implementations, but there is a significant reduction in total energy
consumption (average 30% over CSE and 33.4% over Horner)
and energy delay product (average 47.5% over CSE and 50.9%
over Horner). Because our technique gave significantly reduced
latency, we estimated the savings in energy consumption for the
same latency using voltage scaling.
We obtained the scaled down voltage for the new latency
using the library parameters and estimated the new energy consumption using the quadratic relationship between the energy
consumption and the supply voltage. This voltage scaling was
done by comparing the latencies obtained by our technique with
that of CSE and Horner separately.
The results (Column IV) show an energy reduction of 63.4%
over CSE (C) and 63.2% over Horner (H) with voltage scaling.
Table III shows the synthesis results for medium hardware constraints. Medium hardware implementations tradeoff area for
energy efficiency. Although they have a larger area, they have
a shorter schedule and lesser energy consumption compared
to those produced from minimum hardware constraints. We
constrained the Synopsys Behavioral Compiler to allocate a
maximum of four multipliers for each example. Table IV shows
the number of adders (A) and multipliers (M) allocated for the
different implementations. The scheduler will allocate fewer
multipliers than four if the same latency can be achieved by
the fewer number of resources.
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TABLE III
SYNTHESIS RESULTS WITH MEDIUM HARDWARE CONSTRAINTS

TABLE IV
MULTIPLIERS (M) AND ADDERS (A) ALLOTTED WITH MEDIUM
HARDWARE CONSTRAINTS

The results show a significant reduction in total energy
consumption (average 24.6% over CSE (C) and 38.7% over the
Horner (H) scheme) as well as energy delay product (average
26.7% over CSE and 53.5% over Horner). We obtain reduction
in energy delay product for every example except for the
first one, where the energy delay product for the expression
synthesized using CSE is 12.7% less than that produced by
our method. This is because the latency of the CSE-optimized
expression when four multipliers are used is much less compared to the one optimized using our algebraic method (which
uses two multipliers). The delay for the Horner scheme is much
worse than both CSE and our technique because the nested
additions and multiplications of the Horner scheme typically
result in a longer critical path.
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