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Result (informally)

SupposeX | RP hasmean zero and bnite second mo-
ments. Choosed" D.

Then: under all but an € ! (P/4°) fraction of linear pro-
jections from R?, the projected distri bution of X is very
nearly the sale mixtur e of spherical Gaussians

|
where " (3 is the distribution of #X #°/D .

The extent of this effect depends on a coefficient of ec
centricity of X Oglistrib ution.

N(O,! 21 )" (d!)

Example

Simplex in R : uniform distribution over D + 1 points.
Distri bution of I X 1 /D is:

RlOOO

1001 points drawn from a Gaussan Projection of the simplex in

Result (formally)

Suppose X | RP has mean zero and finite second mo-
ments. Choose d" D.

For any linear projection! : RP ! RY let Fg bethe
projected distrib ution, and let

F= N(@O,!?g)"(d)

where" (3 is the distribution of "X "?/D .

Then: for any 0 < e < 1,

.“p!4D, 1 70
<exp —I a
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© d? ex(X)

sup
balls B! RY

[Fe(B) — F(B)| >

where ecd X ) Is a measure of the exentricity of XC
distr ibution.

Implications

Gaussians and dimensionality

ook Gaussan.
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Number of coordinates

Nevert heless mog low-dimensioral projections appeat
Gaussian, at leag in terms of low-order statistics.

_ow dimension (D = 1, 2,3): many naturally occuring data

For each coordinate in the MINIST 1’s
dataset, the plot shows the fraction of
variance unaccounted for by the best
affine combination of preceding coor-
dinates. The ordering of coordinates
is chosen greedily, by least VAF.

Previous results

Diaconis and Freedman(1984): Let X = (X41,...,Xp)
have a product distribution (i.e. independent coordi-
nates). Then, under all but an e ' (P) fraction of linear
projections from RP to R, the projected distrubtion of
X Is nearly Gaussian.

Di! erent approad. Projections of more general distri-
butions to R! studied by:

Sudakov (1978)
Von Weisadker (1997)
Bobkov (2002)

Analysesnot based on CLT; useOoncertr ation of mea-
sureObounds. We build upon all theseresults.

Our contribution: how to handle (1) general distrib u-
tionsand (2) d > 1.

Concentration of measure

Contrast:

¥ Cherno! -bound application:

Let X4,...,Xp be independert tosses of a coin
with bias p. Then
. . H
IIX + . o e + X " 2
. 1 J[) D ! D > ! " :2(3! e“D

¥ Modern concentr ation of measure reault:
Let f be a Lipschitz function on a sphere in RP .
Then f is within ! of its median value on all but
an exp(! " (12D)) fraction of the sphere

smooth increase

f=+1

1 — exp(—! (D)) of
the sphereOsass

f 1s within ! of its median value.

What special feature makesthe concernrati on property
of the average hold in the Cherno! bound?
Answer. the averageis Lipsdit z!

In fad,
sures,

for any Lipschitz f (under cetain mea-

P(If ! Ef|>1)" e D)
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Mixture modeling
A randomized reducti on to Owell-beharedOdata.

High dimension: too much independencerequired to betrue!
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Proof outline
Sources of randommness

Two random objects:

¥ X € RP, high dimensional distr ibution
¥ Projection ! : RP — RY, d x D matrix

Random choice of ! : pick eat entry 1.i.d. from N(O, 1).

X \%!x = 715 ! X| eRd
Approach
Wedlshow: for almost all ! , the projected distrib ution
1 |
dist
— I X = F = N(O,! %1 4)" (d!).
7 ( 4)" (dl')

In particular, for all balls B C R?: the projected distri-
bution and F assgn roughly the same massto B.

Distribution of projected points

Fixed x | RP. As!
projection of x Is Gaussan, since!
!
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varies, the distrib ution of the
IS Gaussian.
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Now pick both X and !
bution Is !

F =

at random. Resulting distri-

N(O,! %1 4)" (d!).
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RP R4

Part I: a single ball

Fix aball B! RY. Let Fg(! ) bethe probability mass
that falls in B under projection ! .

Claim: Forthis ball B, foralmog all! ,Fg (! )" F(B).
1. E [Fe(! )] = F(B).

2. Want to concludethat Fg(! )" F(B) for almog
all | , but doesnOfollowing from concentr ation of
measure bounds sinceFg (g is not Lipsditz.

3. Consider a Lipsditz approximation Gg of Fg.

We show:
a. Gg(! )" E/[Gg(!)] for almost all ! (by
conceantr ation of measuire).
b. Gg Is not too di" erent from Fg.
Part II: all balls
Determine a collection of balls B4,...,By ! RY with

the following property: if the projected distribution as
signsmass F(Bij) £ ! to every B, then it assigns mass
F(B)+ 2! to every ball B! RY. (M depends only on
d, not D.)

Then take a union bound over B;, and weOralone.

Forany O <! <1
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Po sup |Fe(B) — F(B)| >

balls B! R°



