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Abstract

We consider multi-label prediction problems with large output spacesruhdeassumption obutput sparsity
— that the target (label) vectors have small support. We develop aajeheory for a variant of the popular error
correcting output code scheme, using ideas from compressedgémsaxploiting this sparsity. The method can be
regarded as a simple reduction from multi-label regression problemisaoytregression problems. We show that
the number of subproblems need only be logarithmic in the total numbeossilge labels, making this approach
radically more efficient than others. We also state and prove robuggnesantees for this method in the form of
regret transform bounds (in general), and also provide a more dkegaidysis for the linear prediction setting.

1 Introduction

Suppose we have a large database of images, and we wantrtadgaedict who or what is in any given one. A stan-
dard approach to this task is to collect a sample of thesegmaglong with corresponding labels= (y1,...,y4) €
{0,1}%, wherey; = 1 if and only if person or object is depicted in image, and then feed the labeled sample to a
multi-label learning algorithm. Herélis the total number of entities depicted in the entire degab&Vhend is very
large €.9.10%, 10*), the simple one-against-all approach of learning a sipgbelictor for each entity can become
prohibitively expensive, both at training and testing time

Our motivation for the present work comes from the obseovatihat although the output (label) space may be very
high dimensional, the actual labels are often sparse. Bhat each image, only a small number of entities may be
present and there may only be a small amount of ambiguity im evhwhat they are. In this work, we consider how
this sparsity in the output space,astput sparsityeases the burden of large-scale multi-label learning.

Exploiting output sparsity. A subtle but critical point that distinguishes output sggrsom more common notions
of sparsity (say, in feature or weight vectors) is that weirterested in the sparsity &fy|«] rather thany. In general,
E[y|z] may be sparse while the actual outcopnmay not €.g.if there is much unbiased noise); and, vice veisa,
may be sparse with probability one Hijty| =] may have large suppore.@.if there is little distinction between several
labels).

Conventional linear algebra suggests that we must prégiatameters in order to find the value of dieimensional
vectorE[y|z] for eachz. A crucial observation — central to the area of compressesirsg [1] — is that methods exist
to recoverl[y|x] from justO(k log d) measurements whéijy|z| is k-sparse. This is the basis of our approach.

Our contributions. We show how to apply algorithms for compressed sensing toutgut coding approach [2]. At
a high level, the output coding approach creates a collecticubproblems of the form “Is the label in this subset or
its complement?”, solves these problems, and then usesstiiation to predict the final label.
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The role of compressed sensing in our application is disfimen its more conventional uses in data compression.
Although we do employ a sensing matrix to compress trainiag,dwe ultimately are not interested in recovering

data explicitly compressed this way. Rather, leg@n to predict compressed label vectoasd then use sparse recon-

struction algorithms teecover uncompressed labels from these predictidimgis we are interested in reconstruction

accuracy of predictions, averaged over the data distabuti

The main contributions of this work are:

1. Aformal application of compressed sensing to predigimblems with output sparsity.

2. An efficient output coding method, in which the number ajuieed predictions is only logarithmic in the
number of labelsl, making it applicable to very large-scale problems.

3. Robustness guarantees, in the form of regret transformdso(in general) and a further detailed analysis for
the linear prediction setting.

Prior work. The ubiquity of multi-label prediction problems in domananging from multiple object recognition in
computer vision to automatic keyword tagging for conteiadases has spurred the development of numerous general
methods for the task. Perhaps the most straightforwarcbapris the well-known one-against-all reduction [3], but
this can be too expensive when the number of possible labklege (especially if applied to the power set of the label
space/[4]). When structure can be imposed on the label spagel@ss hierarchy), efficient learning and prediction
methods are often possible[[5, 6, 7, 8, 9]. Here, we focus dffiexeht type of structure, namely output sparsity, which

is not addressed in previous work. Moreover, our methodneigg enough to take advantage of structured notions of
sparsity €.g.group sparsity) when available [10]. Recently, heuridtiage been proposed for discovering structure in
large output spaces that empirically offer some degreefiofexicy [11].

As previously mentioned, our work is most closely relatethi class of output coding method for multi-class pre-
diction, which was first introduced and shown to be usefulegixpentally in [2]. Relative to this work, we expand
the scope of the approach to multi-label prediction and igebounds on regret and error which guide the design of
codes. The loss based decoding approach [12] suggestsinigsocdis to minimize loss. However, it does not provide
significant guidance in the choice of encoding method, orféeelback between encoding and decoding which we
analyze here.

The output coding approach is inconsistent when classifiszsused and the underlying problems being encoded
are noisy. This is proved and analyzed in [13], where it i® alsown that using a Hadamard code creates a robust
consistent predictor when reduced to binary regressioomp2oed to this method, our approach achieves the same
robustness guarantees up to a constant factor, but retpairiag and evaluating exponentially @ fewer predictors.

Our algorithms rely on several methods from compressedrsgnghich we detail where used.

2 Preliminaries

Let X be an arbitrary input space apd C R“ be ad-dimensional output (label) space. We assume the dataesourc
is defined by a fixed but unknown distribution ov&rx ). Our goal is to learn a predictdr : X — Y with low
expected’z-errorE, || F(x) — E[y|«]||% (the sum of mean-squared-errors over all labels) using af setraining data

We focus on the regime in which the output space is very higiedsional { very large), but for any givem € X,

the expected valug[y|x] of the corresponding labgl € ) has only a few non-zero entries. A vectokisparsef it
has at most: non-zero entries.



3 Learning and Prediction

3.1 Learning to Predict Compressed Labels

Let A : RY — R™ be a linear compression function, where< d (but hopefullym < d). We useA to compress
(i.e.reduce the dimension of) the lab@ls and learn a predictail : X — A()) of these compressed labels. Sinte
is linear, we simply represent € R™*? as a matrix.

Specifically, given a samplgx;, y;) }*_,, we form a compressed samgle:;, Ay;)}?_, and then learn a predictéf
of E[Ay|z] with the objective of minimizing thé3-errorE, | H (z) — E[Ay|x]||3.

3.2 Predicting Sparse Labels

To obtain a predicto#” of E[y|x], we compose the predictdi of E[Ay|x] (learned using the compressed sample)
with a reconstruction algorithR : R™ — R<. The algorithmR maps predictions of compressed labels R™ to
predictions of labelg € ) in the original output space. These algorithms typicaliy & find a sparse vectgrsuch
that Ay closely approximates.

Recent developments in the area of compressed sensing haecpd a spate of reconstruction algorithms with
strong performance guarantees when the compression dandtisatisfies certain properties. We abstract out the
relevant aspects of these guarantees in the following tiefini

Definition. An algorithmR is avalid reconstruction algorithm for a family of compressfanctions(A;, C {J,,,~, R™*% :
k € N) and sparsity errosperr : N x RY — R, if there exists a functiorf : N — N and constant§’;, Cy € R such
that: on inputk € N, A € A, with m rows, andh € R™, the algorithmR (%, A, h) returns anf (k)-sparse vectog
satisfying

1T =yl3 < Cv-[h— Ayll3 + Ca - sperr(k, y)

for all y € R?. The functionf is theoutput sparsityf R and the constants; andC, are theregret factors

Informally, if the predicted compressed lali(x) is close toE[Ay|xz] = AE[y|z], then the sparse vectgrreturned

by the reconstruction algorithm should be clos&fg|x]; this latter distancély — E[y|z]||3 should degrade gracefully

in terms of the accuracy df (z) and the sparsity of[y|x]. Moreover, the algorithm should be agnostic about the
sparsity ofE[y|x] (and thus the sparsity erreperr(k, E[y|x])), as well as the “measurement noise” (the prediction
error ||H(x) — E[Ay|z]||2). This is a subtle condition and precludes certain recangtm algorithm é.g. Basis
Pursuit [14]) that require the user to supply a bound on thasmement noise. However, the condition is needed in
our application, as such bounds on the prediction errordfahz) are not generally known beforehand.

We make a few additional remarks on the definition.

1. The minimum number of rows of matrices € A; may in general depend oh (as well as the ambient
dimensiond). In the next section, we show how to construct sdcwith close to the optimal number of rows.

2. The sparsity errasperr(k, i) should measure how poorlyc R? is approximated by &-sparse vector.

3. Areasonable output sparsityk) for sparsity levek should not be much more thane.g. f (k) = O(k).

Concrete examples of valid reconstruction algorithmsn@lwith the associated, sperr, etc.) are given in the next
section.



Algorithm 1 Training algorithm Algorithm 2 Prediction algorithm

parameters sparsity levelk, compression function parameters sparsity levelk, compression function
A € Ay with m rows, regression learning algo- A € A, with m rows, valid reconstruction algo-

rithm L rithm R for A,
input training dataS C X x R? input regressord? = [hy,..., h,], test pointz €
fori=1,...,mdo X .
h; — L({(z, (Ay);) : (z,y) € S}) output ¥ = R(k, A, [h1(z), ..., hm(2)])
end for
output regressor$l = [hy, ..., hy]

Figure 1: Training and prediction algorithms.

4 Algorithms

Our prescribed recipe is summarized in Algorithms 1fand 2.gi%e some examples of compression functions and
reconstruction algorithms in the following subsections.

4.1 Compression Functions

Several valid reconstruction algorithms are known for cosapion matrices that satisfyestricted isometry property

Definition. A matrix A € R™*4 satisfies thek, §)-restricted isometry property(, §)-RIP), § € (0,1), if (1 —
§)||z]13 < ||Az||3 < (1 + 9)|=||3 for all k-sparser € R4,

While some explicit constructions ¢k, §)-RIP matrices are knowre(g.[15]), the best guarantees are obtained when
the matrix is chosen randomly from an appropriate distidoytsuch as one of the following [16, 17].

e All entries i.i.d. Gaussia (0, 1/m), with m = O(klog(d/k)).

e All entries i.i.d. BernoulliB(1/2) over{+1//m}, with m = O(klog(d/k)).

o m randomly chosen rows of théx d Hadamard matrix ovef+1/./m}, with m = O(klog® d).

The hidden constants in the big-notation depend inversely @nand the probability of success.

A striking feature of these constructions is the very milgeledence ofn on the ambient dimensiah This translates
to a significant savings in the number of learning problenssluas to solve after employing our reduction.

Some reconstruction algorithms require a stronger gueeaot boundedoherenceu(4) < O(1/k), wherep(A)
defined as

p(A) = max I(ATA)i,j\/\/I(ATA)i,iII(ATA)j,jI

1<i<j<d

It is easy to check that the Gaussian, Bernoulli, and Hadd#based random matrices given above have coherence
bounded byO(+/(log d)/m) with high probability. Thus, one can take = O(k? log d) to guarantee /k coherence.
This is a factork worse than what was needed f{éf, §)-RIP, but the dependence dnis still small.



Algorithm 3 Prediction algorithm witlR = OMP

parameters sparsity levek, compression functiod = [a4] . .. |a4] € A with m rows,
input regressorg? = [hq, ..., hy), test pointr € X
h « [hi(z),..., hn(2)]T  (predict compressed label vector)
§—0,J—0,r—h
fori=1,...,2kdo
jx < argmax; [r " a;|/||ajll2  (column of A most correlated with residua)
J— JU{j.} (addj. to setof selected columns)
U7 — (A))Th, Gye — 0 (least-squares restricted to columns/in
r«— h— Ay (update residual)
end for
output 7

Figure 2: Prediction algorithm specialized with Orthogddatching Pursuit.

4.2 Reconstruction Algorithms

In this section, we give some examples of valid reconstoaaigorithms. Each of these algorithm is valid with respect
to the sparsity error given by

1
sperr(k,y) = [y — y(1:k)||§ + E”y - y(l:k)“%
wherey,.;,) is the besk-sparse approximation of (i.e. the vector with just thé largest (in magnitude) coefficients
of y).

The following theorem relates reconstruction quality tpraximate sparse regression, giving a sufficient condition
for any algorithm to be valid for RIP matrices.

Theorem 1. Let A, = {(k + f(k), §)-RIP matrice$ for some functiory : N — N, and letA € A, havem rows. If
for anyh € R™, a reconstruction algorithnR returns anf (k)-sparse solutioy = R(k, A, h) satisfying

Ay — h|3 < inf O|Aya.e) — b3,
Ay ||2fylean | Ay(1:x) IB

then it is a valid reconstruction algorithm fod;, andsperr given above, with output sparsifyand regret factors
C1 =2(14++V0)?/(1 —68)andCy = 4(1 4+ (1 +VC)/(1 - 9))2.

Proofs are deferred to Sectioh 6.

Iterative and greedy algorithms. Orthogonal Matching Pursuit (OMP) [18], FoBa [19], and Ch®a[20] are
examples of iterative or greedy reconstruction algorith@®IP is a greedy forward selection method that repeatedly
selects a new column of to use in fittingh (see Algorithm 3). FoBa is similar, except it also incorgesbackward
steps to un-select columns that are later discovered to becessary. CoSaMP is also similar to OMP, but instead
selects larger sets of columns in each iteration.

FoBa and CoSaMP are valid reconstruction algorithms forRaftices (8%, 0.1)-RIP and(4k, 0.1)-RIP, respectively)
and have linear output sparsityi(and2k). These guarantees are apparent from the cited refereRoe©MP, we
give the following guarantee.

Theorem 2. If u(A) < 0.1/k, then afterf (k) = 2k steps of OMP, the algorithm returgssatisfying

145 — k113 < 23]l Ay — hII3 vy € R™.

This theorem, combined with Theorem 1, implies that OMP lghfar matricesA with u(A) < 0.1/k and has output
sparsityf (k) = 2k.



¢, algorithms. Basis Pursuit (BP) [14] and its variants are based on findiegitinimum¢, -norm solution to a linear
system. While the basic form of BP is ill-suited for our apgtion (it requires the user to supply the amount of
measurement errdirdy — hl|2), its more advanced path-following or multi-stage varsamiay be valid [21].

5 Analysis

5.1 General Robustness Guarantees

We now state our main regret transform bound, which follaowsiediately from the definition of a valid reconstruction
algorithm and linearity of expectation.

Theorem 3(Regret Transform)LetR be a valid reconstruction algorithm fdtA;, : & € N} andsperr : NxR¢ — R.
Then there exists some constafiisand Cs such that the following holds. Pick akye N, A € A, with m rows, and
H:X — R™ LetF : X — R?be the composition d¥(k, A,-) andH, i.e. F(z) = R(k, A, H(x)). Then

E.|F(z) —E[yle]|3 < C1-EollH(z) - E[Ay|a]|3 + Co - sperr(k, E[y|a]).
The simplicity of this theorem is a consequence of the caefmposition of the learned predictors with the recon-
struction algorithm meeting the formal specifications diésd above.

In order compare this regret bound with the bounds afforde8dmsitive Error Correcting Output Codes (SECOC)
[13], we need to relat&, || H (x) — E[Ay|z]||3 to the average scaled mean-squared-error over all indecgéssion
problems; the error is scaled by the maximum differehge= max,cy (Ay);, — min, (Ay); between induced labels:

m

. ;;E & —iKAy)m])?

In k-sparse multi-label problems, we haye= {y € {0,1}¢ : ||y|lo < k}. In these terms, SECOC can be tuned to
yield E, || F(x) — Ely|z]||2 < 4k? -7 for general.

For now, ignore the sparsity error. For simplicity, #tc R™*¢ with entries chosen i.i.d. from the Bernoufi(1/2)
distribution over{+1/\/m}, wherem = O(klogd). Then for anyk-sparsey, we have|| Ay||- < k/v/m, and thus
L; < 2k/+/m for eachi. This gives the bound

Cy -E.||H(z) — E[Ay|z]||3 < 4C -k* -7,

which is within a constant factor of the guarantee affordg@BCOC. Note that our reduction induces exponentially
(in d) fewer subproblems than SECOC.

Now we consider the sparsity error. In the extreme case- d, E[y|z] is allowed to be fully densek(= d) and
sperr(k, Ely|z]) = 0. Whenm = O(klogd) < d, we potentially incur an extra penalty éperr(k, E[y|z]), which
relates how fai[y|z] is from beingk-sparse. For example, suppdsi|z| has small, norm for0 < p < 2. Then
even ifE[y|z] has full support, the penalty will decrease polynomially:ir: m/ log d.

5.2 Linear Prediction

A danger of using generic reductions is that one might crageblem instance that is even harder to solve than the
original problem. This is an oft cited issue with using outpades for multi-class problems. In the case of linear
prediction, however, the danger is mitigated, as we now sBappose, for instance, there is a perfect linear predictor
of E[y|z], i.e. E[y|x] = BT« for someB € RP*4 (hereX = RP). Then itis easy to see that = BAT is a perfect
linear predictor ofE[ Ay|x]:

H'z = AB"z = AE[y|lz] = E[Ay|z].

The following theorem generalizes this observation to irfget linear predictors for certain well-behavdd



Theorem 4. Supposet’ C RP. Let B € RP*? be a linear function with
2
E, ||BTx — E[y|x]||2 = €.

Let A € R™*4 have entries drawn i.i.d. fronV(0,1/m), and letl = BAT. Then with high probability (over the
choice ofA),
E.|H x— AE[yla]|} < (1+0(1/vm))e.

Remark 5. Similar guarantees can be proven for the Bernoulli-basedrices. Note thatl does not appear in the
bound, which is in contrast to the expected spectral norsd:abughly 1 + O(\/d/m).

Theorem 4 implies that the errors afiy linear predictor are not magnified much by the compressiostfon. So

a good linear predictor for the original problem implies &m@st-as-good linear predictor for the induced problem.
Using this theorem together with known results about lir@adiction [22], it is straightforward to derive sample
complexity bounds for achieving a given error relative tattbf the best linear predictor in some class. The bound
will depend polynomially ink but only logarithmically ind. This is cosmetically similar to learning bounds for
feature-efficient algorithmse(g.[23,22]) which are concerned with sparsity in the weighttegaather than in the
output.

6 Proofs

6.1 Proof of Theorem 1

Let/ =k + f(k), y € R?, and assume without loss of generality that > ... > |y4|. We need to show that
17 =yl3 < Cr-llAy = hll3 + Co- (1AIZ + KA

whereA = y — y(1.). Using the triangle inequality, th@, 6)-RIP of A € A;, and the hypothesis thitdy — A3 <
C||Ayq.x) — b3, we have

17 —yll2 < ¥ —yawlz + [I1A]2
< (1—6)‘1/2\\A§—Ay(1:k)||2+ [All2
< (1=8)""2([AG = hllz + [h — Ayallz) + 1A
< (1-8)"V2A+VO) | Ay — hll2 + [|A]l2
< (1=8)72(1+VC) (| Ay — hlla + [ AAl2) + [|A]|2. @)

We need to relat¢ AA|2 to [|Afl2 and[[Ally. Write A = 37, vy, whereJ; = {k + il + 1,....k + (i + 1)¢}
andy; € R? is the vector whosgth component ig; if j € .J and isO otherwise. Note that eac)y, is ¢-sparse,
HyJi+1 Hl < Hsz ||1' andHyJL'+1 HOO < 671||?JJ1:H1- By Holder's inequality!

?)1/2 — 12

||yJi+1||2 < (Hy~7i+1HOOHyJi+1||1)1/2 < (8_1“971’ Hyh 1

and so

Doyl < Nyslle + 3 Iysallz < lysllz + €772 Nyl < 1Al + €A

i>0 i>0 i>0

By the triangle inequality and the, §)-RIP of A, we have

1AAll2 < D Nl Aysllz < D (1+8)2ysllz < Q+8)2(IAll2 + £ 2|AL).

i>0 i>0



Combining this final inequality with (1) gives
15— ylla < Co-[lAy = hllz + (14 Co(1+8)"%) - (|A]l2 + £/ A]l1)

whereCy = (1 — §)~'/2(1 + +/C). Now squaring both sides and simplifying using the fact y)? < 222 4 2y?
concludes the proof.

6.2 Proof of Theorem 2

We first begin with two simple lemmas.

Lemma 6. Suppose OMP is run fdriterations starting withy(®) = (, and produces intermediate solutiogi$), y(?)
Then there exists some< i < k such that ifj; is the column selected in stepthen(a, (b — Ay™))? < [|n||3/k.

Proof. Letr() = h— Ay, Suppose columyy is added tof in stepi. Letg(i+1) =y +ae;,, wherea; = a] r®
ande;, is thej;th elementary vector. Then

I ON3 = [P EIE = 1 3 — (18— AgEHD)3 = IIT(“Hg— Ih — A + aie;,) 13

2
= P13 = Ir? = @y, 13 = 20ia]7? = afllay, |3 = (afr)*.
Moreover,> " ! || |2 — ||r(”1)|\2 712 — [|»*) |2 < 7|3, so there is somee {0,1,...,k — 1} such that
(a], @) < [lr@ )3 — [rCTD13 < [R]3/k. O
Lemma7. If y € R%is k-sparse andu(A) < §/(k — 1), then||Ay||2 > (1 - §)]||y||3.
This result also appears in Appendix Al of [24]. We reprodinesproof here.
Proof. Expanding|| Ay/||3, we have
|Ayl3 = Z laill?y? + > wiyi(al ag) > |yll3 = D> wivi(a )|,
i#] i#]
so we need to show this latter summation is at nigst|3. Indeed,
S wwi(al )| <3 lyysllal oy (triangle inequality)
i#] i#]
A) Z lyiy;] (definition of coherence)
i#]
ZZ lilly;| — Zy?
=1 j=1
k 2
(Z Iyz-> —[lyll3
=1
< (A Klyl3 — llvl3) (Cauchy-Schwarz)
= u(A) k= Dyl3
< olyl3 (assumption opu(A))
which concludes the proof. O



We are now ready to prove Theorem 2. Without loss of gengrali¢ assume that the columns &f= [a4]| ... |a4]
are normalized (stya;||» = 1) and that the support of is (some subset of)1, . .., k} (soy is k-sparse).

In addition to the vectog returned by OMP and the vectgiwe want to compare to, we consider two other solution
vectors:

e y': a(2k — 1)-sparse solution obtained by running upkte- 1 iterations of OMP starting frony. Lemma 6
implies that there exists such a vectgrwith the following property: if;* is the column OMP would select
when the current solution ig, then

(aj-(h = Ay"))? < ||h— Ay|3/k. )
Sincey’ is obtained by starting with, it can only have smaller squared-error thaWithout loss of generality,
let the support of/ be (some subset of)L, ..., 2k}.

e 7/': the actual solution produced by OMP (starting fr6jrjust before OMP chooses a coluninZ supp(y/’).
Note that if OMP never chooses a columg supp(y’) within 2k steps, then| Ay — k|2 < ||Ay’ — h||2 <
| Ay — h||3 and the theorem is proven. Therefore we assume that thi$ éees occurs and ¢ is defined.
Sincey’ precedes the final solutignreturned by OMP, it can only have larger squared-error than

We will bound||h — Ay]|» as follows:

|h — Agllz < ||h — AY'||2 (sincey’ precede%)
<|h =AY |2+ |AT — )2 (triangle inequality)
< |l = Aylla + [JAG = v)ll2- (sincey precedeg/’)

We thus need to bounfA(y’ — v/)||2 in terms of||h — Ayl||o.
Let7=h — Ay andr = h — Ay’. Then

IAG =93 = (A7 — Ay) AT — /)
= (h—Ay)TA®G —y) = (h = AY)TA®FG — /)
< |lh =AYl AG —y')ll2 + [(h — AY) TAG o) (Cauchy-Schwarz)
= 2l A@ — )2 + [FTAG — ).
Using the facte < by/z + ¢ = = < (4/3)(b* + ¢) (which in turn follows from the quadratic formula and thetfac
22y < 22 + y?), the above inequality implies

3 "
AT =15 < I3+ 17T AG -yl @)

We now work on bounding the second term on the righthand side; > 2k be the column chosen by OMP when
the current solution i§’. Then we have

la) 7] > la/7] V€< 2k (4)
Also, sincey’ — y’ has supporfl, ..., 2k}, we have that

A(gj’ - y/) = A{l:Qk}(/y\l - yl) )



whereAy, .oy is the same ad except with zeros in all but the fir8& columns. Then,

FTAW — o) = 7T Apany 7 — o) (Equation|(5))
<P Aprary oo ll¥’ — ¥/l (Holder’s inequality)
< la; 77 — ¥/l (Inequality (4))
< (la) v+ la] AG =) 17 — oI (triangle inequality)
< (la) vl + lla] Apromyllso 7 = ¥'l1) 17 = ¥/ ll1 (Equation|(5) and Hider)
< |ajT7~|||yj’ — |1+ u(A))F -3 (definition of coherence)
5k 1 .
< 7(%”)2 + ﬁﬂﬁl I3+ u( AT -y (sincezy < (z° +y%)/2)
k 1 .
R (sinceys(A) < 0.1/k)
< %(a}rr)z + é(QkW —9/113) (Cauchy-Schwarz)
5k 1
< g(ajT?")Q + §||A($7 — )3 (Lemma 7)

Continuing from Inequality (3), we have

IA@ =913 < 4l7l3 + 10k(a; r)*.

Since(a; r)?

i T )2
since(a;.r)

(ajT* r)2, wherej* < 2k is the column that OMP would select when the current solugayi, and
|h — Ayl|2/k (by Inequality (2)), we have that

1A — 9"l

<
<

Aflr(l3 + 1001h — Ayll3

<
< 14]|h — Ay|3.

Therefore,

Ih=AF 2 < (L+V14)[h — Ayl.

Squaring both sides gives the conclusion.

6.3 Proof of Theorem 4

We use the following Chernoff bound for sums)gfrandom variables, a proof of which can be found in the Appendi
A of [25].

Lemma 8. Fix anyA\; > ... > Ap > 0, and letX,..., Xp be i.i.d. x? random variables with one degree of
freedom. ThePr[S"2 X, > (14932 A\ < exp(—(D42/24) - (A\/A1)) for any 0 < ~v < 1, where
A=M+...+2p)/D.

Write A = (1/y/m)[61] - |0.] ", where eact; is an independent-dimensional Gaussian random veché(0, 1,).
Definev, = B'x — E[y|z] soe = E.|jv.||3, and assume without loss of generality thathas full d-dimensional
support. Using this definition and linearity of expectatiore have

1 - 1 &
EzHAerg = EEm 2(9;—%)2 = EZ‘QI(EI%U;)QT
i=1 i=1

Our goal is to show that this quantity {§ + O(1//m))e with high probability. SinceN (0, I,) is rotationally
invariant andE,v,v, is symmetric and positive definite, we may assufe, v, is diagonal and has eigenvalues
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A1 > ... > Ag > 0. Then, the above expression simplifies to

m m d
%ZH;(EQC%UI)& = %ZZAJ@.
1=1

i=1j=1

Eachefj is ax? random variable with one degree of freedomwj = 1. Thus, the expected value of the above
quantity iszgl:1 trace(E,v,v,) ) = E, trace(v,v,] ) = E,|v.||2. Now applying Lemma 8, wittD = md variables
andA = (A1 +...+Aq)/d, we havePr([(1/m) 3, ; Ajb7; > (1+t)e] < exp(—(mdt?/24)(M/ 1)) < exp(—mit?/24)

(using the fac\; < d\). This bound i) whent = /(24/m)In(1/4).

7 Experimental Validation

We conducted an empirical assessment of our proposed redwct two labeled data sets with large label spaces.
These experiments demonstrate the feasibility of our nietha sanity check that the reduction does in fact preserve
learnability — and compare different compression and rstraation options.

7.1 Data

Image datdd The first data set was collected by the ESP Game [26], an ogénee in which players ultimately
provide word tags for a diverse set of web images.

The set contains near8000 images, with abou22000 unique labels. We retained just theé00 most frequent labels:
the least frequent of these occustimes in the data, and the most frequent occurs ab2ed0 times. Each image
contains about four labels on average. We used half of treefdatraining and half for testing.

We represented each image as a bag-of-features vector im@emsimilar to [27]. Specifically, we identified)24
representative SURF features points|[28] frathx 10 gray-scale patches chosen randomly from the training im-
ages; this partitions the space of image patches (repessernith SURF features) into Voronoi cells. We then built a
histogram for each image, counting the number of patchégaha each cell.

Text data2 The second data set was collected by Tsoumakas et al. [If]ded . i ci 0. us, a social bookmarking
service in which users assign descriptive textual tags topeges.

The set contains abott000 labeled web page ari83 unique labels. The least frequent label occirgimes and
the most frequent occurs almdito0 times. Each web page is assigriédabels on average. Again, we used half the
data for training and half for testing.

Each web page is represented as a boolean bag-of-words, wittothe vocabulary chosen using a combination of
frequency thresholding angf feature ranking. See [11] for details.

Each binary label vector (in both data sets) indicates thel$of the corresponding data point.

7.2 Output Sparsity

We first performed a bit of exploratory data analysis to getemse of how sparse the target in our data is. We
computed the least-squares linear regresser RP* 4 on the training data (without any output coding) and preict
the label probabilitie(z) = BTz on the test data (clipping values to the rari@el]). Usingp(z) as a surrogate

Iht t p: // hunch. net/ ~l ear ni ng/ ESP- | mageSet . tar. gz
2http://mkd. csd. auth. gr/nul til abel . ht ni
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for the actual targeE[y|z], we examined the relativé error of p and its besk-sparse approximatioe(k, p(x)) =
S 1 By (@) 15(2) |13, wherepy (z) > ... > Bay(x).

ExaminingE,.¢(k, p(x)) as a function ok, we saw that in both the image and text data, the fall-off with eventually
super-polynomial, but we are interested in the behaviorsfoall £ where it appears polynomid—" for somer.
Around k£ = 10, we estimated an exponent @60 for the image data an@.55 for the text data. This is somewhat
below the standard of what is considered spagsg Yectors with small;-norm showk~! decay). Thus, we expect
the reconstruction algorithms will have to contend with sparsity error of the target.

7.3 Procedure

We used least-squares linear regression as our base gatgorithm, with no regularization on the image data and
with Z5-regularization with the text data (= 0.01) for numerical stability. We did not attempt any parameteirng.

The compression functions we used were generated by sgjectiandom rows of thé024 x 1024 Hadamard matrix,
for m € {100,200, 300,400}. We also experimented with Gaussian matrices; these yieirilar but uniformly
worse results.

We tested the greedy and iterative reconstruction algosttiescribed earlier (OMP, FoBa, and CoSaMP) as well as
a path-following version of Lasso based on LARS [21]. Eagjodathm was used to recoverkasparse label vector

y* from the predicted compressed lati#(x), for k = 1,...,10. We measured thé& distance|y* — y||3 of the
prediction to the true test labg! In addition, we measured the precision of the predicteghsuat various values of

k using thel0-sparse label prediction. That is, we ordered the coeffisieheachl0-sparse label prediction'® by
magnitude, and measured the precision of predicting thekfceordinates supp@(lﬁk)) Nsupp(y)|/k. Actually, for

k > 6, we used;?* instead ofy'°.

We used correlation decoding (CD) as a baseline methodjsaa #gtandard decoding method for ECOC approaches.
CD predicts using the top coordinates im " H (x), ordered by magnitude. For mean-squared-error compa:isan
used the least-squares approximatiotidf:) using thesé: columns ofA. Note that CD is not a valid reconstruction
algorithm whenn < d.

7.4 Results

As expected, the performance of the reduction, using amnstruction algorithm, improves as the number of induced
subproblemsn is increased (see Figurels 3 and 4yat= 300, 400, the precision-at: is nearly the same as one-against-
all, i.,e. m = 1024). Whenm is small andA4 ¢ Ak, the reconstruction algorithm cannot reliably choése K
coordinates, so its performance may degrade after thig pgiaver-fitting. But when the compression functidris

in Ax for a sufficiently large’, then the squared-error decreases as the output sparsityeases up té& . Note the
fact that precision-at-decreases dsincreases is expected, as fewer data will have at leastrect labels.

All of the reconstruction algorithms at least match or oetfprmed the baseline on the mean-squared-error criterion
except whenn = 100. WhenA has few rows, (1A € Agx only for very smallK, and (2) many of its columns will
have significant correlation. In this case, when chooging K columns, it is better to choose correlated columns to
avoid over-fitting. Both OMP and FoBa explicitly avoid thiscathus do not fare well; but CoSaMP, Lasso, and CD
do allow selecting correlated columns and thus perfornebéttthis regime.

The results for precision-dt-are similar to that of mean-squared-error, except thatsihgaorrelated columns does
not necessarily help in the smait regime. This is because the extra correlated columns neiedon@spond to
accurate label coordinates.

In summary, the experiments demonstrate the feasibilifyrabustness of our reduction method for two natural multi-
label prediction tasks. They show that predictions of ety few compressed labels are sufficient to recover an
accurate sparse label vector, and as our theory suggestshiistness of the reconstruction algorithms is a key facto
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in their success.
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Figure 3: Mean-squared-error versus output spaksity € {100,200}. Top: image data. Bottom: text data. In each
plot: the top set of lines correspondsito= 100, and the bottom set ta. = 200.
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Figure 4: Mean precision-dtversus output sparsity, m € {100, 200}. Top: image data. Bottom: text data. In each

plot: the top black unadorned line is one-againstsall-£ 1024), the middle set of lines correspondsito= 200, and
the bottom set ton. = 100.
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