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Abstract— We explore Krylov subspace algorithms to calculate ϕ
functions of exponential integrators for circuit simulation. Higham
[1] pointed out the potential numerical stability risk of ϕ functions
computation. However, for the applications to circuit analysis, the choice
of methods remains open. This work inspects the accuracy of matrix
exponential and vector product with Krylov subspace methods, and
identifies the proper approach to achieving numerically stable solutions
for nonlinear circuits. Empirial results verify the quality of the proposed
methods using various orders of ϕ functions. Furthermore, instead of
Newton-Raphson (NR) iterations in conventional methods, an iterative
residue correction algorithm is devised for nonlinear system analysis. The
stability and efficiency of our methods are illustrated with experiments.

I. INTRODUCTION

SPICE-like circuit simulation [2], [3], [4] is critical during the
cycle of integrated circuits (IC) designs. Given a circuit netlist
and device models, the circuit’s behaviors can be formulated as
differential algebraic equations (DAE). The solution of DAE is
computed with numerical integration step by step until the end of
whole simulation time span. Therefore, the DAE integration process
is one key component in deciding the efficiency and accuracy in
SPICE.

The progress of Krylov subspace methods [5], [6] for matrix
exponential and related integration functions (so called ϕ functions)
have recently triggered researchers’ interests. Many works are
proposed to solve DAE using exponential integrators [7], [8], [9] due
to its improvements in higher order approximation solution and stable
explicit formulation over conventional linear multi-step methods [2],
[3], [4]. However, for the application of matrix exponential to circuit
analysis there exists potential numerical issue when evaluating ϕ
functions appearing in exponential integrators [1]. Sidje proposed
a direct computation method for ϕ functions with an augmented
matrix [10], providing an efficient way to evaluate the integrated
solution. Newton-Raphson (NR) iterations are typically adopted to
obtain solutions of the nonlinear function in conventional integration
methods. In each NR iteration, circuit simulator needs to linearize
and solve the system, which fails to fully utilize the explicit nature
of exponential integration method [6].

In this paper, we apply exponential integrators to circuit simulation
with a shift-and-invert Krylov subspace (rational) method [11], which
is preferred for faster convergence rate when computing matrix
exponential and vector product (MEVP) compared to standard Krylov
subspace and invert Krylov subspace [8], [12], [13]. The solution
expressed as matrix exponential is computed with ϕ function direct
solver [10]. A residual term is used in a compensation iteration for
the solution convergence and error control during the time marching.
The contributions of this paper are as follows.
• We adopt rational Krylov subspace method for exponential

integrators. The rational Krylov subspace method improves the
convergence rate. In the meantime, we skip the regularization
process [8], [14].

• We characterize the numerical behaviors using different
orders of ϕ functions. The solution errors are related to the
order of ϕ functions, time step sizes and dimension of Krylov
subspace. The characterization allows us to balance between
computation cost and accuracy.

• We skip Newton-Raphson iterations. Since the matrix ex-
ponential integration method is explicit, we skip the Newton-
Raphson iterations. The framework with rational Krylov sub-
space perform matrix factorization only once at each time step.
The convergence of the solution is checked by compensation
iteration with a correction term evaluated by results from Krylov
subspace.

The rest of this paper is organized as follows. Section II introduces
the background of circuit time-domain simulation and exponential
integrators. Section III presents calculation utilizing ϕ functions
for exponential integration, as well as a compensation iteration
algorithm for solution convergence. Section IV illustrates the MEVP
computation using rational Krylov subspace method. Section V
provides numerical results to validate our method. Section VI
concludes this paper.

II. BACKGROUND

Given a circuit netlist and device models, a general formulation of
circuit simulation is shown as follows,

dq(x)

dt
+ f(x) = Bu(t) (1)

where vector x ∈ Rn×1 lists nodal voltages and branch currents.
Vector q ∈ Rn×1 and function f ∈ Rn×1 denote the charge/flux
and current/voltage terms, respectively. Vector u(t) represents all the
external excitations at time t; B is an incident matrix that inserts the
input signals to the system; and n is the size of the system.

For a linear circuit, Eq. (1) could be reduced via modified nodal
analysis (MNA) as

Cẋ(t) +Gx(t) = Bu(t) (2)

where C(x) ∈ Rn×n is a matrix of capacitance and inductance from
∂q
∂x

, G(x) ∈ Rn×n represents the conductance and the incidence
between voltages and currents. Suppose that C is invertible, we can
rewrite (2) as

ẋ(t) = g(x, u, t) = Jx(t) + C−1Bu(t) (3)

where J denotes the Jacobian matrix of g(x, u, t)

J = −C−1G

Given an initial vector xk at time tk and time step h, the analytical
solution xk+1 of Eq. (2) can be written in matrix exponential
expression [2].

xk+1 = ehJxk +

∫ h

0

e(h−τ)Jb(tk + τ)dτ (4)



where b(t) = C−1Bu(t). For SPICE-like simulation, we treat input
u(t) as a vector of piece-wise-linear (PWL) functions. The integral
in Eq. (4) can be derived into matrix exponential operators as

xk+1 = xk

+ (ehJ − I)J−1gk

+ (ehJ − hJ − I)J−2bk (5)

where the second term computes the circuit response to the step
input gk = C−1Bu(tk), and the third term the ramp input bk =
C−1B u(tk+h)−u(tk)

h
.

Equation (5) can be further written in exponential Euler type [7]

xk+1 = xk + hϕ1(hJk)gk + h2ϕ2(hJ)bk (6)

The ϕs functions are the convolution of the s − 1 th order term in
time domain [7], [15], i.e.

ϕs(z) =
1

(s− 1)!

∫ 1

0

e(1−θ)zθs−1dθ for s ≥ 1 (7)

We have the recursion as

ϕ0(z) = ez

zϕs(z) = ϕs−1(z)− 1

(s− 1)!
I (8)

We adopt an effective method [10] to compute the MEV P in Eq.
(6) with an augmented matrix Ã. Given matrix A ∈ Cn×n, input
vector c ∈ Cn×1, and ei ∈ Cp×1 as an i-th unit vector, we define

Ã =

(
A ce∗1
0 E

)
∈ C(n+p)×(n+p), E =


e∗2
...
e∗p
0

 ∈ Cp×p

The matrix exponential of the augmented matrix with time τ has the
format

exp(τÃ) =

(
ϕ0(τA) F

0 eτJ

)
(9)

For any order of ϕ functions 1 ≤ s ≤ p,

F (1 : n, s) = τsϕs(τA)c (10)

The above derivation provides multiple ways of evaluating the
exponential terms in Eq. (6), which can be written in different orders
of ϕ functions. The derivation will be discussed in Section III-A.

III. INTEGRATION IN CIRCUIT SIMULATION

For nonlinear system Eq. (1) could be expressed at time t with
formulation

C(x)ẋ(t) +G(x)x(t) = F (x) +Bu(t) (11)

where the elements of matrixes C(x) and G(x) are functions of
state x(t). Vector F (x) represents the offset of the nonlinear device
models. Starting from xk at time tk and given time step h, xk+1 =
x(tk + h) can be solved explicitly with Eq. (12) where C(x), G(x)
and F (x) are linearized at xk.

Ckẋk+1 +Gkxk+1 = F (xk) +Bu(tk + h) (12)

A. Evaluation of Exponential Integrators

We evaluate the terms in Eq. (6) with different orders of ϕ
functions. Basically, a ϕs function can be derived from the augmented
matrix method directly. An alternative way is to use Eq. (8) to derive
with lower ordered ϕ functions.

hϕ1(hJx)gk = ϕ0(hJx)g̃k − g̃k (13)

h2ϕ2(hJx)bk = hϕ1(hJx)̃bk − hb̃k

= ϕ0(hJx )̃̃bk − ˜̃bk − hb̃k (14)

where the new vectors

g̃k = J−1
k gk = xk −G−1

k (F (xk) +Bu(t))

b̃k = J−1
k bk = −G−1

k B
u(t+ h)− u(t)

h˜̃
bk = J−1

k b̃k = G−1
k CkG

−1
k B

u(t+ h)− u(t)

h

In circuit system, the dimension of matrix J can be above
millions. Direct computation of matrix exponential is infeasible.
One efficient way is to approximate the product of matrix function
and vector through Krylov subspace based algorithms [5], [16].
The standard Krylov subspace is constructed using Jk directly
as Km(J, v) := span{v, Jv, · · · , Jm−1v} with dimension of m.
The MEVP is calculated with a m × m Hessenberg matrix Hm
obtained by Arnoldi process as ehJ ≈ ||v||VmehHme1, where Vm
is an n × m orthonormal basis and e1 is the first unit vector.
Therefore, the computing complexity of matrix exponential will be
reduced drastically, while the accuracy is maintained via high order
polynomial approximations [5].

Standard Krylov subspace may not converge fast enough for stiff
circuit systems. Since Hm tends to approximate large magnitude
eigenvalues of J [11], larger dimension of subspace is needed to
achieve accuracy. The performance of standard Krylov subspace has
been described in [17] on power delivery networks. Besides, in the
process of generating standard Krylov subspace we have to compute
inverse of C as part of matrix J . For singular C, extra regularization
step will be required [8], [14]. Thus, we adopt the rational Krylov
subspace as described in Sec. IV-A. We also notice that inverse of C
is incorporated in the vector gk and bk which may suffer the same
problem. Eq. (13) and (14) enable multiple methods for calculating
the exponential terms and C−1

k is canceled out in g̃k, b̃k and ˜̃bk.
Matrix exponential integrators breaks away from conventional

linear multi-step integrators, which is limited by the Dahlquist barrier.
The adopted Krylov subspace method is able to obtain high order
precision and take longer step sizes [2], [4], [6], [9], [18].

B. Approximation Theory and Compensation Iteration for Conver-
gence

Eq.(11) enforces KCL and KVL laws at time tk and tk + h with
solutions xk and xk+1 relatively. In order to evaluate the undershoot
or overshoot, a term ∆xk+1 is used to express the difference between
solution xk+1 from Eq. (12) and real solution at tk+h which satisfies

Ck+1(ẋk+1 + ∆ẋk+1) +Gk+1(xk+1 + ∆xk+1)

= F (xk+1) +Bu(tk + h) (15)

which is equivalent to the following relation

Ck+1∆ẋk+1 +Gk+1∆xk+1 =

−(Ck+1ẋk+1 +Gk+1xk+1) + F (xk+1) +Bu(tk + h) (16)

Therefore, ∆xk+1 could be approximated similarly to how the
differential equation is solved with exponential integrators. The right



hand side of the above equation is defined as the negative residue
rk+1 of Eq.(12).

rk+1 = Ck+1ẋk+1 +Gk+1xk+1 − (F (xk+1) +Bu(tk + h))
(17)

Let us treat the difference as a ramp input [19], i.e.

∆u(tk + h) ≈ − 1

h
rk+1 (18)

Then, ∆xk+1 will be added to original solution as a compensation
term

xk+1 = xk+1 + ∆xk+1

≈ xk+1 + h2ϕ2(hJ)C−1
k ∆u(tk + h) (19)

The process will be repeated until the solution converges. All the
parameters with subscript k+ 1 in above derivation are evaluated by
device models according to the updated xk+1. Since xk converges at
tk, the residue term of Eq.(12) should be almost zero. We can find
that rk+1 updates the difference due to the nonlinearity of the system

rk+1 ≈ ∆Ck+1ẋk+1 + ∆Gk+1xk+1 −∆F (xk+1) (20)

where ∆Ck+1 = Ck+1 − Ck, ∆Gk+1 = Gk+1 − Gk and
∆F (xk+1) = F (xk+1)− F (xk). Therefore, the compensation term
is the response to the change of the system parameters from state xk
to state xk+1. Sec. IV-C provides an iteration process showing how
the correction term works to achieve convergence.

IV. EXPONENTIAL INTEGRATORS WITH RATIONAL KRYLOV

SUBSPACE

In this section, we adopt the rational Krylov subspace approach
to calculate the matrix exponential. We then compare the error using
different orders of ϕ function. Finally, we use one order of calculation
to describe the simulation algorithm.

A. Computation of MEVP via Rational Krylov Subspace Method

To improve the efficiency, a rational Krylov subspace basis is
designed to confine the spectrum of J . Instead of using J directly,
(I − γJ)−1 is used to generate the Krylov subspace [11] which is
implemented as (G+ C

γ
)−1(C

γ
).

Km((I − γJ)−1, v) :=

span{v, (I − γJ)−1v, · · · , (I − γJ)−(m−1)v} (21)

where γ is a predefined parameter. With the shift-and-invert of J
all its eigenvalues with small eigenvalues become the large ones
and limited by one. The rational Krylov subspace basis Vm is
constructed with Arnoldi process. The corresponding Hm effectively
approximates small magnitude eigenvalues of J , which leads to a fast
and accurate computation of matrix exponential and vector product.
The relation between J and Hm is

(I − γJ)−1Vm = VmHm + hm+1,mvm+1e
>
m (22)

where em is the m-th unit vector. The matrix exponential can be
approximated as

ehJv ≈ ||v||Vmeh
I−H−1

m
γ e1 (23)

More generally, the computation of exponential integrators
hsϕs(hJ)v as discussed in Sec. III-A is through [6]

hsϕs(hJ)v ≈ hs||v||Vmϕs(h
I −H−1

m

γ
)e1 (24)

Algorithm 1: Arnoldi process for rational Krylov subspace
Input: C,G, v, h, γ

Output: Hm, Vm
1 v1 = v

‖v‖ ;
2 for j = 1 : m do
3 Solve (G+ C

γ
)w = C

γ
vj and obtain w;

4 for i = 1 : j do
5 hi,j = w>vi;
6 w = w − hi,jvi;
7 end
8 hj+1,j = ‖w‖;
9 vj+1 = w

hj+1,j
;

10 if |r(ϕs,m)|∞ < tolabs and | r(ϕs,m)
hs||v|| |∞ < tolrel then

11 m = j;
12 break;
13 end
14 end

The evaluation of Eq. (24) can be directly derived with augmented
matrix in Eq. (9). Therefore we can express the solution in Eq. (6)
as

xk+1 = xk + h||gk||Vm1ϕ1(h
I −H−1

m1

γ
)e1

+ h2||bk||Vm2ϕ2(h
I −H−1

m2

γ
)e1 (25)

where m1 and m2 represent dimensions of Krylov subspace for each
exponential term.

The residue of solution is derived with Eq. (22) for matrix
exponential to approximate the truncated error of Krylov subspace.
For a homogeneous system Cẋ = −Gx with x(h) in Eq.(23), we
have the residue

rm = Cẋ+Gx

= ||v||(CVm −
1

γ
H−1
m +GVm)e

h
I−H−1

m
γ e1

= −||v||hm+1,m(G+
C

γ
)vm+1e

>
mH

−1
m e

h
I−H−1

m
γ e1 (26)

The derivation can be applied to Eq. (25), we have residue for each
exponential term as

r(ϕs,m) =

hs‖gk‖hm+1,m(Gk +
Ck
γ

)vm+1e
T
mH

−1
m ϕs(h

I −H−1
m

γ
)e1 (27)

B. Comparison among Exponential Integrators

Algorithm 1 shows the Arnoldi process of creating rational
Krylov subspace for exponential integrators. According to [5], [18],
the Krylov subspace method with dimension m approximates the
exponential integrators in Eq. (24) up to the (m−1) th degree of the
Taylor expansions. When the residue is below a given error tolerance,
Arnoldi algorithm terminates with the dimension m as shown in line
10 of Algorithm 1.

An RC mesh circuit [18] is used to check the numerical difference
of evaluating the same exponential integrator with different ϕ
functions. We set the initial state x(0) of circuit and input u(0) all
zeros, u(t) is piece-wise linear input as PWL(0s, 0A, T, I) where
T is the whole time span and I is peak current. From the derivation
in previous sections, the solution with step h is

x(h) = h2ϕ2(hJ)(C−1 du

dt
)
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Fig. 1: Relative error err(h,m,ϕs, ) = ||xext(h)−xrat(h,m,ϕs)||
||xext(h)||

vs. time step h and dimension of rational Krylov subspace m.
xrat(h,m,ϕs) is computed with ϕ0(phi0), ϕ1(phi1) ϕ2(phi2)
functions; γ is fixed; the reference solution is computed by MATLAB
expm function.
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Fig. 2: Relative residue corresponding to error in Fig. 1 as
||r(h,m,ϕs)||
||xext(h)|| vs. time step h and dimension of rational Krylov

subspace m.

Figure 1 shows the distribution of relative error err(h,m,ϕs, ) versus
time step h and dimension of rational Krylov subspace m (γ = 5×
10−13). The relative error is defined as ||xext(h)−xrat(h,m,ϕs)||||xext(h)|| where
the exact solution xext(h) is computed by MATLAB expm function.
For large h, the relative error reduces quickly with all ϕ functions
and can be further suppressed by increasing the dimension of rational
Krylov subspace. Solution calculated with ϕ0 function achieves the
best accuracy. If small time step is required, then ϕ2 function works
more precisely. The corresponding residue of solution is computed
with Eq.(27). The distribution of ||r(h,m,ϕs)||||xext(h)|| is plotted in Fig. 2
which follows similar relation as in Fig. 1. With solution evaluated
by rational Krylov subspace, residue could be a good estimator for
its accuracy and serves as criteria to determine m.

Demonstrated in [20], rational Krylov subspace method performs
best on convergent rate and the length of step-size h compared to
standard and invert Krylov subspace method. The Krylov subspace
is built with (G+ C

γ
) which avoids the factorization of C. According

to [11], transient simulation with rational Krylov subspace is not very
sensitive to γ once it is set to around the order near time step h. More
comparisons among standard, invert and rational Krylov subspace
based matrix exponential and vector product (MEVP) can be found
in [18].

C. Integration Algorithm for Circuit Simulation

The integration framework of transient simulation with matrix
exponential based integration method is shown in Algorithm 2.
The LU decomposition is performed on (Gk + Ck

h
) for rational

Krylov subspace. Eq.(25) is used to compute solution with step
h and the exponential integrators are evaluated separately with ϕ
functions. Lines 5-10 show the compensation iteration for circuit
nonlinear elements as discussed in Sec. III-B. The residue term rk+1

is element-wisely compared to an error bound Err. Once the relation
rk+1 ≤ Err is not satisfied, compensation term is computed and
added to xk+1 until solution converges.

The framework also incorporates an adaptive step method. If the
solution cannot converge within Itermax iterations, time step h is
shrunk and solution has to be recalculated. Once solution converges
with a small number of iterations, step h will be increased for next
step xk+2 to accelerate the simulation process.

Algorithm 2: Integration Kernel for rational Krylov subspace
using Compensation Iteration

Input: Circuit netlist, input sources, xk at time tk and expected
time step h

Output: solution xk+1 at tk + h

1 Load the netlist and obtain Ck, Gk and F (xk) with xk;
2 Perform LU decompose of (Gk + Ck

γ
) ;

3 Use Algorithm 1 to compute Eq. (13) and Eq. (14);
4 Set iteration number i = 0;
5 while rk+1 > Err by Eq. (17) and i < Itersmax do
6 Compute compensation term with Algorithm 1

∆xk+1 = −h2ϕ2(hJ)C−1
k

rk+1

h
;

7 xk+1 = xk+1 + ∆xk+1;
8 Update rk+1 at xk+1 with device model;
9 Increase the iteration number i = i+ 1;

10 end
11 if rk+1 > Err when i = Itersmax then
12 i = 0; h = µh; // Computed solution xk+1 is

rejected. Shrink h by µ = 0.5.
13 end
14 else
15 x(tk + h) = xk+1; tk+1 = tk + h; k = k + 1;
16 if i ≤ Itersmin then
17 h = αh; // i is small, h is increased by

α > 1 to accelerate the process. Here
α = 1.2

18 end
19 end

V. NUMERICAL RESULTS

In this section, the numerical results are compared for rational
Krylov subspace method which evaluates the exponential terms with
different ϕ functions . We define γ as half of time step and restrict
maximum allowed step within 1ns. Table I provides the specification
of nonlinear test cases from industry. In order to verify numerical
difference among exponential integrators computed with ϕ functions,
all test cases except for D8 are stiff designs with non-singular C
matrices. Extra regularization process is not required when the inverse
of C is incorporated with vectors as in Eq. (3) and (6). Size of the
test cases varies from 43 to 40k, represented by #Node. #Dev is the
number of MOSFETs in each circuit. The next 2 columns in Table
I are numbers of non-zero elements of C and G in simulation. We
can find D4 - D6 has relatively denser matrices. T is the time span
of transient simulation.



TABLE I: Specification of Test Cases

Index Design #Node #Dev nnz(C) nnz(G) T (s)
D1 voter25 43 74 345 345 1× 10−6

D2 counter 93 220 0.7k 0.7k 1× 10−7

D3 fadd32 161 288 1.1k 1.1k 1× 10−7

D4 add20 521 958 7.2k 3.6k 1.6× 10−7

D5 memplus 2.8k 7.4k 35k 26k 4.75× 10−7

D6 ram2k 4.8k 13.8k 47.6k 47.6k 6× 10−7

D7 Inv. chain 11k 24 63k 34k 1× 10−9

D8 Power Grid 40k 400 47k 140k 1× 10−8

Same tolerance is set in Algorithm 1 for checking the accuracy
of MEVP computed by rational Krylov subspace. Convergence of
nonlinear system is achieved using compensation iteration with a
correction term derived from residue in Eq. (17). The exponential
integrators are evaluated with ϕ0, ϕ1 and ϕ2 functions separately in
the format from Eq. (13) and (14). Computation of ϕ functions is
realized by augmented matrix method. Notice in Table II, ϕ2 method
is only for Eq. (14) and Eq. (13) is computed with ϕ1 method. The
simulation results are listed in Table II. DC represents the DC analysis
time of test case. Average dimension of rational Krylov subspace in
transient simulation is denoted as ma which includes computation of
solution and residue term in compensation iteration. Total time steps
and runtime are displayed as well. Iteravg is the average iteration
number for each step which reflects convergence rate of circuits.
Designs with more complex C and G matrices tend to have larger
Iteravg , like D4 - D6. Relatively higher m for Krylov subspace is
observed for those cases. For all the test cases, ϕ0 method costs
the least running time and ma.The results are consistent with the
error distribution of ϕ functions as shown in Fig. 1. To achieve same
accuracy, Krylov subspace with ϕ0 requires smaller m.

In Fig. 3, the waveform of D4 is extracted to compare with
traditional Backward Euler method with Newton-Raphson iteration
(BENR). Smaller time step (0.1ps) is applied to BENR as a reference
solution. Solution computed with our proposed algorithm well fits the
reference.

We implement the algorithms for circuit transient simulation in
MATLAB 2014a and use UMFPACK package for matrix factor-
ization. The experiments are performed on a Linux server with
Intel(R) Xeon(R) CPU E5-2640 v3 2.60GHz and 125 GB memory.
Device evaluation and matrix stamping are done in C/C++ with
BSIM3 model for MOSFET. The interactions are through MATLAB
Executable (MEX) external interface with GCC 4.4.7.

VI. CONCLUSION

We propose an efficient algorithmic framework for nonlinear
circuit time domain simulation using exponential integrators. The
MEVP is computed by rational Krylov subspace. In order to reduce
the number of LU decomposition operations, we remove Newton-
Raphson iterations. A residue term based compensation iteration
algorithm is devised to maintain the convergence.

The computation of ϕ functions is realized with rational Krylov
subspace using the augmented matrix. Relative error compared to
exact solution is used to illustrate numerical difference among
integrated solution with ϕ functions. Results in Sec. V show
potential advantage when choosing ϕ function for the computation
of exponential integrators in order to achieve low computation cost
while ensuring accuracy. For example, with relatively larger time step
ϕ0 method is preferred for its dramatic decrease in residue versus
increasing h. While for tiny h, ϕ1 and ϕ2 methods demonstrate
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Fig. 3: Accuracy comparison of transient simulation with rational
Krylov subspace and a reference by tranditional Backward Euler with
Newton-Raphson method; γ = h/2; the reference solution use step
size 10−13s.

potential for lower error. For the future work, we will address the
numerical stability when matrix C is singular. In addition, nonlinear
integration methods will be explored to accelerate the convergence
of the iterations.
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