Label Presewing
Dimensionality Reduction

Kristin M. Branson
ComputerScienceandEngineering
U.C. SanDiego

kbranson@cs.ucsd.edu

Abstract

Many tasks,suchasfacerecognition,requirelearninga classifierfrom
a small numberof high dimensionakraining samples.Thesetaskssuf-
fer from the curseof dimensionality: the numberof training samples
requiredto accuratelylearna classifierincreasegxponentiallywith the
dimensionalityof the data. Onesolutionto this problemis dimension-
ality reduction.Commonmethodsfor dimensionalityreductionsuchas
Principal ComponentAnalysis (PCA) andFishers Linear Discriminant
Analysis (LDA) have undesirableproperties. PCA is an unsupervised
algorithm,while LDA camonly producea smallnumberof components
andassumeshe datais normally distributed. A new algorithmframe-
work proposedn this paper StructuredPrincipal ComponentAnalysis
(SPCA),doesnot have theseundesirableproperties. SPCA structures
thedatain a supervisedvay, thenappliesPCAto eachstructure. SPCA
first clustergogethersimilar featuref thedata,usinga supervisesgim-
ilarity measuréhatmakessmall,reasonablassumptionaboutthedata.
Fromeachclusterof similar featuresa smallnumberof componentsre
choserto representhatcluster Theinstantiationof SPCAemplo/edin
this paperusesthe normalizedcut criterionto clusterthe features.The
similarity measurauisedis the same-clas€hi-squaredlistancebetween
eachfeatureover all the training data. Finally, PCA is usedto extract
a small numberof componentdrom eachcluster This algorithmwas
testedon two facerecognitiondatabasesyith encouragingesults.

1 Intr oduction

Many tasksrequirelearninga classifierfrom a smallnumberof high dimensionatraining
samples Becauséhe potentialcompleity of a classifierincreasesgxponentiallywith the
dimensionalityof the data, it is difficult to accuratelylearna classifierwith dataof this
type (Dudaetal.,2001).

As aconcreteexample,considerthe taskof facial expressiorclassificatiorof the Pictures
of Facial Affect (POFA) Databas€EkmanandFriesen,1976). This databaseonsistsof
240 x 292 greyscalepixel imagesof 14 actorsperformingone of six expressions.The
dimensionalityof eachdatasamplées the numberof pixelsin theimage,70,080.Thegoal
is to determinea classifier saya perceptronwhich will accuratelyclassifynovel images.



A simpleclassifieflike a perceptrorhasaninput unit for eachpixel andan outputunit for
eachexpression. A weight mustbe learnedfor eachpair of input and outputunits. As
thereare70,080inputsand6 outputs thereare420,480weightsthatmustbelearned.The
numberof training samplesneededo accuratelyand confidentlyestimatetheseweights
grows exponentiallywith the numberof weights(Bishop,1995). As the POFA database
hasonly 110training examples,an accurateperceptrorcannotbe learnedfrom this high
dimensionabata.

Onesolutionto this problemis dimensionalityreduction:choosinga small(er)setof fea-
turesto representhe data. Two of the mostpopularmethodsfor dimensionalityreduc-
tion arePrincipal ComponenfAnalysis (PCA) and Fishers Linear DiscriminantAnalysis
(LDA). BothPCA andLDA selectorthonormafeaturedrom all lineartransformationsf
theinput featuresusingthe meanand covariancestatisticsof the training data. PCA and
LDA differ in thatthe criterion usedto choosethe featuresfor LDA is supervisedwhile
thecriterionfor PCAis unsupervised.

PCA hasthe obviousdisadantagethatit doesnot useoneof the mostimportantfeatures
of the training data,namelythe classlabels. LDA hasthe disadwantagethatit canfind at
mostc — 1 componentdo projectonto, wherec is the numberof classesn the task. For
example,in expressiorrecognitioncis 6. BothPCAandLDA only considethemeanand
covariancestatisticsof the training data,thusareboth disadwantagedf the distribution of
thedatais notnormal.

In this paper| proposeanalgorithmfor dimensionalityreductionthatdoesnot suffer from
ary of theseshortcomingsStructuredPrincipal Componen®nalysis(SPCA).SPCAIs a
supervisedlgorithmthat makessmall andreasonablassumptionsiboutthe distribution
of the data. SPCA usesgraphsegymentationto find the featuresthat bestrepresenthe
originalfeaturedor theclassificatiortask. SPCAclusterghefeaturesothatthesimilarity
of featureswithin aclusteris maximizedandthesimilarity of featuresn separatelusterss
minimized. As a supervisedneasuref similarity betweerfeatureds used the clustering
of featuresis supervised.Eachclusterof featuresis representedy a small numberof
features.Thus,SPCAproduces smallnumberof featureghatbestrepresenthe original
featuredor the classificatiortaskathand.

2 Background

2.1 Principal ComponentAnalysis

The mostcommonmethodfor dimensionalityreductionis Principal Componen®nalysis
(PCA).PCAIis anunsupervisealgorithmthatselectsorthonormafeaturedrom all linear
transformation®f theinputfeatures Thedatais representedsthe projectionof the orig-
inal high-dimensionatraining dataon thesefeaturevectors. The projectionX; of training
samplex;, ontothefeaturevectorsrepresentedscolumnsof the matrixV is:

Xi = VTXi.
PCA selectsthe featuresthat minimize the sum squarederror of the distancebetweena
sampleandits projection. Thatis, giventrainingdataD = x;, i = 1,...,n, PCAfindsthe

featuresthe columnvectorsof V, which minimize
1 n
IV)=Z5 k= Vx|~
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The vectorsV that minimize J are also the vectorsthat maximizethe projectedscatter
VTSV, where
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Figurel: Two classe®f dataandthedirectionof thefirst principalcomponenaindthefirst
componenselectedy LDA.

Thus,thecolumnsof V aretheeigervectorsof S, sortedin orderof decreasingigervalues.
Thus, thesevectorsare alsoin the directionof the greatestvarianceof the data. The M
featureselectedarethefirst M eigervectorsof S (Bishop,1995).

PCAis anunsupervisedlgorithmthatchooseshecomponentshatbestrepresenthedata.
It doesnot necessarilychoosethe componentshat would be bestfor discriminatingone
classof datafrom another For example considethetwo classe®f datashavnin Figurel.

PCAwill choosdhevectorin thedirectionof greatesvarianceof all thedata,vi. While the
classe®of dataarelinearly separablethe classesarenotlinearly separablevhenprojected
onthefirst principalcomponent.

2.2 Fisher'sLinear Discriminant Analysis

Fishers Linear DiscriminantAnalysis (LDA) attemptsto alleviate this problem. LDA is
a supervisednethodof dimensionreductionthat attemptsto find the linear combination
of featureswhich will representhe mostinformationuseful for discriminatingbetween
classesLDA will chooseheoptimalcomponenty; to discriminatehetwo classeshovn
in Figurel.

Criterionsusedfor LDA chooséheprojectionspacewith themaximumseparatiometween
thedatain differentclassesLDA doesthis by maximizingthe scatterof the meansof the
projecteddataof eachclasswhile minimizing the scatterof the projecteddatawithin each
class. All criterionsfor LDA try to maximizethe betweenclassscatterin the projected

space: .
S= Zl(rﬁi — ) (rfi; — M)

while minimizing thewithin classscattelin the projectedspace:
C
Sw= (%= 1) (X —1fi)) T,
i;x;i

whererfy; is the meanof the projecteddataof classi, m is the meanof all the projected
data,andc is thenumberof classes.

Thus,LDA findsthe matrix of columnfeaturevectors¥, thatmaximizeVT SgV andmini-
mizeV T SyV, whereSy andSs arethewithin andbetweerclassscattersf theunprojected
data.Thestandardriterionfunctionmaximizedis:

_ VTsyv|

W)= vrsw



FindingV thatmaximizesJ(V) reducego solving the generalizeceigervectorproblem:
SV = ASyv (Dudaetal., 2001).

Becausdgherank of S is at mostc— 1, wherec is the numberof classesat mostc— 1

featurescan be extractedusing LDA. In the exampleof facial expressionclassification
of the POFA databasethis is only five featureswhich is oftentoo few to resultin good
generalization. In addition, the criterion function usedfor LDA is somavhat arbitrary

Whileit is truethatmaximizingthebetween-clasgarianceandminimizingthewithin-class
variances desirabldor separatinglassesthereareothermeasurethatareasappropriate.
In addition,maximizingbetween-classcatterwhile minimizing within-classscatterdoes
not exactly translatanto the mostcommoncriterionfunctionfor LDA, involving theratio

of the determinant®f thesematrices. For example,usingthe traceof the matriceshas
beensuggestedFinally, LDA usesonly the meanandvariancestatisticsof the datain the

criterionfunctionusedto choosehefeatures.If the datais not normallydistributed,then

LDA ignoresmary potentialattributesof the data.

3 Structured Principal ComponentAnalysis

In this section,l will discussthe detailsof the SPCAalgorithm. First, | will discussthe
graphsggmentatiorusedto clusterthe original variablesof thedata.Second] will discuss
the superviseasimilarity measuraisedin the graphsegmentatioralgorithm. Third, | will
discusghespecificsof the currentimplementatiorof SPCA.

3.1 Graph SegmentationUsing Eigervectors

SPCAclustersthe featuresso thatfeaturesn the sameclusteraresimilar, while features
in differentclustersaredissimilar(Shi andMalik, 2000a). Thus, SPCA clustersthe fea-
turesso thatthe intra-clusteraffinity is maximizedwhile the inter-clusteraffinity is min-
imized (Hamerly 2002). The affinity is a measureof groupsimilarity. If W(u,v) is the
similarity betweerfeatureu andfeaturev, thenthe inter-clusteraffinity betweenclusters
S andS is:
Af finity($1,S) = Z W(u,v).

UES,VES,

Similarly, theintra-clusteraffinity of clusterSis:
Affinity(S,S) = g W(u,v).

ueSveS
The membershiprector y, thatindicateswhich clustereachfeatureshouldbein, canbe
approximatedy solving a generalizeceigervectorproblem,thusfinding the clusteration
of featuresvhich maximizeandminimizethe between-clustendwithin-clusteraffinities
is tractable(ShiandMalik, 2000a).

Thegeneralizegtigervectorproblemfocuseson two matricesthe pairwiseaffinity matrix
andthe degreematrix (Weiss,1999). The pairwiseaffinity matrix,W, isanN x N matrix,
whereN is the original numberof featuresn the data. Eachelementof the affinity matrix
is the pairwisesimilarity W(u, v) betweertwo featurespy andv. Thedegreematrix, D, is a
diagonalmatrix in which eachdiagonalelementepresentshetotal similarity of a feature
to all otherfeatures Thatis, D(u,u) = SN , W(u,v) (ShiandMalik, 2000b).

The cluster membershipvector that maximizeswithin-cluster affinity and minimizes
between-clusteaffinity is the solutiony with the secondsmallesteigervalueA to the sys-
tem:

(D —W)y = ADy.
y is actuallyan approximatesolution,sincey is a continuous-aluedvector, not discrete-
valued.Thus,thresholdings requiredto determingheactualclustermembership.



3.2 A SupewisedSimilarity Measure BetweenVariables

Two featuresaresimilarif thedistribution of thetrainingdatafor eachof thesefeaturesare
similarin eachclassput notacrosglifferentclassesAs aconcreteexample let usconsider
againthefacialexpressiorclassificatiortask. For example,consideffeatureu to bea pixel
in theleft eye of theimagewhile featurev is the mirror of this pixel in theright eye of the
image. As facesare moreor lesssymmetricover a vertical divide, u will look the same
asv for eachfacialexpression.deally, u andv will be groupedn the samesegment.The
distancebetweerthedistribution of all thehapyy trainingsampledor u andthedistribution
of all the hapyy trainingsampledor v will be small. Similarly, with all otherclassesthe
distributionsfor u andv will not be far apart. However, sincethe eyestendto changea
lot in differentexpressiongfor examplethe eyesin a happy expressionare slitted much
morethanthe eyesin a fear expression)the distribution of the hapyy training samples
for featureu will bevery differentfrom thedistribution of thefearful trainingsamplegor
featurev. Similarly, with all othercombinationf differentclassesthe distancebetween
thedistributionsarenot necessarilysimilar if two featuresaresimilar. Thus,a supervised
measuref the similarity betweerfeaturedistributionsis the sumof the distancebetween
thefeaturedistributionsfor eachclass.

The distancemetric chosenfor this algorithmis the Chi-squaredlistancebetweentwo
distributions, f, and f:

— fu(X)
2(fy, fy) d .
w fv) 2/ + )
The Chi-squaredlistancecanbe apprOX|matedJS|ngthetralnlng databy binningthedata.
Thus,if 11 equalbinsarechoserto covertherange[-2,2] (wherevaluesheyondthelimits
of this rangeare placedin the closestendbin), then f(2) is the numberof datasamples
falling in theseconadin, datasamplesn therange[-1.75,-1.5),f(3) is thenumberof data

sampledfalling in the third bin, datasamplesn the range[-1.5,-1.25),andso on. The
approximatiorfor the Chi-squaredlistancebetweerfeaturesu andv is:

nbins fcu _ fcv )2
ZC; Z\ fCU + fCV ) ’
wherefey(i) is the numberof datasampleof classc for which thevalueof featureu falls
inbini.

The Chi-squaredlistances basedn theassumptiorthatthe countof the numberof sam-
plesin abin is normally distributed. The bottomtermin this sum, fy(i) + fy(i), is thenan

approximatiorof thestandararroronthesquaredifference( f, (i) — fy(i))2. Thestandard
errorfor a normaldistribution is the squareroot of the mean.As the meanis unknavn, an

approximatioris theactualcount.

The assumptiorthat the countof the numberof samplesn a bin is normally distributed
is reasonableasthis is really the sum of a numberof (someavhat) randomfeatures,and
thesumof randomfeaturesapproachea normaldistribution. In addition,the Chi-squared
distanceis meaningfulevenfor non-normakistributions. Thus,the assumptionsnadeby
this algorithmaremorereasonablandlesscostlythanthosemadeby PCAandLDA.

3.3 Implementation Details

The affinity matrix usedin the clusteringalgorithmis high dimensionalffor high dimen-
stionaldata. If N is the dimensionalityof the data,thenthe affinity matrixis anN x N
matrix. Solving a generalizeckigervectorproblemfor N x N matricesis intractiblefor
large N. However, oftenthe numberof trainingsamplesisedto determinethe affinity and



degreematrices n, is relatively small. The numberof actualsegmentsin the variablesis

closerto nthanto N (Fowlkesetal., 2001). Thus,the Nystrom methodfor approximating
the solutionsto eigervectorsof the normalizedaffinity matrix arevalid in this application.
The Nystrom methodhasbeenshawn to work well for graphsegmentationof relatively

smallsetsof high dimensionablata,andrunsin time polynomialin the numberof training

samplesnot the numberof dimensiongO(n®)). Thus,the Nystrom approximatiorto the

generalizeckigervectorproblemwasimplemented.

Oncethe sggmentationof variableshasbeenobtained.eachsegmentmustbe represented
by a small numberof variables. SPCA usesthe top few Principal Component®f each
segmentto representhevariablesn thatsegment.

4 Experiments

The SPCA algorithmwas testedon facerecogntiontasks. Facerecognitioncangreatly
benefitfrom a supervisedmethodof dimensionalityreductionbecausesmall detailsare
requiredfor a certainrecognitiontask and thereis a lot of noisein facesthat mustbe
generalizedver. As discussedbefore,expressiorclassifieranustgeneralizeoveridentity
(andidentity classifiersmustgeneralizeover expression).In addition, classifiersof both
identity and expressiorrecognitionmustgeneralizeover differentlighting and occlusion
effects. SPCAwastestedon the EkmanandFriesenPicturesof Facial Affect Databasand
theYale FaceDatabase.

4.1 The Ekman and FriesenPOFA Database

The POFA Databaseconsistsof 110 imagesof 14 actorsposingone of six expressions
(happy, sad,fearful, angry surprised anddisgusted)plus neutral. Theseexpressionsare
considereduniversalexpression§,meaningthatregardlesof culture,the sameemotions
evoke theseexpressionsThe expressionsare posedby actorstrainedto move someof 44
musclegroupsidentifiedby Ekmanasdisplayingthe posedexpression. All expressions
wererecognizabléy atleast70% of thosetestedon them.

Expressiorrecognitionof the POFA databasés difficult becausehe classifiermustbe
ableto generalizeover differentidentitiesto focuson the expression.This is particularly
difficult becausehe facesof two actorsdiffer morethanfacesof the sameactorposing
differentexpressionsFigure2 shavs imagesfrom the POFA databasandthedifferences
for differentexpressionsindactors.This databasés alsodifficult, asstatedbefore because
thenumberof trainingsampless small,while the dimensionalityof the datais high.

To compareSPCAwith previousexperimentsn whichPCAandLDA performedwell, the
samepreprocessingf theimagesof the datasetis performed.This preprocessingegins
with aligningtheimagessothatthe eyesandthe bottomof thetop row of teetharein the
samepositionfor all images,andcroppedso that mostly with z-scoring(normalizingthe
datasothatthemeanintensityvaluefor eachpixelis zeroandthestandardleviationis one).
Next, theimagesaresubsampledndcorvolvedwith Gaborwaveletjets,eachcomposeaf
40 Gaboffilters of five differentscalesandeightdifferentorientationsresultingin a40,600
dimensionalvector Gaborfilters are responsie to edgesand are biologically inspired.
The differentorientationsandscalesaid in improving invarianceto smalltranslationsaand
rotationsof the data.Finally, the outputsof the Gaborfilters arez-scored.

After preprocessinghe dimensionalityof the datais reducedusingPCA, LDA, or SPCA.
A perceptrons learnedandtestedon novel testimages.

PCAperformsbestwhen50 principalcomponentsareextracted.Classificationis bestwhen
a hold out setis usedfor early stopping,andboth weight decayand momentumare used



(a) Expression = Angry  (b) Expression = Angry  (c) Absolute Value
Identity = C Identity = J of (a) - (b)

(d) Expression = Angry (e) Expression = Disgusted () Absolute Value
Identity = C Identity = C of (d) - (e)

Figure2: (a) and(b) areimagesof differentactorsposingthe sameexpression(d) and(e)
areimageof the sameactorposingdifferentexpressions.(c) is the absolutevalue of the
differencebetween(a) and(b). (f) is theabsolutevalueof the differencebetween(d) and
(e). Theliahterthe pixel, thelaraerthedifference.
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Figure 3: (a) Optimal classificationerror on the POFA databaseising LDA, PCA, and
SPCA.(b) ClassificatiorerrorusingSPCAwith 20 or 30 clustersof featuresandbetween
oneandfour PrincipalComponentgxtractedfrom eachcluster

in training the perceptron.The perceptroris trainedon imagesof all actorsbut two, the
holdoutactorandthe verificationactor The perceptrorthat performsbeston theimages
from the hold out setis usedto classifytheimagesrom the verificationset. Classification
error is usedto evaluatethe performanceof the classifier The optimal performanceof

PCAis 10%error(Dailey etal., 2000).Usingthe sametrainingandperceptrorset-up the

optimalperformancef LDA is 20%error(this performances achiezedusinganalternate
criterion function; with the standarccriterion function, LDA achieres25% classification
error).

SPCAoutperformshoth LDA andPCA. With the featuresclusterednto 30 clustersand1
principalcomponenextractedfrom eachcluster SPCAachievesa5.2%clssificationerror.
The comparisorof classificatiorerrorof LDA, PCA, and SPCAIs shovn in Figure3(a).
The resultsof using 20 and 30 clustersof featuresand extracting betweenone and four
principalcomponent$rom eachof theseclusterss shavn in Figure3(b).

As SPCAdoesnot necessarilghooseclustershatvary much,| tried addingan additional
layer of PCA at the end of the dimensionalityreduction. As perceptronsometimesare
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Figure4: Resultsof using SPCA plus an extra layer of PCA. Eachsetof barsin these
graphsrepresenta differentnumberof principalcomponent®xtractedfrom eachcluster

The x-axisrangesover the numberof principalcomponent&xtractedin the extra layer of

PCA. Graph(a) is theresultsfor 20 clustersof featuresandgraph(b) is for 30 clustersof

features.

sensitve to unnecessarinput (e.g. the weightslearnedfor a featurethatis alwayszeros
in the training dataare completelyrandomand could be very large), my hypothesisvas
that this would help the perceptrors performance.While this addition spedup training
of the perceptron(the perceptrortrainedoptimally in five iterations),it did not improve
classificatiorperformanceTheoptimalperformancef SPCAwith theextralayerof PCA
is 6.25%error. Theresultsusingdifferentnumbersof clusters principal componentex-

tractedpercluster andprincipalcomponentsxtractedin theextralayerof PCAareshovn

in Figure4.

SPCAoutperformsPCA with a smallernumberof featureg(30) than PCA requires(50).
This suggestshatthe SPCA-reducedeaturesaremoredensewith information.

4.2 The Yale FaceDatabase

The Yale Databas€BelhumeurandKriegman,1997)consistof 165imagesof 15 actors.
The imagesof the actorsare underdifferentlighting, expressionsand occlusioneffects.
This datasetis difficult, particularlyfor PCA, becauséhe classifiermustgeneralizeover
all thesedistractions(Belhumeuret al., 1996). This datasetwasusedin the first paper
proposingLDA for dimensionalityreductionin facerecognitiontasks,insteadof PCA.
Thus,LDA performsextremelywell on the datasetwhile PCA performspoorly.

Aswith thePOFA dataset,the Yaledatabasés first preprocessed’ heimagesarecentered
andcroppedz-scoredcornvolvedwith Gaborwaveletjets,andfinally z-scoredhgain.PCA
achieveda 10% error, while LDA malkesonly oneerrorin 165tests,a 0.61%error (Bel-
humeuretal., 1996). SPCAmakesno errorswhenthefeaturesareclusterednto 20 groups
andfour principalcomponentsareextractedfrom eachgroup. In addition,the perceptron
trainsextremelyquickly onthe SPCA-reducedlata,asit trainsoptimallyin five iterations
of backpropogationThe resultsof SPCAwith differentnumberof principal components
extractedfrom eachgroupis shavn in Figure5. Both LDA and PCA do not performas
well on a close-croppedacein which the outline of the faceis excluded. Futurework
includestestingSPCAon theseclose-croppedaces.
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5 Conclusion

StructuredPCA first structureghe original featuresinto a numberof clustersof similar
featuresthenappliesPCA to eachof theseclustersof similar featuresto obtaina small
numberof featuresthat representhe data. Preliminaryresultsshowv that the hypothesis
that SPCAdoesnot have the faults of PCA andLDA appeargo be true, judging by the
performanceof thesethreealgorithmson two respectediatabasesf faces. Futurework
includesfurthertestingof SPCAon thesedatasets.Most critically, the numberof clusters
of featurecanbevaried.

In addition, otheralgorithmsfor dimensionalityreductionthat more directly addresghe
faultsof PCA andLDA canbetried. For example,a hierarchicalLDA algorithmis pro-
posed.While LDA is restrictedto only c— 1 componentsa hierarchicalLDA algorithm
would first find thesec — 1 componentsthenfind the componentsn the null spaceof the
first c— 1 componentssingthe samecriterionfunction.

An algorithmthataddressetheassumptiorof normalityin LDA would beadistance_.DA

algorithmwhich considerghe distancebetweerthe distributionsof differentclassesLike
the similarity measuraisedin SPCA this algorithmwould choosehe componentsvhich

minimizethedistancebetweerthedistributionsof thefeatureof sample®f thesameclass.
It would alsotry to maximizethe distancebetweerdistributionsof differentclasses.
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