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This paper describes an online stereo visual simultaneous localization and mapping
(SLAM) algorithm developed for the Learning Applied to Ground Robotics (LAGR) pro-
gram. The Gamma-SLAM algorithm uses a Rao–Blackwellized particle filter to obtain a
joint posterior over poses and maps: the pose distribution is estimated using a particle fil-
ter, and each particle has its own map that is obtained through exact filtering conditioned
on the particle’s pose. Visual odometry is used to provide good proposal distributions for
the particle filter, and maps are represented using a Cartesian grid. Unlike previous grid-
based SLAM algorithms, however, the Gamma-SLAM map maintains a posterior distri-
bution over the elevation variance in each cell. This variance grid map can capture rocks,
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vegetation, and other objects that are typically found in unstructured environments but
are not well modeled by traditional occupancy or elevation grid maps. The algorithm runs
in real time on conventional processors and has been evaluated for both qualitative and
quantitative accuracy in three outdoor environments over trajectories totaling 1,600 m in
length. C© 2008 Wiley Periodicals, Inc.

1. INTRODUCTION

The DARPA Learning Applied to Ground Robotics
(LAGR) program challenged participants to develop
vision-based navigation systems for autonomous
ground vehicles. Although the principal thrust of the
LAGR program was learning, the ability to build and
maintain accurate global maps was a key enabling
technology. Toward this end, we have developed and
tested a new algorithm for vision-based online si-
multaneous localization and mapping (SLAM), to be
used in conjunction with a standard planner, that
enables robust navigation in unstructured outdoor
environments.

The Gamma-SLAM algorithm described in this
paper makes use of a Rao–Blackwellized particle
filter (RBPF) for maintaining a distribution over
poses and maps (Doucet, de Freitas, Murphy, &
Russell, 2000; Haehnel, Burgard, Fox, & Thrun, 2003;
Montemerlo & Thrun, 2003). The core idea behind
the RBPF approach is that the SLAM problem can be
factored into two parts: finding the distribution over
robot trajectories and finding the map conditioned on
any given trajectory. This is done using a particle filter
in which each particle encodes both a possible trajec-
tory and a map conditioned on that trajectory.

Unlike most previous SLAM algorithms, which
are designed to work on LADAR or stereo range data
in structured environments, the Gamma-SLAM algo-
rithm is designed to work in unstructured and heav-
ily vegetated outdoor environments. This leads to
two important design decisions. First, we use visual
odometry (VO) (Howard, 2008) rather than wheel
odometry to provide vehicle motion estimates. As we
will show in Section 4, wheel odometry is unreliable
in unstructured environments due to the complex na-
ture of the wheel/terrain interaction (i.e., wheels tend
to sink, slip, and skid). Second, the Gamma-SLAM
grid map encodes the elevation variance within each
cell, rather than cell occupancy or mean elevation.
That is, unlike occupancy grids (with the underly-
ing assumption that each cell in the world is either
occupied or free) and elevation maps (with the un-
derlying assumption that each cell in the world is a

flat surface), our maps are based on the assumption
that the points observed from each cell are drawn
from a Gaussian distribution of elevations, and the
statistic of interest is the variance of elevations in the
cell. The memory required by a variance grid map
is only slightly larger than that required by an occu-
pancy grid or elevation map: each map cell contains
two scalar values that are the sufficient statistics of
the posterior distribution (see Section 5.3). The name
Gamma-SLAM derives from the fact that the poste-
rior distribution over the inverse variance is a gamma
distribution (Raiffa & Schlaifer, 2000).

The use of variance grid maps derives from our
experience operating robots in LAGR-relevant envi-
ronments, where the key landmarks for localization
are trees, bushes, and grasses. The variance grid cap-
tures more information about these types of land-
marks than pure elevation or binary occupancy grids
and is more robust to changes in viewpoint and light-
ing conditions than appearance-based models. Vari-
ance grid maps also have a secondary advantage that
is of particular relevance to the LAGR program: in
vegetated environments, elevation variance is a key
feature for classifing terrain traversability. Intuitively,
areas with low variance (such as mown grass) are
much more traversable than areas with high variance
(such as bushes and trees). Positive step edges (such
as rocks or fences) also generate large variances, be-
cause points in these cells are effectively drawn from
multiple distributions. On the other hand, negative
step edges (such as cliffs) are generally unobservable.
Mean elevation, in contrast, tells us relatively little
about traversability; rather, it is the change in ele-
vation between cells that is significant, and whereas
such changes may effectively capture step edges, they
are less likely to capture the difference between short
grass (which is traversable) and tall grass (which is
not).

The paper is structured as follows. We first re-
view some related SLAM approaches (Section 2),
briefly describe the LAGR robot hardware and soft-
ware (Section 3), and present key details of the VO
algorithm (Section 4). The Gamma-SLAM formalism
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and algorithm are described in Sections 5 and 6, along
with experimental results from three different out-
door environments (Section 7). We demonstrate an
efficient online method for georeferencing the SLAM
solution using global positioning system (GPS) data
(Section 8) and conclude with a discussion of planner
integration and future work (Section 9).

2. RELATED WORK

There are now a wide variety of approaches to
solving the problem of SLAM; for a recent review,
see Bailey and Durrant-Whyte (2006) and Durrant-
Whyte and Bailey (2006). Many of the current ap-
proaches to SLAM use laser range scans for their ob-
servations. Many of these laser-based systems (such
as that of Montemerlo & Thrun, 2003) are land-
mark based, in that each particle’s map consists of a
posterior distribution over the locations of a num-
ber of salient landmarks. Others (such as those of
Grisetti, Tipaldi, Stachniss, Burgard, & Nardi, 2007,
and Haehnel et al., 2003) are grid based, meaning that
each particle’s map is a dense occupancy grid con-
taining the posterior probability that each cell in the
grid is occupied. In addition to SLAM algorithms
that use laser range measurements, there are a grow-
ing number of examples of vision-based SLAM, some
of which use stereo vision (Dailey & Parnichkun,
2006; Elinas, Sim, & Little, 2006; Se, Barfoot, &
Jasiobedzki, 2005; Sim, Elinas, & Little, 2007; Sim, &
Little, 2006). All of the existing stereo vision SLAM
algorithms are landmark based. One of these systems
(Sim, Elinas, Griffin, Shyr, & Little, 2006; Sim et al.,
2007; Sim & Little, 2006) uses a landmark-based rep-
resentation for SLAM and then at each time step uses
the maximum-likelihood SLAM trajectory to gener-
ate an occupancy grid for navigation. In that sys-
tem, the SLAM algorithm itself is solely landmark
based and makes no use of the occupancy grid map.
To our knowledge, our Gamma-SLAM algorithm is
the first stereo vision SLAM algorithm that is built
upon a grid-based representation. Furthermore, most
current approaches to SLAM address either indoor
environments or structured outdoor environments.
Gamma-SLAM is one of the first to succeed in off-
road outdoor environments such as those featured in
the LAGR program. We speculate that this may be
because the appearance-based landmark representa-
tions used in previous stereo vision SLAM algorithms
are less appropriate for natural terrain or are less ro-
bust to changes in three-dimensional (3D) viewpoint

and lighting conditions than Gamma-SLAM’s vari-
ance grid maps.

Most existing grid-based SLAM systems (such
as that of Haehnel et al., 2003) use laser range find-
ers and a binary occupancy grid. Occupancy grids,
which are often used in structured indoor envi-
ronments, are based on an underlying assumption
that each cell in the world is either occupied (non-
traversable) or free (unoccupied). Using observations
of each cell, the SLAM system of Haehnel et al. (2003)
infers the posterior probability that the cell is occu-
pied versus unoccupied, which is a Bernoulli distri-
bution. Another type of grid map is an elevation map,
which corresponds to a representation of the horizon-
tal surfaces of an environment (Kümmerle, Triebel,
Pfaff, & Burgard, 2007). Elevation maps are based on
an underlying assumption that each cell in the world
is a flat surface, in which all samples from a cell have
the same elevation, or height, up to additive Gaussian
noise.1 Each cell of an elevation map, which is con-
structed using the Kalman filter update rule, contains
a Gaussian posterior distribution over the height of
the surface in that cell. The mean of this Gaussian is
the estimate of the height of the surface, and the vari-
ance of the Gaussian measures the uncertainty of this
height estimate. In contrast, the variance grid maps
that we introduce in this paper assume that the points
observed in each cell are drawn from a Gaussian dis-
tribution over elevations. A variance grid map con-
tains a posterior distribution over the variance of ele-
vations (rather than the mean elevation) in each cell.

In recent extensions of elevation maps, which
have been used in systems for outdoor localization
and for mapping and loop closing (Kümmerle et al.,
2007; Pfaff, Triebel, & Burgard, 2007; Triebel, Pfaff,
& Burgard, 2006), a cell is allowed to contain one or
more horizontal surfaces or a vertical surface. These
extensions still assume that each cell is a planar patch
(or multiple levels of planar patches, or a vertical sur-
face), which makes them well suited to structured
outdoor environments such as urban roads and over-
passes. Map matching in these systems (Pfaff et al.,

1Although they are usually thought of as modeling flat surfaces, in
which each cell has a single elevation up to Gaussian observation
noise, elevation maps can also be thought of as modeling each cell
as a Gaussian distribution over elevations. Either way, elevation
maps estimate the posterior distribution over the mean elevation
in each cell. In contrast, variance grid maps, which we introduce in
this paper, estimate the posterior distribution over the variance of
elevations in each cell.
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2007; Triebel et al., 2006) uses an iterated closest point
(ICP) algorithm, and they are currently much too
slow for real-time SLAM.

3. THE MOBILE ROBOT PLATFORM

The Gamma-SLAM algorithm was designed for
and tested on the LAGR Herminator robot (Jackel,
Krotkov, Perschbacher, Pippine, & Sullivan, 2007).
The Herminator is a differential drive vehicle with
powered wheels at the front and caster wheels at the
back. It can traverse moderately rough terrain, in-
cluding sand, dirt, grass, and low shrubs and climb
inclines of up to 20 deg (depending on the surface
type). The top speed is around 1 m/s. The onboard
sensors include wheel encoders, GPS, an inertial mea-
surement unit (IMU), and two stereo camera pairs
with a baseline of 12 cm and a combined field of view
of approximately 140 deg. The camera pairs are indi-
vidually calibrated using a planar calibration target,
and the stereo pairs are individually surveyed into
the vehicle frame.

The Herminator employs a distributed comput-
ing architecture, with one computer dedicated to each
of the stereo camera pairs, and a third computer ded-
icated to mapping and planning. In the Jet Propul-
sion Laboratory (JPL) LAGR system (Howard et al.,
2007), the eye computers perform stereo ranging and
VO and project terrain geometry data into a series
of vehicle-centric grid maps. These maps are passed
to the planner computer, where they are fused into
the global map used for path planning. The Gamma-
SLAM system described in this paper runs on the
planner computer, using VO for motion estimates
and vehicle-centric grid maps for observations.

4. VISUAL ODOMETRY

VO estimates the incremental vehicle pose by track-
ing features across image frames and integrating the
induced frame-to-frame camera motion. This esti-
mate has the same basic properties as the estimate de-
rived from wheel odometry; specifically, it is defined
relative to an arbitrary origin and is prone to drift
over time. Compared with wheel odometry, however,
VO is much more accurate and is not affected by
wheel/terrain interactions such as slipping, sliding,
or skidding. This fact is demonstrated in dramatic
fashion in Figure 1, which plots the pose estimates
from VO and wheel odometry in a high-slip envi-
ronment. In this experiment, the vehicle was driven

around the Mars Yard at the JPL over flat sandy ter-
rain, up a steep sand bank, and back down to the
starting point. Note the divergence between the vi-
sual and wheel odometry estimates when the vehicle
arrives at the sand bank and becomes bogged (with
the wheels spinning but the vehicle making no for-
ward progress). The final position error when the ve-
hicle returns to the initial location is approximately
19 m for wheel odometry and less than 0.30 m for VO.

VO also serves a secondary purpose: to deter-
mine the extent to which the wheels are slipping. We
define the slip ratio as (sw − sv) / |sw|, where sw and sv

are the vehicle speeds determined by wheel odome-
try and VO, respectively. Figure 1, for example, shows
the slip ratio computed for the Mars Yard experiment;
the ratio approaches 1 around frame 1,400 as the ve-
hicle attempts to scale the sand bank and the wheels
start spinning in place. In the JPL LAGR system, the
slip ratio is used by the vehicle planner to detect and
abort actions that are not making progress (e.g., driv-
ing forward when the vehicle is stuck on a low branch
or rock). It can also be used by learning algorithms as
a training signal, such that these algorithms can learn
the relationship between wheel slip, surface type,
and slope (Angelova, Matthies, Helmick, Sibley, &
Perona, 2006).

The basic VO algorithm proceeds as follows. For
each sequential pair of stereo camera frames:

1. Detect features in each frame (corner detec-
tion).

2. Match features between frames (sum of abso-
lute differences over local windows).

3. Find the largest set of self-consistent matches
(inliers).

4. Find the frame-to-frame motion that mini-
mizes the inlier reprojection error.

This algorithm is illustrated in Figure 2.
The inlier detection step (3) is the key dis-

tinguishing feature of the algorithm. The feature-
matching stage inevitably produces some incorrect
correspondences, which, if left intact, will unfavor-
ably bias the frame-to-frame motion estimate. A com-
mon solution to this problem is to use a robust esti-
mator, such as RANSAC (Fischler & Bolles, 1981), that
can tolerate some number of false matches. In our al-
gorithm, however, we adopt an approach described
in Hirschmuller, Innocent, and Garibaldi (2002) and
exploit stereo range data at the inlier detection
stage. The core intuition is that the 3D locations of
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Figure 1. Top: Comparison of wheel odometry and VO in a high-slip environment (JPL Mars Yard). The solid and dashed
tracks show the position estimates from VO and wheel odometry, respectively. VO correctly estimates that the robot’s initial
and final positions are identical. Bottom: Slip ratio derived from the visual and wheel odometry; a ratio of 1 or −1 indicates
that the wheels are spinning in place.

features must obey a rigidity constraint and that
this constraint can be used to identify sets of fea-
tures that are mutually consistent (a clique) prior to
computing the frame-to-frame motion estimate. This
approach, which can be described as inlier detection
rather than outlier rejection, offers a number of advan-

tages. The algorithm is extremely robust (even when
false matches outnumber true matches), can handle
dynamic scenes (because each independent motion
gives rise to a separate set of self-consistent features),
and is insensitive to self-shadow effects (the vehi-
cle’s shadow is just another independent motion).
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Figure 2. Stereo VO example, showing rectified (left) and disparity (right) images from sequential frames. Features are
matched across frames, using the disparity data to reject false matches. The set of features joined by dotted lines (left top
and bottom) form a motion clique; i.e., these features move as a single rigid body between successive frames. The remaining
feature matches are assumed to be incorrect and are discarded.

Just as importantly, the algorithm does not require
an initial motion estimate or inputs of any kind from
wheel encoders or IMUs. As a result, it can handle
large vehicle rotations and is completely insensitive
to wheel/terrain interactions.

Even the best VO algorithms will inevitably suf-
fer from failures; e.g., when the cameras are obscured
by close vegetation or the scene contains very little
texture. In the LAGR system, we overcome this lim-
itation using a simple two-part filter that fuses the
VO estimates with measurements from the IMU and
wheel encoders. First, when VO fails, the filter falls
back on the wheel encoders and IMU to estimate the

frame-to-frame motion; these estimates are less ac-
curate than those from VO but are of course much
better than no estimate at all. Second, the vehicle tilt
estimate is continuously corrected using the gravity
vector sensed by the IMU. The filter takes the raw ac-
celerations measured by the IMU, applies a gate on
the magnitude of the acceleration to find constant-
velocity segments, and then slowly rotates the vehi-
cle attitude to align it with the gravity vector. This
correction has no effect on the vehicle heading but
prevents accumulation of error in the roll and pitch
axes such that the vehicle always knows up from
down.
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Figure 3. The goal of Gamma-SLAM at time t is to si-
multaneously infer h and x1:t given a sequence of obser-
vations z1:t and a sequence of control signals u1:t (obtained
from VO).

On a Core 2 Duo processor, the typical run time
for the VO algorithm is less than 10 ms/frame, track-
ing approximately 100 features across 512 × 384 im-
ages. Note, however, that the algorithm is depen-
dent on the dense stereo range data produced by
the stereo correlator, which requires approximately
100 ms/frame on the same processor. For more infor-
mation on the JPL VO algorithm, see Howard (2008).

5. GAMMA-SLAM FORMALISM

Our Gamma-SLAM system can be conceived as per-
forming inference on a generative model described
by the graphical model in Figure 3. Given the se-
quence of observations made by the robot from time
1 to t , denoted z1:t , and the sequence of control com-
mands (determined from VO), denoted u1:t , we infer
a joint posterior distribution over the map of the en-
vironment, h, and the robot’s path (pose sequence)
through the environment, x1:t .

The world map is a grid of G square cells with
side length 0.16 m. We assume that every point ob-
served in cell g (where g = 1, . . . ,G) has its height
drawn from a Gaussian distribution, with precision
(inverse variance) hg and unknown mean. The en-
tire world map is h={hg}Gg=1, the collection of all grid
cells.

5.1. Motion Model

The controller for our robotic vehicle maintains a full
six-degree-of-freedom estimate of the robot’s pose,
but for navigation and planning a lower dimensional
representation is sufficient. For the purposes of the
algorithm described in this paper, the robot pose xt

consists of a 2D position dt and orientation θt . The
control signal ut (obtained from VO) consists of a
robot-centered translation �dt and rotation �θt . The

motion model dictates that xt is given by the previous
pose incremented by the control signal, plus a small
amount of Gaussian noise, qt :

xt xt−1 ut qt[
dt

θt

]
=

[
dt−1

θt−1

]
+

[
�dt

�θt

]
+

[
qdt

qθt

]
.

(1)

Here the position noise qdt is drawn from a two-
dimensional (2D) Gaussian distribution with mean 0
and variance σ 2

dt in the direction of �dt (and variance
0 perpendicular to �dt ), where σdt is proportional to
the distance traveled in the current time step:

σdt = αd |�dt |. (2)

The angular noise qθt is drawn from a one-
dimensional (1D) Gaussian with mean 0 and variance
σ 2

θt , where σθt is a sum of two terms, one proportional
to the distance traveled and one proportional to the
angular rotation in the current time step:

σθt = αθd |�dt | + αθ |�θt |. (3)

The three constant parameters, αd, αθd, and αθ , char-
acterize the VO error and are determined empirically
for each robot. Although this model is somewhat
crude, it has proven adequate for our purposes. In
the LAGR system, VO is much more reliable than
wheel odometry and behaves in generally consistent
fashion across different environments (with one
exception, described in Section 7.3).

5.2. Observation Model

Each observation obtained from dense stereo vision
contains a large number of points with locations
(x, y, z). For each point observed, we bin the xy lo-
cations (horizontal coordinates) into a square grid
aligned with the world map. After the observed
points are collected into cells according to their (x, y)
coordinates, each cell in the grid contains a set of
n heights (z coordinates), where n is the number
of points observed in that cell. For each grid cell
g, we assume that these heights are i.i.d. samples,
{s1, . . . , sn}, from a 1D Gaussian with unknown mean
μg and precision hg (where precision = 1/variance).
(For simplicity, we almost always omit the subscript
g and simply call these μ and h.) Note that obser-
vations may have different values of n for different
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cells; for example, cells close to the robot tend to have
larger n than faraway cells. We can write the likeli-
hood of drawing these n samples as a function of the
unknown population mean and precision, μ and h:

p(s1, . . . , sn|μ, h) =
n∏

i=1

p(si |μ, h) =
n∏

i=1

fN (si ; μ, h)

= (2π )−n/2hn/2e− 1
2 h

∑n
i=1(si−μ)2

, (4)

where fN (si ; μ, h) denotes the 1D Gaussian PDF with
mean μ and precision h.

We summarize the collection of data samples
{si}ni=1 by its sample mean and variance, m and v:

m = 1
n

n∑
i=1

si, v = 1
k

n∑
i=1

(si − m)2, where k = n − 1.

(5)

Now with some algebraic manipulation, we can
rewrite the likelihood equation (4) in terms of m

and v:

p(s1, . . . , sn|μ, h) = (2π )−n/2e− 1
2 hn(m−μ)2 · hn/2e− 1

2 hkv.

(6)
Integrating this likelihood over all values of s1, . . . , sn

that have the same sufficient statistics m, v gives the
likelihood of observing data with mean and variance
m, v when we sample n points from a Gaussian dis-
tribution whose population mean and precision are
μ, h. This likelihood is the product of a normal distri-
bution and a gamma distribution (Raiffa & Schlaifer,
2000):

p(m, v|μ, h; n, k) = fN (m; μ, hn)fγ 2
(
v; h, k)

= (2π)−
1
2 (hn)

1
2 e−

1
2 hn(m−μ)2

· 1
�

( 1
2k

) ( 1
2hk

)k/2
v

1
2 k−1e−

1
2 hkv. (7)

As may be evident from the preceding equation,
we use fγ 2 as a convenient parameterization of the
gamma function:

fγ 2(v; h, k)def=fγ

(
v; 1

2k, 1
2hk

)
def= 1

�
( 1

2k
)( 1

2hk
)k/2

v
1
2 k−1e−

1
2 hkv. (8)

Reducing the dimensionality of the hypothesis
space for both the robot location and the map makes

SLAM algorithms much more efficient. Using the
pitch and roll information from the robot’s IMU en-
ables us to reduce the robot’s pose to four degrees of
freedom and to record the stereo range data as height
values within cells in a horizontal grid map. For the
environments we have tested so far, we have been
able to reduce the dimensionality of both the pose
space and the map further by choosing to omit the
z value (absolute elevation) of the robot and of each
map cell. In each observation, we know the relative
z values of every point, but the evolution of the z

values over time is not strongly constrained by the
VO results, so we have chosen not to maintain an ac-
curate estimate of the robot’s elevation over time or
of the mean elevation of the points in each map cell.
This 2 1

2 -D representation of the world has been suf-
ficient for navigating a wide variety of off-road en-
vironments. For this reason, we do not use the mean
height statistic m collected from each observation, ex-
cept to compute the variance statistic v. We there-
fore ignore the posterior distribution over μ, com-
puting the marginal posterior distribution over h as
explained in Section 5.3. To this end, we eliminate m

from the observation likelihood by integrating m out
of Eq. (7):

p(v|h; k) =
∫

m

fN (m; μ, hn)fγ 2
(
v; h, k)dm = fγ 2

(
v; h, k)

= 1
�

( 1
2k

)( 1
2hk

)k/2
v

1
2 k−1e− 1

2 hkv. (9)

5.3. Bayesian Update of a Map Cell

If we know the precise pose history (path) of the robot
x1:t , as well as the sequence of observations z1:t , then
we can infer the posterior distribution over the world
map. For each grid cell g, the inferred map contains
a distribution over the precision (inverse variance) of
the Gaussian distribution of heights in that cell. The
map can be thought of as combining all of the obser-
vations from time 1 to time t , aligned (rotated and
translated) according to the pose at each time step,
x1:t . Making the simplifying assumption that the pre-
cisions of the grid cells are conditionally independent
given the robot’s path and observations, we express
the map at time t as

p(h|x1:t , z1:t )︸ ︷︷ ︸
map at time t

=
G∏

g=1

p(hg|x1:t , z1:t )︸ ︷︷ ︸
one cell of the map

. (10)
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A map is made up of cells, each of which contains
the sufficient statistics (v, k) of a gamma distribution.
This can be interpreted as the distribution of our be-
liefs about the precision h of the normal distribution
of heights from which that cell’s points were sam-
pled. When we collect a new observation (a new set
of data points for a map cell), we use the previous
gamma distribution for the cell as our prior and then
use the new data points to update our beliefs, obtain-
ing a new gamma distribution as our posterior for
that map cell.

Given the pose at time t , we know which points
from the observation at time t correspond to each grid
cell in the map. For any particular cell, at time t we
observe some number n = k + 1 of points that lie in
that cell (according to the pose xt ), and we compute
their data variance v using Eq. (5). This section ex-
plains how to use this observation (summarized by
statistics v, k) to update the corresponding cell in the
prior map (summarized by statistics v′, k′), thus ob-
taining a posterior map (a posterior distribution over
the precision of heights in this cell, summarized by
statistics v′′, k′′).

5.3.1. The Gamma Prior

When estimating the precision h of the Gaussian dis-
tribution of heights in a cell, the conjugate prior is the
natural conjugate of the likelihood distribution (9),
which is a gamma distribution. We parameterize this
gamma prior over h with parameters v′ and k′:

p(h|v′, k′) = fγ 2
(
h; v′, k′)

= 1
�

( 1
2k′)( 1

2k′v′)k′/2
h

1
2 k′−1e− 1

2 hk′v′
. (11)

This is the prior distribution before we incorporate
our current data samples; the sufficient statistics v′

and k′ are obtained from the data collected in previ-
ous time steps.

5.3.2. The Gamma Posterior

Suppose that for a given cell in the map, the prior
distribution over h is defined by Eq. (11), with suf-
ficient statistics (v′, k′). Then we take an observation
(we observe n = k + 1 new points from the cell), and
this observation has sufficient statistics (v, k), defined
by Eq. (5). By Bayes’ rule, the posterior distribution
for the cell in the map is proportional to the product

of the prior distribution (11) and the likelihood (9):

p(h|v′, k′, v, k) = p(h|v′, k′) p(v|h; k)∫
h
p(h|v′, k′) p(v|h; k) dh

= fγ 2(h; v′, k′) fγ 2(v; h, k)∫
h
fγ 2(h; v′, k′) fγ 2(v; h, k) dh

. (12)

Multiplying Eq. (11) by Eq. (9) and eliminating terms
that do not depend on h, we obtain

p(h|v′, k′, v, k) ∝ e− 1
2 h(k′v′+kv) h

1
2 (k′+k)−1. (13)

We can write the posterior more simply by defining
new posterior parameters k′′ and v′′: by letting

k′′ = k′ + k , v′′ = k′v′ + kv

k′ + k
, (14)

we obtain

p(h|v′, k′, v, k) ∝ e− 1
2 hk′′v′′

h
1
2 k′′−1. (15)

This has the form of a gamma distribution in h.
Because the posterior distribution over h is a prop-
erly normalized probability distribution, this poste-
rior must be the following gamma distribution:

p(h|v′, k′, v, k) = fγ 2(h; v′′, k′′). (16)

If no points have yet been observed in a cell, we
use the uninformative prior: k′ = 0 and v′ = 0 (or in-
deed let v′ equal any finite value). For this prior,
the Bayesian update (14) simply produces k′′ = k and
v′′ = v. Thus, if the incoming data are the first data to
go into a cell, the sufficient statistics for the posterior
distribution will simply be equal to the data statistics.

5.4. Likelihood of an Observation

Suppose we have our map at time t − 1, which
is p(h | x1:t−1, z1:t−1). Each cell of this map,
p(h | x1:t−1, z1:t−1), is a gamma distribution that is
summarized by the sufficient statistics v′, k′. Suppose
we observe k new points from this cell at time t .
What is the likelihood that our observation will
have a given data variance, v? (We will need the
answer later to determine the relative weights of our
particles.)

Suppose a cell of the prior map has statistics v′, k′,
and we now observe n = k + 1 new points from the
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same cell. The probability that our current observa-
tion will have data variance v is

p(v | v′, k′; k) =
∫

h

p(h, v | v′, k′; k) dh

=
∫

h

p(v | h; k) p(h | v′, k′) dh. (17)

By noting that this is the denominator of Eq. (12), we
can use Eqs. (12) and (16) to obtain the following:

p(v | v′, k′; k) = fγ 2(v; h, k) fγ 2(h; v′, k′)
fγ 2(h; v′′, k′′)

(18)

= �
( 1

2k′′)
�

( 1
2k

)
�

( 1
2k′) · (kv)k/2(k′v′)k

′/2

(k′′v′′)k′′/2 · v−1.

5.5. SLAM Using RBPF

The distribution that we estimate at each time step,
which we call the target distribution, is the posterior
distribution over the path (pose history) of the robot
x1:t , and the corresponding map. Our inputs are the
history of observations z1:t and the VO, which we
treat as the control signal u1:t . We factorize the target
distribution as follows:

p(x1:t , h | z1:t , u1:t )︸ ︷︷ ︸
target distribution

= p(x1:t | z1:t , u1:t )︸ ︷︷ ︸
filtering distribution

p(h | x1:t , z1:t )︸ ︷︷ ︸
map

.

(19)

This factorization enables us to estimate the target
distribution using RBPF (Doucet, de Freitas et al.,
2000), which combines the approximate technique of
particle filtering for some variables, with exact filter-
ing (based on the values of the particle-filtered vari-
ables) for the remaining variables. We use a particle
filter to approximate the first term on the right-hand
side of Eq. (19), the filtering distribution for the parti-
cle filter, using discrete samples x[j ]

1:t . For each of these
samples (particles), we use exact filtering to obtain
the second term in Eq. (19), the map, using the map
updates described in Section 5.3.

By Bayes’ rule and the probabilistic dependencies
implied by the graphical model (Figure 3), we can
write the filtering distribution for the particle filter as

follows:

p(x1:t |z1:t , u1:t)︸ ︷︷ ︸
filtering distribution

∝ p(zt |x1:t , z1:t−1, u1:t)︸ ︷︷ ︸
importance factor

p(x1:t |z1:t−1, u1:t)︸ ︷︷ ︸
proposal distribution

,

(20)

where the proportionality constant does not depend
on the path x1:t . We further factor the last term:

p(x1:t |z1:t−1, u1:t)︸ ︷︷ ︸
proposal distribution

= p(xt |xt−1, ut)︸ ︷︷ ︸
sampling distribution

p(x1:t−1|z1:t−1, u1:t−1)︸ ︷︷ ︸
prior filtering distribution

. (21)

Equations (20) and (21) express the filtering distribu-
tion at time t as a function of the filtering distribution
at t − 1. The sampling distribution in Eq. (21) is given
by the motion model, which is expressed in Eq. (1).
To compute the importance factor in Eq. (20), observe
that

p(zt | x1:t , z1:t−1, u1:t )︸ ︷︷ ︸
importance factor

=
∫

h
p(zt , h | x1:t , z1:t−1, u1:t )dh

=
∫

h
p(zt | h, xt )︸ ︷︷ ︸

likelihood of observation

p(h | x1:t−1, z1:t−1)︸ ︷︷ ︸
prior map

dh. (22)

Because we have assumed that each cell of the map
is independent, we compute the importance factor
separately for each grid cell that is nonempty in both
the prior map and the current observation and then
take the product over all of these grid cells to obtain
the importance factor for the entire observation. To
see how to compute the importance factor for a grid
cell, note that Eq. (22) for a single map cell is precisely
the observation likelihood (17), so we can compute it
using Eq. (18).

In Gamma-SLAM (or, indeed, in any grid-based
RBPF SLAM algorithm), data association refers to
the assignment of the observations to the cells in the
global map. Each particle has its own discrete hy-
pothesis about the sequence of poses x1:t , and that
sequence of poses specifies exactly the data associa-
tion of every stereo point observed to a grid cell in the
global map. Thus, each particle has its own data as-
sociation, which contributes to that particle’s impor-
tance weight.
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6. GAMMA-SLAM ALGORITHM

We outline the entire Gamma-SLAM algorithm in
Section 6.1. A key part of the algorithm is the com-
putation of the importance factor for each parti-
cle, which we explain in detail in Section 6.2. In
Section 6.3, we describe our real-time implementation
of the algorithm.

6.1. Outline of the Algorithm

At time step t , estimate the effective number of parti-
cles (Doucet, Godsill, & Andrieu, 2000) using the par-
ticle weights from all J particles at time t − 1:

Jeff = 1∑J
i=1

(
w

[i]
t−1

)2 . (23)

Then do the following for each particle j =
1, 2, . . . , J :

• If Jeff ≥ J/2: Let x̃[j ]
1:t−1 = x[j ]

1:t−1, and let
w̃

[j ]
t−1 = w

[j ]
t−1.

• If Jeff < J/2 [Resampling step]: Sample (with
replacement) a particle x̃[j ]

1:t−1 from the previ-
ous time step’s particle set, {x[i]

1:t−1}Ji=1, with
probability w

[i]
t−1. Set w̃

[j ]
t−1 = 1/J .

• Prediction: Sample a new pose from the pro-
posal distribution, given by the motion model
of Eq. (1):

x[j ]
t ∼ p

(
xt | x̃[j ]

t−1, ut

)
. (24)

Append the new pose onto the particle’s path
(pose history):

x[j ]
1:t = {

x̃[j ]
1:t−1, x[j ]

t

}
. (25)

• Map update: Rotate and translate the obser-
vation zt according to pose x[j ]

t , so that the
observation aligns with the particle’s existing
map (so the grid cell boundaries are in the
same locations). For each grid cell that is ob-
served, compute the data statistics v, k, and
then combine this with the prior map for this
cell (statistics v′, k′) by updating the map us-
ing Eq. (14). This gives the statistics v′′, k′′,
which comprise that cell of the particle’s map
at time t .

• Importance weight: For each grid cell g that
is nonempty in both the current observation
and the prior map, compute an importance
factor, λ

[j ]
tg , using the logarithm of Eq. (18):

log λ
[j ]
tg = log �

( 1
2k′′) − log �

( 1
2k

)
− log �

( 1
2k′) + 1

2

[
k log(kv) (26)

+ k′ log(k′v′) − k′′ log(k′′v′′)
]−log v.

In Section 6.2, we explain how to com-
bine the importance factors λ

[j ]
tg across all of

the grid cells g in the observation to obtain
the overall importance factor for particle j at
time t , which we denote λ

[j ]
t .

The new weight of the particle is equal to
the product of its old weight and its impor-
tance factor:

w
[j ]
t ∝ w̃

[j ]
t−1 · λ

[j ]
t , (27)

where at the end of the time step, the particle
weights w

[j ]
t are normalized so

∑
j w

[j ]
t = 1.

6.2. Computing the Importance Factor

Equation (26) enables us to compute, for particle
j at time t , the importance factor λ

[j ]
tg of each grid

cell g that is observed at time t and that exists in the
particle’s prior map. We now explain how we com-
bine these individual cell’s importance factors to ob-
tain the overall importance factor for the particle, λ[j ]

t .
In Section 6.2.1, we cover the case in which every grid
cell that is observed at time t is already present in the
particle’s prior map. Then in Section 6.2.2, we discuss
how to deal with grid cells that are in the current ob-
servation but were not previously observed.

6.2.1. Observations in Which Every Grid Cell Has
Been Previously Observed

If every grid cell that is part of the observation at
time t was observed previously, then the map from
the previous time step gives us the sufficient statis-
tics v′ and k′ for that cell, and we can use Eq. (26) to
compute the importance factor λ

[j ]
tg for each grid cell.

Next, we need to combine these importance factors
from all of the cells to compute λ

[j ]
t , the overall im-

portance factor for particle j at time t .
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If all grid cells were in fact truly independent of
each other as we have assumed, then we could sim-
ply calculate the importance factor using

log λ
[j ]
t =

∑
g∈Gobs

log λ
[j ]
tg , (28)

where Gobs is the set of grid cells in the observation
at time t . In practice, however, this equation results
in an observation likelihood that is too steep (the best
particle has almost all of the weight, whereas its com-
petitors have almost none), which is probably due
(at least in part) to the assumption (10) that the grid
cells are independent of each other. This assumption
is unrealistic—for example, adjacent cells in a map of-
ten have similar height variance. To counteract this
effect, we divide by a constant β times the number
Nobs of grid cells in the current observation:

log λ
[j ]
t = 1

βNobs

∑
g∈Gobs

log λ
[j ]
tg . (29)

If the robot’s actual environment exactly matched
the assumptions of our model, then Eq. (28) would be
sufficient, and the constant parameter β introduced
in Eq. (29) would not be necessary. Thus, the pur-
pose of β is to compensate for the discrepencies be-
tween the generative model and the real-world sys-
tem. We suspect that the need for β arises due to
two inaccurate assumptions of the model. The first,
as we have just discussed, is the assumption of inde-
pendence between grid cells (10). The second is the
assumption that the heights of the points observed
in each cell are drawn from a Gaussian distribution.
A Gaussian distribution over height is not an accu-
rate model for some objects (e.g., the vertical wall of
a building would be closer to a bounded uniform dis-
tribution than a Gaussian distribution over heights).
Although the model is not a perfect representation of
the world, introducing the parameter β enables the
model to perform well in a variety of difficult real-
world outdoor environments, as evidenced by the re-
sults in Section 7.

6.2.2. Observations in Which Some Cells Have Not
Been Previously Observed

Recall from Section 5.5 that the importance factor for
a grid cell is the probability that the statistics ob-
served in the corresponding cell of the current obser-

vation were generated by that cell, given our prior ex-
perience. If we have already observed that grid cell,
then we have prior statistics v′, k′ for the cell, and
we can use Eq. (26) to compute the probability that
the cell generated the new observation v, k. In prac-
tice, however, it is common for observations to con-
tain many grid cells that have not been previously
observed. For such grid cells, it is not obvious how
to obtain the importance factor, because we need to
know the probability that an unfamiliar grid cell gen-
erated an observation.

Because it is typical for some particles to believe
that a cell in the current observation has been previ-
ously observed while other particles believe that the
same cell in the current observation has never been
seen before, our problem is essentially equivalent to
the common problem in mobile robotic map building
of deciding whether a new observation comes from
an already known location or a previously unknown
location. This dilemma has been referred to as the
revisiting problem (Stewart, Ko, Fox, & Konolige, 2003)
and by the question “loop closure or new place?”
(Newman et al., 2007).

Ignoring previously unobserved cells when
computing the importance factor. Before discussing
how to compute the importance factor for previously
unobserved cells, we consider an even simpler ap-
proach. The simplest way to handle such cells is to
just ignore them when computing the overall impor-
tance factor. In this approach, Eq. (29) becomes

log λ
[j ]
t = 1

βNprev

∑
g∈Gprev

log λ
[j ]
tg , (30)

where Gprev represents the subset of grid cells in
the current observation that have previously been
observed (that already exist in the particle’s prior
map) and Nprev is the number of such grid cells.
Note that this equation reduces to Eq. (29) if every
cell in the current observation has been previously
observed.

We have found that in some environments,
such as Mars Yard courses A and B described in
Section 7.1, approximation (30) works quite well. In
some other cases, however, this approximation is in-
adequate. The greater the number of cells in an ob-
servation that have not been previously observed, the
worse the approximation will be. For instance, a par-
ticle that believes that the robot has traveled far since
the previous time step could be very far off from the
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true pose of the robot, and that particle may believe as
a result that there are only a few cells in common be-
tween the current observation and the particle’s prior
map. This particle ought to get a very low importance
factor, but if these few cells in the prior map just hap-
pen to match well with the few cells they are com-
pared to in the current observation, then the particle’s
importance factor will be much higher than it ought
to be.

This improper handling of previously unknown
cells can lead the algorithm to incorrectly identify
a loop closure as a new location. This undesirable
situation can occur if a particle that incorrectly be-
lieves the robot has returned to a parallel path adja-
cent to its starting path is attributed with too high of
an importance factor, causing it to have more weight
than another particle that correctly believes the robot
has returned to its starting path. To overcome this
difficulty, we need to have a model of previously
unobserved cells.

Approximating unknown cells by sampling
from previously observed cells. Rather than ignor-
ing previously unobserved cells when computing the
importance factor, we assume that for the purposes
of computing the importance factor, each unknown
cell is drawn from a prior distribution over all cells
in the environment. We approximate this prior dis-
tribution as follows. Let Gprev represent the set of all
grid cells in the current observation that are in the ex-
isting map of particle j , and let Gnew represent the
set of all grid cells in the current observation that ac-
cording to the particle have not previously been ob-
served. For each grid cell g ∈ Gnew, we randomly se-
lect a cell from the set of all known cells in the envi-
ronment (for example, from all of the cells that exist
anywhere in the particle’s entire map, irrespective of
whether they are anywhere near the current observa-
tion) and pretend that the previously unobserved cell
g has the randomly selected cell’s statistics k′, v′. We
use these statistics from the randomly sampled cell
to compute the importance factor of grid cell g us-
ing Eq. (26). (Of course, we use these randomly cho-
sen statistics only to compute the importance factor—
we do not incorporate them into the particle’s new
map.)

Now that we know each grid cell’s contribution
to the importance factor, λ

[j ]
tg , we must combine these

values from all grid cells in the current observation to
obtain an overall importance factor for the particle,
λ

[j ]
t . We do so using the following modified version

of Eq. (29):

log λ
[j ]
t = 1

Nobs

[
1

βprev

∑
g∈Gprev

log λ
[j ]
tg

+ 1
βnew

∑
g∈Gnew

log λ
[j ]
tg

]
. (31)

In this equation, Nobs is the total number of grid cells
in the current observation, and each of those cells be-
longs to exactly one of two sets: the set Gprev of grid
cells in the observation that are already present in the
particle’s previous map or the set Gnew of grid cells
in the observation that according to the particle have
not previously been observed. Note that now there
are two separate parameters β, one for previously ob-
served cells and one for unknown cells. Recall that
we originally included β in Eq. (29) in part because
the world does not fit the model’s assumption that
cells are independent (e.g., adjacent cells tend to be
similar). Now that the previously unobserved cells’
statistics are randomly sampled from a large set,
these unknown cells more closely match the model’s
independence assumption than do the previously ob-
served cells. As a result, we use two different constant
parameters β, with βnew ≤ βprev.

Approximating unknown cells in this way by us-
ing samples from a prior distribution, Gamma-SLAM
has been successful in a wide range of unstructured
outdoor environments, as the results in Section 7
demonstrate.

6.3. Real-Time Implementation

The Gamma-SLAM algorithm has been implemented
in both MATLAB and C. The C implementation runs
in real time on the Herminator robot and incorporates
two key optimizations to reduce CPU and memory
requirements.

The first optimization improves run-time perfor-
mance by fusing image data into a series of interme-
diate local maps. These robot-centered local maps in-
tegrate the range data acquired over a short distance
(generally a few meters of travel) and are used as the
observations zt for the SLAM algorithm. [This sim-
ple use of a local map as an intermediate represen-
tation may be somewhat reminiscent of SLAM sys-
tems that focus on more involved methods for fusing
local maps, such as that of Tardos, Neira, Newman,
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and Leonard (2002), or systems whose global maps
are represented as a collection of local maps, such as
that of Bosse, Newman, Leonard, and Teller (2004) or
Grisetti et al. (2007).] As a consequence, the relatively
expensive global map update and importance weight
steps are performed only once every few seconds (if
the vehicle is moving) or not at all if the vehicle is
stationary.

We justify this approximation by noting that,
over distances of a few meters, uncertainties in the
VO pose estimate have negligible impact on the lo-
cal map. On the other hand, we still perform the pre-
diction step (using the VO estimates ut ) at the full
frame rate of 5–10 Hz, because this simplifies the mo-
tion model and is relatively inexpensive. Typical ex-
ecution times on a single core of a Core 2 Duo are
4 ms/particle for the map update and importance
weight steps and 3 μs/particle for the prediction
step. For 200 particles, the average CPU utilization is
approximately 50% of a single core.

The second optimization improves memory per-
formance by sharing portions of global maps between
particles. In a naı̈ve implementation, in which each
particle stores a complete and separate global map,
memory usage can quickly become prohibitive. Con-
sider, for example, a 100 × 100 m map with 0.15-m
grid resolution and two floating-point numbers per
cell: the total map size is 7 MBytes per particle, which
equates to 1.4 GBytes of storage for 200 particles.
We reduce these storage requirements by introducing
two optimizations. First, the global map is divided
into regular tiles, each of which represents a small
region of the total map (e.g., 10 × 10 m). These tiles
are allocated on an as-needed basis, such that unvis-
ited portions of the map consume little or no mem-
ory. Second, we recognize that the resampling process
will create duplicate particles in the target set and that
these particles can share large portions of their maps
(i.e., large numbers of tiles). Sharing is implemented
via a copy-on-write scheme: after resampling, all
copies of a particle will share the same set of map
tiles, but any attempt to update a tile will result in the
creation of a new, private copy of that tile. Although
this tile-based approach is not as aggressive as some
map-sharing algorithms, such as those of Eliazar and
Parr (2003) and Grisetti et al. (2007), it has the dual
advantages of being very simple and very fast.

The net effect of this memory optimization
scheme can be seen in Figure 4, which shows both
the memory usage and effective particle count as the
robot traverses a loop course in the Arroyo Seco (see

Section 7.2). Prior to the first loop closure at around
frame 37,000, memory utilization increases monoton-
ically as the robot explores new areas in the environ-
ment. After the first loop closure, the effective num-
ber of particles Jeff drops, the filter is resampled, and
the memory utilization drops from a peak of about
160 MBytes to just 70 MBytes (shared among 200 par-
ticles). This pattern is repeated for each subsequent
resampling, with the total memory oscillating within
the range 40–160 MBytes.

7. GAMMA-SLAM RESULTS

The Gamma-SLAM algorithm has been tested in
three very different environments: the JPL Mars Yard
(open, sandy terrain with rocks), the Arroyo Seco
(open, grassy terrain with bushes and trees), and
the Small Robotic Vehicle Test Bed at the Southwest
Research Institute (SwRI) (maze-like paths through
dense scrub). In each case, data were collected by
driving the robot around one or more set courses,
periodically stopping to survey the ground-truth
robot position. Data were processed offline using the
real-time SLAM algorithm described in the preceding
section.

7.1. Mars Yard

Figures 5 and 6 show the two test courses from the
JPL Mars Yard, which consists of sandy terrain lit-
tered with orange traffic poles, plastic storage bins,
rocks, and a couple of buildings. Figure 5 shows the
results for course A, where the robot was driven back
and forth over the same terrain (three loops). The first
map (lower left) shows the results using VO alone;
this VO-only map is created by applying the map up-
date rules from Section 5.3 to the pose taken directly
from the VO. The second map (lower right) shows
the results for the Gamma-SLAM algorithm. Looking
closely at the VO-only map, it is apparent that certain
objects are duplicated; these duplications are caused
by drift in the VO pose estimate as the robot shut-
tles back and forth. In addition, a number of narrow
gaps have been closed off, making effective planning
virtually impossible. In contrast, the Gamma-SLAM
map shows no duplication of objects, and the nar-
row gaps remain open. Figure 6 shows a similar set
of results for course B, consisting of three large loops
around the Mars Yard. The Gamma-SLAM algorithm
has successfully closed the loop on each occasion as
the robot returns to the starting point, whereas the
VO-only map shows evidence of drift.
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Figure 4. Effective number of particles Jeff (top) and memory usage (bottom) for Arroyo Seco course A (described in
Section 7.2). The effective number of particles remains roughly constant until the first loop closure (around frame 37,000),
at which point the particle set is resampled. Memory usage decreases after each resampling, because duplicated particles
share maps. Note that the effective particle count must be less than or equal to the actual particle count of J = 200.

Note that the Gamma-SLAM maps capture not
only the locations of obstacles (as would an occu-
pancy grid), but also information about the heights
of objects. Cells with low variance (flat areas) ap-
pear dark, whereas cells with high variance (con-
taining boulders or buildings) appear brighter. These
maps can be used directly by the LAGR plan-
ner to find optimal paths that may allow the
robot to traverse some of the smaller (flatter)
obstacles.

The quantitative accuracy of the Gamma-SLAM
algorithm is evaluated by comparing the ground-
truth robot positions (determined using an electronic
TotalStation) with the corresponding SLAM esti-
mates. These two sets of points are related by an un-
known 2D rigid-body transform that we estimate via
least-squares optimization; the residual error from
this fit is used as a measure of accuracy. Table I shows
the root-mean-squared (RMS) position errors for each
test course, using Gamma-SLAM versus using VO

alone. Clearly, Gamma-SLAM offers an improvement
over VO, achieving an RMS error of around 0.3 m ver-
sus 1.2 m. It should also be noted that, unlike the VO
estimate, the SLAM position error does not grow over

Table I. Quantitative results for the Mars Yard, Arroyo
Seco, and SwRI data sets. The RMS error denotes the mean
distance between the estimated robot position and the
ground-truth position determined using an electronic To-
talStation. Note that the SwRI results are for a single survey
point only.

RMS error (m)

Course Distance (m) VO only Gamma-SLAM

Mars Yard A 164 1.24 0.29
Mars Yard B 204 1.12 0.21
Arroyo Seco A 335 0.42 0.34
Arroyo Seco B 406 1.22 0.32
SwRI maze 543 1.98 0.65
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Figure 5. Mars Yard course A. Top: Photo of the course. Lower left: Map made using VO alone, with the robot path shown
in white. Lower right: Map made by Gamma-SLAM with 100 particles and 0.16-m grid spacing. The left and right sides
of each map correspond to the left and right sides of the photo, respectively. Cell color indicates the expected standard
deviation of the heights in each grid cell.

time (so long as the vehicle is traversing previously
explored terrain).

7.2. Arroyo Seco

The Gamma-SLAM algorithm was also tested in
the vegetated Arroyo Seco environment shown in
Figure 7. This environment is significantly less struc-
tured than the Mars Yard: the ground underfoot
varies from grassy to sandy, and the vegetation
ranges from spindly clumps of bushes to extremely
dense shrubbery. Figures 8 and 9 show the results
for two separate courses in this environment. Course
A consists of three loops, totaling 335 m, around
a mostly open field. Interestingly, the VO-only and
Gamma-SLAM maps for course A are very nearly
identical, indicating that the VO was able to achieve a

very high degree of accuracy. On course B, however,
the maps are noticeably different. This course con-
sists of two loops, covering the same terrain as course
A but including diversions at each end into narrow,
heavily vegetated areas. Note the area at the lower
left of the maps in Figure 9; the VO-only map is clut-
tered with duplicate obstacles, whereas the Gamma-
SLAM map is clean and clearly traversable.

The quantitative comparison of the VO and
Gamma-SLAM trajectories is shown in Table I.
These results confirm the qualitative comparison of
the maps: whereas the difference between VO and
Gamma-SLAM is negligible on course A (RMS error
of 0.42 m versus 0.34 m), it is very significant (from
a mapping perspective) on course B (1.22 m versus
0.32 m). The consistency of the Gamma-SLAM results
should also be noted. The Mars Yard and Arroyo Seco
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Figure 6. Mars Yard course B. Top: Photo of the course. Lower left: Map made with VO alone, with the robot path shown
in white. Lower right: Map made by Gamma-SLAM with 100 particles and 0.16-m grid spacing. The buildings appear at
the top and bottom of the Gamma-SLAM map.

data sets were collected 6 months apart, in differ-
ent environments and using different robots. Never-
theless, the Gamma-SLAM algorithm produces near-
identical accuracy.

7.3. SwRI Maze

Figure 10 shows some of the images collected in a
maze-like environment at the SwRI Small Robotic Ve-

hicle Test Bed. This maze consists of relatively nar-
row paths cut into dense scrub, with multiple loops
and offshoots. The robot traversed four distinct loops
over a total distance of 543 m, eventually return-
ing to its approximate initial location. Results for
this course are shown in Figure 11: once again, the
Gamma-SLAM map improves on the VO-only map,
with clearly navigable paths (blue) and no obvious
duplication of obstacles (red).
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Figure 7. Images from the Arroyo Seco course, showing varied terrain types and vegetation.

This environment presented by far the most diffi-
cult challenge for the algorithm. In addition to the ob-
vious topological complexity, the environment con-
tains specific vegetation types that cause the stereo
correlator to fail at close range. This has two con-
sequences: first, the observations for cells bordering
the paths may be inconsistent, and second, the VO
(which depends on stereo) is comparatively less accu-
rate. Unlike the Mars Yard and Arroyo Seco data sets,
it was necessary to tune the algorithm parameters for
this environment (including the noise in the motion
model and the independence factors βprev and βnew).

Although no survey data were collected for this
experiment, the initial and final robot positions are
known to be approximately equal. On the basis of this
one data point, we can compute an RMS position er-
ror of 0.65 m for Gamma-SLAM versus 1.98 m for VO.

8. GPS ALIGNMENT

The Gamma-SLAM algorithm described in Section 6
does not incorporate GPS measurements and is not
aligned with any global reference frame. For prac-
tical purposes, however, some form of global align-
ment is essential, because navigation goals are usu-
ally provided in georeferenced coordinates such as

latitude/longitude or universal transverse mercator
(UTM). We did not attempt to integrate GPS mea-
surements directly into the Gamma-SLAM algorithm
(which is a nontrivial problem) because the benefits
would be minimal for our experiments—in the envi-
ronments we tested, the Gamma-SLAM maps were
much more precise than the GPS readings. Instead, we
have chosen to fit each particle trajectory against the
GPS data using an efficient online algorithm. This al-
gorithm does not change the SLAM pose estimates
or map (these are still defined in an arbitrary local
frame) but does allow us to compute the robot pose
and map coordinates in the GPS frame, or equiva-
lently, to transform goals defined in the global frame
into goals defined in the SLAM frame. Moreover, by
combining the precise relative positions determined
by Gamma-SLAM with the imprecise absolute posi-
tions determined by GPS, we can obtain a measure
of the robot’s pose in georeferenced coordinates that
is more accurate than that provided by the GPS data
alone. Essentially, the robot leverages the precision of
its SLAM maps to obtain a superresolution GPS read-
ing, by combining information from all of the GPS
readings obtained during the map collection. The al-
gorithm for online GPS alignment is described in de-
tail in the Appendix.
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Figure 8. Maps from the Arroyo Seco course A (three loops totaling 335 m) with 200 particles and 0.15-m grid spacing.
Top: Map from VO, with the robot path shown in white. Bottom: Map from Gamma-SLAM.

Figure 12 shows the GPS-aligned trajectory for
the Arroyo Seco course B. For convenience, the UTM
coordinates have been translated by a constant off-
set that defines the UTM site frame. Also shown in
Figure 12 is a close-up of the SLAM maps produced
on courses A and B after GPS alignment (rotation
and translation) into the UTM site frame. The maps
are consistent at the submeter scale, despite the fact
that the two data sets were collected approximately
30 min apart, and the WAAS-enabled GPS reports a
nominal accuracy of 4 m.

9. DISCUSSION

The Gamma-SLAM algorithm described in this paper
is designed for easy integration with the path plan-
ner. On each planning cycle, the planner takes the
current best map (augmented with any local data that
have not yet been fused into the global map), com-
putes the traversability costs, and constructs the op-
timal path. Unfortunately, we were not able to field
an integrated SLAM and autonomous navigation sys-
tem within the time contraints of the LAGR program.
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Figure 9. Maps from the Arroyo Seco course B (two loops totaling 406 m) with 200 particles and 0.15-m grid spacing. Top:
Map from VO, with the robot path shown in white. Bottom: Map from Gamma-SLAM. Note the lower left region, which
has duplicated features in the VO-only map but is “clean” in the Gamma-SLAM map.

Figure 10. Images from the SwRI maze course (grass-covered paths cut through dense scrub).

Consequently, all of the results presented in this pa-
per were generated by manually driving the robot
while collecting ground-truth measurements.

The fact that maps are immediately useful for
planning is one of the key advantages of grid-
based RBPF SLAM approaches in general and of
the Gamma-SLAM algorithm in particular. In the
Gamma-SLAM algorithm, elevation variance is a
good proxy for cell traversability, and once Gamma-
SLAM has been used to determine the correct data
association (to assign each observed point to a grid
cell in the global map), one can easily augment cells

with other relevant statistics such as local slope, point
density, and so on. This is in marked contrast to
feature-based SLAM algorithms, which generally re-
quire an additional process for updating and main-
taining traversability maps.

Grid-based SLAM algorithms, such as those
based on occupancy grids, often involve a smooth-
ing step as part of the map-matching process.
This is particularly important in structured envi-
ronments, in which objects have sharp boundaries,
in order to make the objective function smooth
(e.g., particles that are nearly correct will get a

Journal of Field Robotics DOI 10.1002/rob



46 • Journal of Field Robotics—2009

Figure 11. Maps from the SwRI maze course (multiple loops totaling 543 m) with 200 particles and 0.15-m grid spacing.
Top: Map from VO, with the robot path shown in white. Bottom: Map from Gamma-SLAM.

higher importance weight than particles that are
farther off the mark). In natural outdoor environ-
ments, however, smoothing is less necessary be-
cause many natural objects (such as bushes, scrub,
and boulders) are inherently smooth—they extend
over multiple grid squares and have gradual bound-
aries. For this reason, we do not do any explicit
smoothing of the grid maps in our Gamma-SLAM
implementation. Even without explicit smoothing,
however, Gamma-SLAM is also effective with dis-
crete obstacles that have sharp boundaries, such
as the traffic poles, storage bins, and buildings
shown in Figure 5. The reason is that implicit smooth-
ing was still taking place. Some of this implicit

smoothing is due to the fact that when an object lies
across the boundary of multiple grid cells, it con-
tributes observation points to all of the cells in which
it lies. More smoothing is due to inherent uncertainty
in the stereo measurements. Because this stereo error
is greater for points that are farther from the robot,
we restrict the observations to points within a limited
range: we discard stereo points that are farther than a
prespecified distance (5 or 10 m) away from the robot.
The stereo measurements for the points that remain
are fairly accurate, but the errors that still remain pro-
vide implicit spatial smoothing.

The Gamma-SLAM algorithm has proven its abil-
ity to generate both accurate pose estimates and
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Figure 12. GPS alignment from the Arroyo Seco experiment. Left: Gamma-SLAM trajectory aligned in the UTM site frame
(course B). Right: maps from courses A and B after rotation and translation into the UTM site frame.

self-consistent maps in a wide variety of environ-
ments. There are, however, some key limitations and
unsolved challenges. First, the algorithm is designed
to operate in environments that are effectively 2D,
such as open fields and trails. Individual trees and
forested areas can be handled by detecting and re-

moving overhanging structures from the data, but the
approach will not generalize to environments con-
taining arbitrary 3D structures, such as overpasses,
tunnels, or bridges. Second, the algorithm can han-
dle only loops of a certain size, beyond which the
particle set becomes very sparse and loop closure
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becomes highly improbable. The current implemen-
tation can reliably close loops of over 100 m using
200 particles, but the practical upper bound is not
known. Third and finally, more work is required to
address the problem of map reuse and map merg-
ing; that is, we desire the ability to merge two maps,
collected at different times or by different robots,
into a single self-consistent representation. The GPS
alignment algorithm described in Section 8 provides
only a partial solution to this problem; although it
can align maps with submeter accuracy, the residual
uncertainty can be enough to blur key features. Re-
cent work on distributed mapping and map merg-
ing in indoor environments (Carpin, Birk, & Jucikas,
2005; Konolige, Fox, Limketkai, Ko, & Stewart, 2003;
Makarenko, Williams, & Durrant-Whyte, 2003) may
be relevant here.

In Gamma-SLAM, we maintain a posterior dis-
tribution over the precision (inverse variance) of the
heights in each grid cell, but for our SLAM algorithm,
we discard the information about the mean height by
integrating it out of the probability distributions in
Section 5. We have chosen not to maintain an accu-
rate estimate of the robot’s elevation over time or of
the mean elevation of the points in each map cell, be-
cause the evolution of the elevation of the robot over
time is not strongly constrained by the VO results
or by the IMU and because it was not necessary for
the environments we tested. If we had chosen not to
marginalize over the mean in our algorithm, an un-
corrected drift in the mean elevation values would
lead to an artificially inflated measurement of the el-
evation variance when the robot returns to the same
cell after a long delay (e.g., the second time around a
large loop). However, in other experimental setups, it
might be advantageous to estimate the posterior dis-
tribution of the mean height of each cell as well as
its precision. In that case, rather than a gamma distri-
bution, the natural conjugate distribution would be a
normal-gamma distribution (Raiffa & Schlaifer, 2000).

10. CONCLUSION

This paper describes Gamma-SLAM, a stereo vision-
based algorithm for SLAM that uses a grid-based
world representation. Rather than occupancy grids or
elevation maps, Gamma-SLAM is based on variance
grid maps, which maintain an estimate of the variance
of heights of the points that are observed in each cell
of a 2D grid. The update rules and observation like-

lihood for variance grid maps are derived and uti-
lized in a RBPF-based SLAM framework. The system
is implemented in real time, and experiments demon-
strate that Gamma-SLAM produces accurate, consis-
tent maps in a variety of challenging unstructured
outdoor environments.

APPENDIX: GPS ALIGNMENT ALGORITHM

We begin this Appendix by describing a batch algo-
rithm for GPS alignment. Then we derive an efficient
online version of the algorithm. This algorithm was
used to obtain the results described in Section 8 (and
shown in Figure 12).

A.1. Batch Algorithm for GPS Alignment

A WAAS-enabled GPS receiver on the robot provides
estimates of latitude, longitude, and horizontal es-
timated position error (EPE), with typical errors of
3–10 m (depending on how much sky is visible). For
simplicity, we assume that this horizontal error esti-
mate σ is proportional to the standard deviation of
the error distribution of that GPS reading.

Define the 2 × t matrix B so that its ith column,
bi , contains the 2D position of the robot inferred by
Gamma-SLAM at time step i (where i = 1, . . . , t).
Note that the values in B (in meters) are in a local
coordinate system. Let the 2 × t matrix A contain
the GPS reading of the 2D global position of the
robot at each of the same time steps, ai , in the global
(UTM) coordinate system (also in meters). Finally, let
σi denote the GPS receiver’s horizontal EPE for the
reading at time i.

Our goal is to find the 2 × 1 translation vector
l (in meters) and 2 × 2 rotation matrix R that trans-
form the SLAM map from local coordinates to global
coordinates with the least error from the GPS signal.
Furthermore, the measure of how egregious a partic-
ular error is should be divided by the corresponding
horizontal EPE: a difference of 10 m is more worri-
some when the EPE reading is 5 m than when the EPE
reading is 20 m. Thus, our goal is to find R and l that
minimize the following error function:

ε =
t∑

i=1

∥∥∥∥ai − (Rbi + l)
σi

∥∥∥∥2

2
. (A.1)

Let μ and ν represent the following weighted aver-
ages of the GPS positions and the SLAM positions,
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respectively:

μ = 1∑t
i=1 ω2

i

t∑
i=1

ω2
i ai , ν = 1∑t

i=1 ω2
i

t∑
i=1

ω2
i bi ,

where ωi = 1
σi

. (A.2)

It can be shown that the rotation and translation that
minimize the error function (A.1) map from ν to μ.
In other words, if we subtract the weighted mean μ

from each ai and subtract the weighted mean ν from
each bi , then the translation from one to the other
that minimizes the error function is the zero trans-
lation. Denote these mean-subtracted GPS positions
and mean-subtracted SLAM positions, respectively,
by

ãi = ai − μ, b̃i = bi − ν. (A.3)

Define the 2 × t matrix Ã so that the ith column is
the vector ãi , and similarly define the 2 × t matrix B̃
so that its ith column is b̃i . Then we can rewrite the
error function (A.1) as

ε =
t∑

i=1

∥∥ωi

(
ãi − Rb̃i

)∥∥2
2 . (A.4)

Letting � be the diagonal matrix of the weights, � =
diag(ω1, . . . , ωt ), we can rewrite the error in matrix
form:

ε = ∥∥Ã� − RB̃�
∥∥2

F
, (A.5)

where ‖·‖2
F represents the square of the Frobenius

norm (the sum of the squares of all of the elements
of a matrix).

We find the rotation matrix, R, that minimizes
the error (A.5), using the orthogonal Procrustes
method (Golub & Van Loan, 1989): Take the singular
value decomposition (SVD) of Ã�(B̃�)T = Ã�2B̃T :

Ã�2B̃T = USVT , (A.6)

where S is diagonal and the matrices U and V
are unitary (orthonormal) matrices. Then UVT is
the unitary transformation matrix that minimizes
the error. In this case, we require a pure rotation
(determinant = 1). If |UVT | = −1 (which can happen
if the robot’s path is fairly linear and/or the GPS er-
ror is high), there is a simple modification (ten Berge,

2006): The rotation matrix that minimizes the error, ε,
is

R = UVT , if
∣∣UVT

∣∣ = 1; (A.7)

R = U
[

1 0
0 −1

]
VT , if

∣∣UVT
∣∣ = −1. (A.8)

A.2. Online Algorithm for GPS Alignment

An online (incremental) version of the algorithm de-
scribed above requires the running updates of a few
values:

αt
def=

t∑
i=1

ω2
i ai , β t

def=
t∑

i=1

ω2
i bi , γt

def=
t∑

i=1

ω2
i . (A.9)

The update equations from time t − 1 to time t for
these sums, as well as for the weighted averages μ

and ν from Eq. (A.2), are

αt = αt−1 + ω2
t at , β t = β t−1 + ω2

t bt ,

γt = γt−1 + ω2
t , μt = αt

γt

, ν t = β t

γt

, (A.10)

Using these values, we can find the value at time t of
the 2 × 2 matrix Ã�2B̃T by updating from its value at
time t − 1:[

Ã�2B̃T
]
t
= [

Ã�2B̃T
]
t−1

+ γt−1(μt−1 − μt )(ν t−1 − ν t )T + ω2
t ãt b̃T

t .

These update equations provide the 2×2 matrix,
Ã�2B̃T , on which to perform SVD. The optimal trans-
formation from local (SLAM) coordinates to global
(georeferenced) coordinates is then simply obtained
using Eqs. (A.6)–(A.8).

Because the update equations require us to main-
tain and perform only a few calculations on a fixed
number of 2-vectors and 2 × 2 matrices, this GPS
alignment requires extremely low overhead in terms
of both memory and computation time, making it
easy to incorporate into the real-time SLAM system.
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